University of Utah é&{j :
Math 5210, Spring 2010

NMidterm Exam # 2

Problem 0: (2 points) Write the definitions of (a) the outer measure m”(A) of a subset

ACR, aad (b) measurability of A C R.
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Problem 1: (7 points) Prove or disprove (by counter-example) each of the following

statements:
(a) For £ C R measurable; m{E) >0 <= £ contains an open interval.
(b) If O is open (and non-empty) then m{O}) > 0
(¢) If C is closed then il (=0
(d) If K is compact then m{R) < ox
(e) I K is compact and infinite then m(fi) > 0

(£} 1f D is totally disc onnected then m(D) = 0 (recall that tolally disconnected means that
anv subset containing more than a point is not connected).

State if each of the following 3 statements is true or false (vou may quote resulls from home-
work). f: R — Kis a function.

(g} [ is measurable <= (Ve e ®) £ ({c}) is measurable
(h) [ is measurable <= (Yo, be®) £ {(a. b)) ts measurable

(i) f is measurable <= (¥ measurable M CR) [~ YO is measurable
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B —s R be measurable and hounded, Construct a

Problem 2: {7 points) (a) Let [ :
(b} If fis ené‘» measurabie,

sequence {¢,) of simple functions which converges pointwise to f. {
nee v, of simple functions which converges ;)011;?\&1%{) to J i)

-

construct a seque
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Problem 3: {2 points) Let f : R —— R be integrable. Prove that:

Problem 4: (2 peints) Prove that for any A\ € (—1.1). 4 ¢ 0.27) and v € B2, the
transformation D(A) o R{#) o T'(v) has a unique fixed point in B? (where D(A) is a dilation of
factor A, 2(6) is a rotation through angle . and T(v) is translation by z). More generally. if 7
is any isometry of R™ then D{Ajo ] = I o D(A) has a unique fixed point.

Bonus‘ Imd an example of a complete metric space X and a map 7' X —— X such that
(T (). Tly)) < dla !f_) for all .y € X but T has no fixed point in Y.
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