Math 4400 Midterm 2

July 21, 2017

Name: S‘@l U l/l:@ 1SN

You may assume, without proof:

e Ifa,beNandab=1,thena=1andb=1
o Ifa|bandb|c, thena|c

e Ifac|bcand c# 0, then a | b.

Question | Points | Score
1 10
2 15
3 10
4 20
5 15
6 20
7 10
Total: 100




1. (a) (5 points) Computeq the order of [22] in Z/99Z.
? q
of ° 2 T p—ae e pnd
(42) FA94)22) " 1

4=3",
02= 20|, 4 3&{2(!,

(b) (5 points) Compute the order of [21] in Z/99Z.

N=7-3, =351 >y =

U
((2) — = 33
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2. (15 points) Solve the congruence, z** = 18 mod 77 (no need to simplify your answer
mod 77)

N =7 = ¥U71)=(0 [0 =6a.
Clect - 7& (\7 CoO)
7& (7, 2)) =

Ths, = \%u) who  Tuzl pwd GO
w=T Buckdean algo:

GO =3:17+q 7= 19+ 3, q=1/F|
= 3=l = 2.9-17=|,
= 260-717=1 = 2=V = [V w77



3. (10 points) Let R = Z{v/7)/112v7]. Compute the inverse of 3 + 2v7 in R.
N(3LI7) = 4.7 = +9=3
3'\ mod (|7 Ca@ gmﬁé\ do é?

@[/dl& Y =2z ;bbo( (,

= @+Z\ﬁ>“‘ (%-Qﬁ) C/ Q-—-—Bﬁ
= |«3[7
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4. (20 points) True or false: print a T or an F on each line! Let G be a finite group and
let & be a field. Also, 163 and 89 are indeed prime numbers.

(a) ___ Any subgroup of a non-abelian group is non-abelian

(b) ___ Any subgroup of an abelian group is abelian

(c) __ [3] is a zero-divisor in Z/6Z

(d) __ It’s possible for a primitive 10® root of unity in k to be a 5" root of unity in
k.

(e) ___ It's possible for a 10 root of unity in & to be a primitive 5" root of unity in
k.

(f) __ Z/9Z is a field under the usual addition and multiplication operations.

(g) __ It’s possible for a group of order 10 to have a subgroup of order 3

(h) ___ It’s possible for a group of order 10 to have a subgroup of order 5

(i) ___ —1is a square modulo 163

(j) — 2 is a square modulo 89
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5. (15 points) Let G be a group, and let g € G be an element of order n. Prove that the
elements g, g%, ¢°,...,¢" are all distinct.

3}@9% []?é A some  |£0¢)=n,
“Then = gé'f. "Eu,+ TLEZF

O dfa»[ L pn— <N Civ\ Pa’th&U»\,

O<jLen)
This  conftadics  fe asSUMp b, dbot
oQg) =N ( Cow\jrqip{,‘g}g H wuh?malfﬁ ~ /4>
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6. (20 points) Prove that there are infinitely many primes congruent to 3 modulo 4. (Hint:
suppose there are only finitely many such primes and let S = {p,,..., pn} of all primes
congruent to 3 modulo 4, except for 3 itself. Prove that 4p,p, - - - p, + 3 is divisible by a
prime that’s congruent to 3 modulo 4 to get a contradiction.)

d >

Ba WWAMMSSA%’ gf/ét Zﬂ/?m d p’lm«es
oo b g s
odd) e 7142 all ¢ s gi=l rd
N 4(,%% med U,

I g;a[ mod é@\ all 2, —theu

l"’\ag( GE e.,_(,(':—,[ mocl él" Bat
L[\w\-?;/ te mz= D> medY, T Ths i/
&if 3 med q. M’S") HF€>/ F’FIM;

sthawise Pl@’U(Pr—Pw), But ‘1’)( S,
= z; ¢ 5; nete waqr ’3,\/ M, Sihee

DH)\ﬂ/\w{“tg 3) m—3 = L‘fﬁ% -~ P”\ (DkL&' MU‘S

Ve M}C% wal zw’.”u 5 Z§ %1 =U }a 0’7%)1/' /
CQVLJ( ’LO-AI C J‘I\oﬂ
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7. (10 points) Let p be an odd prime number and suppose that a is a square mod p. Prove

that a is not a primitive root mod p (i.e. a is not a primitive (p — 1) root of unity in
Z/pZ.)

T az6 Wl p, He by
A C; l\ezér a [\5’961" og -imfb )
- assira ato med P e Q—szﬁdlp

= oz - @oz>2%= = 4
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