Math 2270-6

Notes of 4/19/19

Announcements

e We are done with our subject. The remaining
three days of the semester will be review.

e The last day of classes is Wednesday. We
don’t meet on Thursday, and Friday is a Read-
ing Day.

e Next week, on Wednesday, December 11, 10:30-
12:30am, in LCB 215, we will have an optional
Question and Answer Session for anyybody
who is interested.

e Our final exam will take place Thursday, De-
cember 12, 8:00-10:00, in our regular class-
room.

e It will cover the semester about evenly. (There
will be no particular emphasis on Chapter 7).

e [ will be generally around until the final, and
you are welcome to drop by my office any
time, but if you need to make a special trip
to see me let’s make an appointment.
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Quotes

e My first thought when I find myself in a room
full of manure is “there must be a pony here
somewhere”. (Ronald Reagan)

e The purpose of computing is insight, not num-
bers (Hamming.)

e It ain’t so much the things we don’t know that
get us into trouble. It’s the things we do know
that just ain’t so. (Artemus Ward.)

e In theory, theory and praxis are the same. In
praxis, they aren’t. (Richard Nixon.)

e Don’t worry about your difficulties with math-
ematics. I can assure you that mine are still
greater. (Albert Einstein, to his neighbor’s
young daughter.)

e A Vulgar Mechanick can practice what he has
been taught or seen done, but if he is in an
error he knows not how to find it out and
correct it, and if you put him out of his road,
he is at a stand; Whereas he that is able to
reason nimbly and judiciously about figure,
force and motion, is never at rest till he gets
over every rub. (Isaac Newton)
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Principles

e Focus on understanding concepts, facts, and
connections. Numerical calculations are for
computers.

e Understanding any piece of mathematics means
being able to

explain it in terms of simpler mathematics,

to make many and redundant connections
between facts and concepts,

to recognize and verbalize the underlying
principles,

to solve mathematical problems,

to apply the mathematics to problems out-
side of mathematics.

e Understanding a piece of mathematics does
not mean the ability

to apply a formula to a specific type of
problem,

to read an example, and then do a similar
example,

to google a word or phrase and apply what
you find, correctly or incorrectly

to recite formulas, definitions, and theo-
rems,

to pass a test, and then forget the material,
to operate a calculator,

to use Maple or Matlab.
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e Language matters! If you do not under-
stand the technical language of your subject
you will not be able to think about it, to make
progress in understanding it, and to use it to
solve problems. So make sure you know the
precise meaning of the technical words and
phrases in your subject.

e Here is an incomplete list of words and phrases
that we introduced in our class. You want to
know what each of them means:

adjugate matrix, algebraic multiplicity of an
eigenvalue, augmented matrix, basic variable, ba-
sis, basis conversion, best approximation, block
matrix, characteristic equation, characteristic poly-
nomial, coefficient matrix, cofactor, cofactor ex-
pansion, columns of a matrix, column space of
a matrix, consistent linear system, coordinates
of a vector with respect to a basis, Cramer’s
Rule, defective matrix, determinant of a ma-
trix, diagonal entries of a matrix, diagonal of
a matrix, diagonalizable matrices, diagonal ma-
trix, dimension of a vector space, eigenspace of
a matrix, eigenvalue of a matrix, eigenvector of
a matrix, elementary row operations, entries of
a matrix, equivalent linear system, Fourier Co-
efficients, Fourier Series, free variable, geometric
multiplicity of an eigenvalue, Gershgorin Circle,
Gershgorin Theorem, Hermitian matrix, homo-
geneous linear system, indefinite matrix, inner
product, inner product space, inverse matrix, in-
vertible matrix, isomorphism, Jordan block, Jor-
dan canonical form, kernel of a matrix, least
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squares, least squares solution of an overdeter-
mined system, left singular vectors of a matrix,
linear combination of a set of vectors, linear func-
tion, linearly independent set of vectors, linear
space, linear transformation, lower triangular ma-
trix, LU factorization of a matrix, matrix, ma-
trix multiplication, negative definite matrix, neg-
ative semidefinite matrix, norm of a vector, nor-
mal equations, null space of a matrix, one-to-one
mapping, onto mapping, orthogonal basis of a
linear space, orthogonal complement of a sub-
space, orthogonal decomposition of a vector, or-
thogonally similar matrices, orthogonal matrix,
orthogonal projection, orthogonal set, orthogo-
nal vectors, orthonormal basis, orthonormal set,
orthonormal vectors, partitioned matrix, permu-
tation matrix, pivot column, pivoting, pivot po-
sition, pivot row, positive definite matrix, pos-
itive semidefinite matrix, QR factorization of a
matrix, quadratic form, rank of a matrix, rect-
angular matrix, reduced row echelon form of a
matrix, right hand side of a linear system, right
singular vectors of a matrix, row echelon form
of a matrix, rows of a matrix, row space of a
matrix, scalar, similarity transform, similar ma-
trices, singular matrix, singular value decompo-
sition, singular values, six views of matrix mul-
tiplication, solution of a linear system, solution
set of a linear system, solving a linear system,
span of a set of vectors, spanning set of a vec-
tor space, square matrix, standard basis of R",
standard basis vectors in IR", standard matrix
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of a linear transformation, subspace of a vec-
tor space, symmetric matrix, triangular matrix,
unit lower triangular matrix, upper triangular
matrix, vector, weighted least squares.

Matrices define linear transformations between
finite dimensional vector spaces, and for every

linear transformation and given bases of do-

main and range there is a unique matrix that

defines that transformation.

In short, matrices and linear transformations
are Synonymous.

Multiplying matrices means composing linear
functions.

To generalize a concept we ask what are its
key properties, and then investigate what else
has these properties. We used this procedure
in our class to generalize IR™ to linear spaces,
and the dot product to inner products.

While we may not carry out actual computa-
tions that way, it is often useful to think of
numerical operations in terms of multiplying
with certain matrices.

Block matrices work like ordinary matrices.

Whenever you see a minimization problem look
for a positive definite matrix.

Multiplying with orthogonal matrices does not
amplify errors.
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e A real matrix has an orthonormal set of eigen-
vectors if and only if it is symmetric.

e Trying to compute eigenvalues by computing
the characteristic polynomial and finding its
roots is futile except for very small matrices.
By comparison, finding roots of a polynomial
by finding the eigenvalues of its companion
matrix works beautifully.

e The general solution of any linear problem is
any particular solution, plus the general solu-
tion of the associated homogeneous problem.
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Semester Subject Review

@ This list is neither complete nor self con-
tained. Rather, the individual points should stir
your memory of related concepts, facts, and con-
nections. If you draw a blank you should review
the relevant parts of your notes or the textbook.

e The focus of chapter 1 is on linear systems
Ax=b (1)
where A is an m X n matrix, x is in R", and
b is in R™.

e A vector x satisfying the equation Ax = b is
a solution of the linear system.

e Solving the linear system means figuring out
whether there is a solution, and if so, how
many, and what they are.

e If m = n then the matrix A, and the system
Ax = b, are said to be square.

e Ax is a linear combination of the columns
of A with the coefficients being given by the
entries of x. If

A=[a; ay ... a,] (2)
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where the a; are the columns of A, and

Iy
L2
X = (3)
| X,
then
i
o n
AX:[a1 a2 ... an] . :szazzb
: i=1
| Ty,

(4)

e In general, a linear combination of vectors
V1, Vo, ... V,, is an expression of the form

Z C;V; (5)

where the coefficients or weights c; are real
numbers.

e A function
f:R" — R™ (6)
is a function whose domain is IR" and whose

codomain is R"™. We also write it in a more
familiar form as

y = f(x) (7)
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where x is in R" and y is in R™,
o f is linear if

flu+v)=_Ff(u)+f(v) and f(cu)= cf(u)
(8)

for all vectors u and v in IR" and scalars
(real numbers) c.

e The matrix transformation
f(x) = Ax (9)

is linear.

e Actually, and most amazingly, given a linear
function T from IR" to R™, there is a matrix
A such that

T(x) = Ax. (10)

e To construct the matrix A we use the columns
of the identity matrix

10 ... 0
0 1 0

I=|. . : (11)
00 ... 1.

e The standard notation for the ¢-th column of
I is e; which is the vector in IR" all of whose
entries are zero, except that the i-th entry
equals 1.
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e The e; are called the standard basis vec-
tors in IR™. The value of n is not part of the
notation, it should be clear from the context.

e For any vector

L1

x = 33:2 (12)

Ln

we have

X:IX:inei. (13)
i=1

e Suppose now that we are given a linear func-
tion (or transformation) 7" from IR"™ to R™.
Let

az-:T(eq;), i:1,2,...,n (14)

Moreover, let A be the m x n matrix

A=la; ay ... a,] (15)
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— Z T (wie:) (by part 1 of linearity!)

- Z ziT'(e;) (by part 2 of linearity!)

1=1
= Ax.
(16)
e In other words, with our choice of A,
T(x) = Ax (17)

e In this context, A is called the standard ma-
trix of the transformation 7.

@ Simplifying things slightly we can say
that linear functions are synonymous with
matrices.

e That’s why matrices are so important!

o A set
{vi,vo,..., v} (18)
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of vectors is linearly independent if the
only way the zero vector can be written as
a linear combination of the given vectors is to
make all coefficients zero.

e In other words:

n
E civi =0 — ci=¢c=...=c, =0.
i=1

(19)

e Here are a number of true statements about
linear independence. (We assume that all sets
contain only vectors from the same space, i.e,
they all have the same number of entries.)

— A set containing just one vector v is lin-
early independent if and only if v is non-
Z€To.

— A set containing exactly two vectors is lin-
early independent if and only if neither vec-
tor is a multiple of the other.

— If a set of (more than one) vectors is lin-
early dependent than at least one of those
vectors can be written as a linear combina-
tion of the others.

— No vector in a linearly independent set can
be written as a linear combination of the
others.

— A linearly dependent set may (or may not)
contain vectors that cannot be written as
a linear combination of vectors.
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— Any set that contains the zero vector is lin-
early dependent.

— The matrix transformation
y = Ax (20)

is one-to-one if and only if the columns of
A are linearly independent.

— The columns of A are linearly independent
if and only if the homogeneous problem

Ax =0 (21)

has only the trivial solution x = 0.

e The span of a set of vectors is the set of all
linear combinations of those vectors.

e Here are some true statements about the span
of a set of vectors.

— Any vector in the span of a linearly inde-
pendent set can be written in only one way
as a linear combination of the given vec-
tors.

— Any vector in the span of a linearly depen-
dent set can be written in more than one
way as a linear combination of the given
vectors.

— The linear system

Ax=Db (22)
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has a solution if and only if b is in the span
of the columns of A.

The linear system has a solution for all
right hand sides b if and only if the span
of the columns of A is all of IR™.

The linear system has a unique solution if
b is in the span of the columns of A and
those columns are linearly independent.

The linear system has a unique solution for
all right hand sides b if the span of the
columns of A is all of R and the columns
are linearly independent.

e The linear system Ax = b is homogeneous
if b=20.

e Here are some more true statements about
linear systems:

if u and v are solutions of Ax = 0 then so
are u+v and any other linear combination
of u and v.

If u and v are solutions of the inhomoge-
neous system Ax = b then u — v is a solu-
tion of the homogeneous system Ax = 0.

A linear system may have no solutions, a
unique solution, or infinitely many solu-
tions. (It may not have precisely 17 so-
lutions, for example.)

The general solution of the linear sys-

tem
Ax=Db (23)
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can be written as any particular solu-
tion plus the general solution of the
homogeneous system

Ax = 0. (24)

e The last statement is one of the most cen-
tral principles in mathematics. It applies to
all linear problems, not just linear algebraic
equations.

Computations

e Given a matrix A you want to understand
clearly how to answer the following questions
about the linear system Ax = b:

— Given b is there at least one solution? In
other words, is the system consistent for
that vector b?

— Is there a solution for all right hand sides
b? In other words, is the system consistent
for all possible b? In yet other words, is the
matrix transformation T(x) = Ax onto?

— If the system is consistent, is there only
one solution? If there is we call the solu-
tion unique. In other words, is the matrix
transformation T(x) = Ax one-to-one?

e There are many ways to compute the answers
to these problems. Those we discussed are
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based on the reduced and unreduced row ech-
elon forms of the augmented matrix

M=[A b] (25)

of the linear system Ax = b.

e These are obtained by applying elementary
row operations to the augmented matrix.
There are three such operations:

1. Add a multiple of one row to another
row.

2. Interchange two rows.
3. Multiply a row by a non-zero constant.
e It is clear that these operations do not change
the solution of the linear system and generate

augmented matrices corresponding to equiv-
alent linear systems.

e Two linear systems are equivalent if they
have the same solution sets.

e A rectangular matrix is in echelon form if
it has the following three properties:

1. All nonzero rows are above any rows of
all zeros.

2. Each leading entry of a row is in a col-
umn to the right of the leading entry of
the row above it.

3. All entries in a column below a leading
entry are zeros.
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e If a matrix in echelon form satisfies the fol-
lowing additional conditions, then it is in re-
duced echelon form.

4. The leading entry in each non-zero row
is 1.

5. Each leading 1 is the only nonzero entry
in its column.

e A pivot position in a matrix M is a location
in M that corresponds to a leading 1 in the
reduced row echelon from of M. A pivot row
of A is a row that contains a pivot position
and a pivot column of A is a column that
contains a pivot position.

e The reduced row echelon form of a matrix
is unique. (We will see precisely why this is
true when we get to chapter 4.)

e A variable is basic if it corresponds to a pivot
column.

e Otherwise it is free. The free variables can
assume any values in the solutions of the lin-
ear systems. The values of the basic variables
are determined uniquely by those of the free
variables.

e Here are some true statements about the so-
lution of linear systems

Ax =Db (26)
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— The linear system has a solution if and only
if the last column of the augmented matrix
is not a pivot column.

— The linear system has infinitely many so-
lutions only if it has free variables. (For
solutions to exist the last column of the
augmented matrix still must not be a pivot
column.)

e The general solution of the linear system can
be written down most easily given the re-
duced row echelon form of the augmented
matrix.

e However, some effort can be saved by just
computing the (unreduced) row echelon form
and then applying backward substitution.

e The computations of row echelon forms in the
textbook are written as sequences of matrices,
for clarity. Doing the calculations that way
involves a lot of copying, however.

e If the purpose of the calculation is strictly the
solution of the linear system, rather than the-
oretical insight, a more streamlined procedure
can be used. Everything is written down only
once. However, I recommend that to guard
against errors you keep track of row sums and
compute them redundantly in two ways. As
long as they are equal you can be reasonably
confident that your calculations so far are ac-
curate.
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e Example: Solve the linear system:

a + b + c d = 2 =

a + 20 + ¢ + 8 = 22

a — 3b + 9¢ + 27d = 23 =

a + 4b + 16c + 64d = 2% =
(27)

e Here is the detailed calculation

4 « b ¢ d RHS RS
1 1 1 1 1 2 6
2 1 2 4 8 4 19
3 1 3 9 27 8 48
4 1 4 16 64 16 101
5=2-1 1 3 7 2 13
6=3-1 2 8 206 6 42
7T=4-1 3 15 63 14 95
8=06-2xH 2 12 2 16
9=-T7-3x5 6 42 8 56
10=9-3x8 6 2 8
(28)
8 — 2¢ + 4 2 — ¢ —1
5 = b—3+% 2 = b = §
1 = a+%—1+§ = 2 = a = 0
(29)
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e We add two m X n matrices entry by entry,
just like we add vectors.

e Similarly, we multiply any matrix by a scalar
by multiplying each entry with that scalar.

However, we multiply matrices so that the
product of two matrices is the standard matrix
of the composition of the corresponding linear
functions.

Matrix Multiplication

e The composition f o g of two linear functions
f and g is linear, and its matrix is the product
of the matrices of the constituent functions.

Jog
g i

Rp — n — m

B A (30)
nxp m X n

C =AB

Cismxp

e Note the switch in the sequence. B comes first
in the diagram and second in the product, just
like g comes first in the diagram and second
in the composition.
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Six Views of C = AB

e We’'ll look at six different ways of thinking
about matrix multiplication. All of them are
useful!

e For any matrix A let r;(A) denote the i-th
row of A, interpreted as a matrix with one
row, and let c;(A) denote the i-th column,
interpreted as matrix with one column. We
also identify 1 x 1 matrices with their single
scalar entry.

e Let’s illustrate the descriptions with the ma-
trices

A=[1 2 B[P Y] wa o]
(31)

1. The Formula. Here is what you might find
in a textbook or mathematical dictionary: The
product of an m x n matrix A and an n X p
matrix B is an m X p matrix C' = AB where

mn
Cz‘jzg aikbkj, r=1,....m, j=1,...,p.
k=1

(32)
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e For our example,

(1 2] [2 1
as= |3 3|7 ]

o [1x242x1 1x1+42x2
C|2x34+1x4 1x3+2x4

][4 5
|10 11]'
' (33)

2. Writing it. We saw in class that it is ad-
vantageous to write the second factor to the
upper right of the first factor. The product
fits into the corner made by the two factors,
and the 1 — 7 entry of C sits at the intersection
of the i-th row of A and the j-th column of
B. In our example we get

i

L

e More generally, we get:
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b11 b1
bzl bzg
_bT:Ll bnj
[ a1 ayj Q1n | i
;1 a';j Qin Cij
| Om1 a/rr:nj Amn _ |
A mxn C=AB mXxp
(35)

@ It is evident from this picture that

— the i — j entry of C'is the (dot) product of
the i-th row of A and the j-th column of
B,

— the j-th column of C' is the product of A
and the j-th column of B,

— the i-th row of C is the product of the i-th
row of A and B.
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3. The entry by entry view.
Cij =T (A)Cj (B) (36)
In our example

[

1o2)| 7| o2l
_ - - (37)
3 41|1] 13 41y
_[4 5 ]
w0 1]

4. The Column View. This is actually how
we first derived our formula for matrix mul-
tiplication: the j-th column of C' equals A
multiplied with the j-column of B. As a for-
mula:

Cj(C):ACj(B), jZl,...,p. (38)

T
- ]
(00 6 30

[4 5
~ 10 11
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e Note that in this view every column of the
product is a linear combination of the columns
of A. The coefficients of the linear combina-
tion are in the corresponding column of B.

5. The Row View. The i-th row of C is the
1-th row of A multiplied with B:

In our example:

(1 2]1[2 1

02_3 4] [1 2]

RER 2]B]

~|[3 4]B
1o2]|s (41)
13 4] ? ;

4 51 _

|10 11

e Note that in this view every row of the prod-
uct is a linear combination of the rows of B.
The coefficients of the linear combination are
in the corresponding row of A.

6. The matrix view. Note that the product
of the k-th column of A and the k-th row of
B is an m x p matrix, the product of an m x 1
matrix and a 1 X p matrix. The ¢ — j entry
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of c,(A)rg(B) is a;rbg;. So we get, by our
formula

Cij = Zaikbkja (42)
k=1
that N
C=) ci(A)ry(B). (43)
k=1

In our example

0212]

@ in general, the product of an m x 1 matrix
A and a 1 X p matrix B is an m X p matrix C
which has rank 1. Every row of C' is a multiple
of A and every column of C' is a multiple of B.
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The Inverse of a Matrix

e A square n x n matrix A is said to be in-
vertible if there is an n x n matrix C such
that

CA=1 and AC=1 (45)

where I = I,,, the n X n identity matrix.
e If A is not invertible it is said to be singular.

e the terms invertible and singular only apply
to square matrices.

e If A is invertible its inverse is unique.

e There are many equivalent properties of a square
matrix that are equivalent to invertibility. Some
of them are expressed in what the textbook
calls the

Invertibility Theorem Let A be a square
n X n matrix. Then the following statements are
equivalent. That is, for a given A, the state-
ments are either all true or all false.

a. A is an invertible matrix.

b. A is row equivalent to the identity matrix.
C. A has n pivot positions.
d.

The equation Ax = 0 has only the trivial so-
lution.

®

The columns of A form a linearly independent
set.

f. The linear transformation x — Ax is one-
to-one.
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- B 00

A~ e

~ 0T P B ~

The equation Ax = b has at least one solution
for each b in R".

The columns of A span IR"

The linear transformation maps R® onto R™.
There is an n x n matrix C' such that CA = I.

There is an n X n matrix D such that CA = 1.
(Of course, the left and right inverses C' and
D are actually equal.)

AT is an invertible matrix.
ColA =R".

dim ColA = n.

rankA = n.

NulA = {0}.

dim NulA = 0.

More Properties of Inverse Matrices

If A is invertible and Ax = b then x = A~ !b.

If A is invertible and AB = C then B =
A~1C.

If A is invertible and BA = C then B =
CA- 1L

The process of inverting and transposing a
matrix commute:

(AT) = (a )" (46)
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e Assuming A and B are invertible and have
the same size,

(AB) "' =B"tA™! (47)
In general

B lA £ AB! (48)
since matrix multiplication does not commute.

Partitioned Matrices

e A partitioned matrix, or block matrix, is
a matrix whose entries are matrices. Block
matrices have many useful properties but we
discussed only one

@ Major Principle: Provided the parti-
tions are conformable, multiplying block matri-
ces works exactly like multiplying matrices.

e As an application, we computed the inverse
of a 2 X 2 block matrix:

All A12
A= 49
[A21 A22] (49)

where A11 ispXxp, Ass is g X q, and p+q = n.
Of course, A1 is p X g and Aoy is g X p.
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Matrix Factorizations

e A factorization of a matrix A is obtained by
writing A as a product of several (usually 2
or 3) matrices.

e In particular we discussed the LU factoriza-
tion of a square matrix

A=LU (50)

where

L is unit lower triangular, i.e.,

li=1, i=1,2...n and j<i = a;=0

U is upper triangular, i.e.,

li=1, i=1,2,...n and j>i = a;=0
(52)

e In other words, denoting possibly non-zero
entries by x, L and U are of the form:

1 0 0 ... 0 07
zx 1 0 ... 0 O
xr xx 1 ... 0 0
L=\ . . (53)
r T x 1 0
T T r 1

Math 2270-6 Notes of 4/19/19 page 31



and

[ x r T
0 = =z r x
0 0 =« T x
U=1. . . . . . (54)
O 0 0 ... z «
0 0 0 ... 0 o

e A major application of the LU factorization is
to solve the linear system Ax = b by solving
the two triangular systems

Ly=b and Ux=y. (55)

@ Computing the LU factorization is equiv-

alent to applying row operations to convert A to
upper triangular form.

e Frequently we need to interchange rows dur-
ing Gaussian Elimination. The process is called
pivoting. Pivoting can be expressed in terms
of a permutation matrix which is a matrix
that has been obtained from the identity ma-
trix by permuting its rows or columns.

@ It usually is a bad idea actually to compute

an inverse matrix.
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Subspaces of IR"

e a subspace of IR" is a non-empty subset of
IR"™ that is closed under addition and scalar
multiplication.

e Examples of subspaces of IR" include
— The set {0},
— A line through the origin,
— A plane containing the origin,
— The span of any set of vectors in R",
— R" itself,
— The column space of a matrix,

— the null space or kernel of a matrix.

e Suppose A is an m x n matrix. Then its col-
umn space is the span of its set of columns.
In other words,

ColA ={y :y = Ax}. (56)

It is a subspace of R™.

e The null space or kernel of A is the set of
all solutions of the homogeneous linear system
Ax = 0. In other words:

Nuld = {x: Ax = 0}. (57)

It is a subspace of R".

e A spanning set 3 of a subspace H is a set of
vectors in H which is such that every vector
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in H can be written as a linear combination
of vectors in (3.

e A basis of a subspace is a linearly indepen-
dent spanning set of that subspace.

e All bases of a given subspace H have the same
number of vectors. That number is the di-
mension of H.

e The rank of a matrix is the dimension of its
column space. It equals the number of pivots
(rows or columns).

e The dimension of the column space of an m %
n matrix is

dim ColA = rankA (58)

The pivot columns of A form a basis of its
column space.

e The dimension of the kernel of an m X n ma-
trix A is the number of free variables in Ax =
0. It is given by

dim NulA = n — rankA (59)

e To obtain a basis for the kernel obtain one
basis vector for each free variable, by setting
that variable equal to 1 and the other free
variables to zero. In each case, compute the
basic variables from the equation Ax = 0 us-
ing (reduced) row echelon form of A.
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e Any spanning set of p vectors in a p-dimensional
space is linearly independent, i.e., it’s a basis.

e Any linearly independent set of p vectors in
a p-dimensional space is a spanning set, i.e.,
it’s a basgis.

e When expressing a vector v as a linear combi-
nation of basis vectors the coefficients of the
linear combination are sometimes called the
coordinates of v with respect to the given
basis.

Chapter 3: Determinants

e Determinants are numbers associated with square
matrices. Throughout these notes let A be an
n X n square matrix.

e We denote the determinant of A by |A| or
det A. Note that in this context the vertical
bars do not mean absolute values.

e The determinant of a 1 X 1 matrix equals its
unique entry.

e For a 2 X 2 matrix we define

ail; a2
det = 11022 — A1204921. (60)
a1 a22

e For n > 2 the determinant of A is defined

recursively. Suppose A is an n X n matrix
where n > 2. We define A4;; to be the (n—1) x
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(n — 1) matrix obtained from A by removing
the 7-th row and the j-th column.

e For n > 2, the determinant of an n x n
matrix A = [a;; ] is

det A = ay1det Aj; — ajadet Ao +... + (—1)1+”a1n det A7,

= Z(—1)1+ja,1j det Alj
71=1

(61)

@ However, a corresponding expansion gives
the same numerical value for any row or col-
umn.

e The corresponding formula is usually expressed
in terms of cofactors:

Ci; = (—1)"7 det A;;. (62)
e The factor o
(1) (63)
creates the familiar checkerboard pattern
+ - + = ..

-+ - + ...
+ - + — ... (64)
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e Theorem 1 on page on page 168 in the text-
book gives the general formulas

det A = Z aijC’Z-j (65)
j=1
for any choice of 7 and
det A = Z aijC@'j (66)
i=1

for any choice of j.

e There is no proof of this fact in the textbook.
One way to see this, with a bit of work, is to
show that formula (61) implies that

det A = Z sign(o) ﬁ Ao, (67)
o 1=1

where the sum goes over all n! permutations
of the set {1,2,...,n} and the large symbol
7 indicates the product of n factors, one from
each row ¢, and the column o;.

e The formula (67) is symmetric in the rows
and columns, and so any row or column can
be used to compute the determinant.

e Clearly, in the cofactor expansion (65) or (66)
you want to pick rows or columns that contain
many zeros.
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e An extreme case of the exploitation of zero en-
tries is provided by triangular matrices. The
determinant of a triangular matrix is
the product of the diagonal entries. (This
is Theorem 2 on page 169 of the textbook.)

e The formula (67) gives the determinant as the
sum of n! terms, each of which has n factors.
Computing the determinant by that formula
is prohibitively expensive even for small val-
ues on n.

e Determinants can be computed much more
efficiently by row operations. The relevant
facts are contained in Theorem 3 on page 171
of the textbook:

Theorem 3. (Row Operations) Let A be
a square matrix. Then

a. If a multiple of a row of A is added to another
row to produce a matrix B, then

det B = det A. (68)

b. If two rows of A are interchanged to produce
B then
det B = — det A. (69)

c. If one row of A is multiplied by a scalar k£ to
produce B then

det B = k det A. (70)
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e All of these statements can be proved by ob-
serving that they are true for n = 2 and then
using induction based on the cofactor expan-
sion.

Theorem 4, page 173.

s. A square matrix A is invertible if and only if

det A # 0. (71)

e This can be seen by reducing the matrix to
row echelon form and applying Theorem 2 on
triangular matrices.

e (The Label s. indicates the position in the
invertible matrix theorem.)

Theorem 5, page 174. If A is a square
matrix then

det A = det A™. (72)

e This is obvious by the fact that any row or
column can be used for the computation of
the determinant.

Theorem 6, page 175. If A and B are
both n X n matrices then

det(AB) = det A x det B. (73)

e We saw that this is true by observing that
the statement holds for elementary matrices
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(those implementing row operations) and writ-
ing one of the matrices as a product of elemen-
tary matrices and the identity matrix.

Linearity: The determinant is a linear func-
tion of each row or column separately.

e This follows immediately from the cofactor
expansion.

e Cramer’s Rule rule states that for the
linear system

Ax=Db (74)
the i-th entry of x is given by
|[Ai(b)|
A

where A;(b) is the matrix formed by replacing
the i-th column of A with b.

e To see that this is true let I; be the matrix ob-
tained from the identity matrix by replacing
the 7-th column with x. Thus

Iz': [e1 € ..., 1 X €41 ... en]
(76)
Then, by the way we defined matrix multipli-
cation,

AL = A, (77)

The determinant of the product equals the
product of the determinants:

- |Ai]
Al
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Moreover, by expanding about the i-th row
we see that

1] = . (79)
Cramer’s rule follows.

e In particular, Cramer’s Rule gives a formula
for A1

T C1y Cy ... Co1]
1 Ciz2 Ca ... Cp
A"l =
det A | @ | (80)
1 Cy,, Coy ... Chp
e The matrix
C11 Co1 ... Ch1T
C C .. C,
adjA = .12 .22 : i (81)
L Cln C2n oo Cnn -

is called the adjugate of A.

@ note that the adjugate is the transpose
of the matrix of cofactors!

e The determinant can be interpreted geomet-
rically as the volume V of a parallelotope de-
fined by the columns of A:

V = |det Al (82)

where the vertical bars in this case do denote
the absolute values.
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Chapter 4: Vector Spaces

e Definition: A vector space !~ is a nonempty

set V' of objects, called vectors, on which are
defined two operations, called addition and
multiplication by scalars (real numbers),
subject to the ten axioms (or rules) listed be-
low. The axioms must hold for all vectors u,
v, and w in V, and for all scalars ¢ and d.

1. The sum of u and v, denoted by u-+v, is in

V.
. U+ V=Vv+u
(u+v)+w=u+ (v+w).

4. There is a zero vector 0 in V such that

W N

u+0=u. (83)

9. For each u in V, there is a vector —u in V
such that u + (—u) = 0.

The scalar multiple of u by ¢, denoted by cu,
isin V.

&

c(u+v) =cu+cv.
(c+ d)u = cu + du.
c(du) = (cd)u.

10. lu=nu.

L XN

—1= Also called a linear space
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e A subspace of a vector space V is a non-
empty subset of V' that is closed under addi-
tion and scalar multiplication.

@ every subspace is a vector space itself.

e Examples of vector spaces:

The primary examples of vector spaces are
of course IR"™ and subspaces of R".

The column space of a matrix.
The null space of a matrix.

The column space of AT (called the row
space of A).

The null space of AT, i.e., the set of all x
such that

ATz =o0. (84)
The set of all quadratic polynomials.
The set of all polynomials of degree n
The set of all polynomials.

The set of all real valued functions defined
on some set (domain).

The set of all functions that are continu-
ous on [a, b], usually denoted by C[a, b] or
Cla,b].

The set of all functions that are square in-
tegrable on IR:

V= {f : /O; F2(@)dz < oo}. (85)
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The set of all solutions of the differential
equation

y' =k%y (86)
The set of all m X n matrices.

The set of all upper triangular n x n ma-
trices.

The set of all diagonal matrices.

The set of all symmetric n X n matrices
(those that satisfy A = A7)

The set of all sequences

Loy L1y, L2, L3y ... (87)

The set of all sequences xg, x1, Ts,... that
satisfy the infinitely many equations

Tni2 — Tpt1 — T = 0, n=20,1,2,....
(88)

The set of all convergent sequences.
The range of a linear transformation

The null space of a linear transformation

@ Here are some examples of sets that are
not vector spaces:

A line or plane in IR"™ not containing the
origin.

The set of all triangular matrices.
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— The set of all non-singular (square) matri-
ces

— The set of all singular (square) matrices.

— The set of all sequences xg, x1,x9, ... that
satisfy the infinitely many equations

Tnt2 — Tpt1 — Tn = 1, n=0,1,2,....
(89)

— The set of all divergent sequences.

— The solution set of a linear system Ax = b
(unless b = 0).

e A linear combination of a (finite) set of
vectors is obtained by multiplying each vector
with some scalar and adding up the products.

e The span of a set of vectors is the set of all
linear combinations of those vectors.

e A spanning set of a vector space is a
subset of the vector space whose span is the
space.

e linear independence of a set of vectors
means that the only way to get the zero vector
as a linear combination of the vectors is by
picking all coefficients equal to zero.

e A basis of a vector space is a linearly in-
dependent spanning set of the space.

e All bases of a specific vector space have the
same number of elements. That number is the
dimension of the vector space.
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e We saw that this is true by showing that if

2 1

1 2

set of k£ elements is linearly dependent. To do

that we expressed every vector in the larger

set in terms of the basis, and obtained a ho-

mogeneous rectangular matrix problem that
was certain to have a non-trivial solution.

is a basis with k£ elements than any

e T'wo vector spaces V and W are isomorphic
if there is a linear transformation from V to
W that is one-to-one and onto.

e Two isomorphic vector spaces have the same
structure. Essentially they are the same. They
differ only in notation or interpretation. As
my linear algebra teacher said long ago, one

space is painted green, the other is painted
red.

e An isomorphism is invertible!

e Given a basis {vi,Vva,...,v,} of V and a ba-
sis {w1, Wz, ..., w,} of W an isomorphism C
can be defined by

e Two finite-dimensional vector spaces are iso-
morphic if and only if they have the same di-
mension.
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@ In particular, all n-dimensional vector
spaces are isomorphic to IR".

e Thus in a sense the only finite dimensional
vector spaces are R" forn =1,2,3,....

e Suppose

ﬁ ;] =1b1, b2, ... b} (91)

is a basis of a vector space V' and
i=1

is a vector in V. Then the vector

a1

Xy = | (93)

[ Ol

is the coordinate vector of x with respect
to the basis V.

e We can convert between bases. Suppose we
have three bases of IR".

[={e,eq,...,e,}

2 1]
[1 2_—{b1,b2,...,bn} (04)

4 5]
[10 11_ _{017027"'7C?’L}
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e [ is the standard basis.

e As usual, we associate the matrices

B=[b; by ... b,]
and (95)
C = [Cl Coy ... Cn]
. 2 1 4 5
with the bases [1 2] and [10 11].
e B and (' are square and invertible.
e A vector
o
x
x=|"" (96)
| Ty

can be expressed variously as

xz[xth[X]ﬁ 5] —Clxle  (97)

o [t follows that

[x][2 1]:le and [x][4 5]:c*1x.
1 2
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e We can convert between the bases i ;

4 5

and [10 11

] by the formulas

[X]lg 1]=B_1C[X][4 5] (99)
1 2

[x][4 5]:C—1B[x][2 1]. (100)
10 11 1 2

e Suppose A is an m x n matrix. It defines a
linear transformation

y = Ax (101)

from R™ to IR™. Suppose we want to express
the same linear transform in terms of a
basis

2 1
I S B
of R"™ and a basis
4 5
[10 11] — {C17C27-"9Cm} (103)

of R™.
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e In other words, we want to find a matrix T
such that

[Y][140 151] :T[X]E ;] (104)

e The situation is illustrated in this “commut-
ing diagram”:

x — Ax

Bx R* — R™ X

T

x R' — R™ (Cx

x — 1Tx

e start in the lower left corner. Move to the
lower right corner either by going directly to
the right, or in three steps by going up, right,
and then down. We want T' to be such that
in either way we get to the same vector.

e Clearly,
T =C 'AB. (106)

e By the same token,

A=CTB . (107)

e check the dimensions.
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@ In the special case that m =n and B = C
we get that
T =B 'AB. (108)

e In this case A and B are said to be similar,
and the formula (or the matrix B) is called a
similarity transform.

6. Eigenvalues and Eigenvectors

e Unless stated otherwise, in this section A is a
real square n X n matrix.

e An eigenvector of a square (n X m) matrix
A is a non-zero vector x such that

Ax = Mx (109)

for some scalar A. A is called the eigenvalue
of A corresponding to the eigenvector x. x
is an eigenvector corresponding to the eigen-
value .

e The pair (A, x) is sometimes called an eigen-
pair of A.

@ Note than any non-zero scalar multiple
of an eigenvector is also an eigenvector, with the
same eigenvalue.
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@ the main difference between linear sys-
tems and eigenvalue problems is that eigenvalue
problems are nonlinear!

e More insight can be gained by writing
Ax = Ax (110)
as

Ax —dx = (A - X)x=0. (111)

e Any eigenvector is a non-trivial solution of the
homogeneous linear system

(A~ A)x = 0. (112)

e Every eigenvector is in the nullspace of A—A\1.

e Every non-zero vector in the nullspace of A —
Al is an eigenvector of A.

e A square homogeneous linear system has a
non-trivial solution if and only if the coeffi-
cient matrix is singular.

@ thus A is an eigenvalue of A if and only if
A — M\ is singular.

@ Upshot: we have one more characterization
of singularity. A square matrix A is singular if

Math 2270-6 Notes of 4/19/19 page 52



and only if 0 is an eigenvalue of A. It is invertible
if and only if all eigenvalues of A are non-zero.

e Suppose X;,7 = 1,...,m are eigenvectors cor-
responding to the same eigenvalue A. Then
any (non-zero) linear combination of the eigen-
vectors is also an eigenvector:

Ag: X, = Z o Ax; = Z AX,; = )\Z ;X5
i=1 j j

e Thus, if we add the zero vector to the set of
eigenvectors corresponding to a specific eigen-
value, that set is a linear space, the nullspace
of A—XI. That space is also called the eigenspace
of A corresponding to .

e Important example: The eigenvalues of a tri-
angular matrix are the diagonal entries,
because if A is triangular and A is an eigen-
value then A — \I is a triangular matrix with
at least one zero entry on the diagonal. It is
thus singular.

@ Row operations do not preserve eigenvalues
or eigenvectors!

e A matrix is singular if and only if its deter-
minant is zero. Thus we get the key result:

Aisanev. <= det(A—AI)=0. (114)
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e The equation
det(A — ) = 0. (115)

is the characteristic equation of A.

e The function f(A\) = |A — AI| is a polynomial
of degree n with leading coefficient (—1)"

e We can see this using a cofactor expansion or
the formula

det A = Z sign(o H Uio, (116)

where the sum goes over all n! permutations
of the set {1,2,...,n} and the large symbol
7 indicates the product of n factors, one from
each row 7, and the column o;.

e The polynomial
p(A) = det(A — \I) (117)

is the characteristic polynomial of A

;; The eigenvalues of A are the roots of the
characteristic polynomial.

e This means

1. There are precisely n of them, properly count-
ing multiplicity.

2. They may be repeated.
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3. They may be complex.

4. If there are complex eigenvalues then they oc-
cur in conjugate complex pairs.

e The natural way to compute eigenvalues and
eigenvectors by hand proceeds in two steps:

1. Compute the characteristic polynomial and
find its roots.

2. For each eigenvalue A\ find the nullspace of
A— A

e This works well only for small matrices with
exactly known entries.

e However, the opposite process, computing roots
of polynomials by computing the eigenvalues
of a suitable matrix works very well.

e For every polynomial p of degree n with lead-
ing term (—1)" there exists a matrix A whose
characteristic polynomial is p. Check:

(118)

e Central in eigenvalue calculations is the con-
cept of similarity.
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e Definition: Two matrices A and B are sim-
ilar it there is a non-singular matrix P such
that

B =P AP (119)

e Similar matrices have the same eigenvalues,
and their eigenvectors are related in a straight-
forward way. To see this suppose that

Ax = \x (120)
and note that

B(P 'x) =P 'APP 'x = P 'Xx = AP 'x).
(121)

e In other words, the eigenvectors of B are those
of A, multiplied with P~1.

e Another way to see that similar matrices have
the same eigenvalues is to observe that their
characteristic polynomials are the same. Us-
ing the multiplicative property of determinants
and the fact that the determinant of the in-
verse is the reciprocal of the determinant of
the original matrix we see

|B— M| =|P AP - AP 'IP|

= |P~1(A - \)P|

, (122)
= |P7[|[A = M| P
= |A — M|
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e Definition: A matrix is diagonalizable if it
is similar to a diagonal matrix.

e In other words, A is diagonalizable if there
exists a diagonal matrix D and a non-singular
matrix P such that

D =P AP (123)

e This equation can be rewritten as

AP = PD. (124)
e Suppose
P=[vi vy ... Vv,] (125)
and
A1 0 0 0 7
0 X 0 ... O

D=0 0 A3 ... O (126)

L0 0 0 An

e Note that the equation for the ¢-th column in
(124) is precisely the eigenvector equation
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@ A matrix is diagonalizable if and only if
it has n linearly independent eigenvectors. The
similarity transform to diagonal form is the ma-
trix of eigenvectors and the similar diagonal ma-
trix has the eigenvalues along the diagonal.

e A matrix that is not diagonalizable is called
defective.

e A matrix is not defective if an only if it has a
set of n linearly independent eigenvectors.

@ Invertibility is unrelated to Diagonaliz-
ability.

singular invertible

X (0 1] (1 1]

defective: _O O_ _O 1_

) : (0 0] (1 0]

diagonalizable: 0 0 0 1
(128)

e [t is sometimes useful to be able to construct
a matrix with given eigenvalues and eigenvec-
tors. Note that

D =P 'AP (129)
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is equivalent to
A=PDP ! (130)

Suppose you want to construct a matrix A
with given eigenvalues and given eigenvectors.
Proceed as follows:

1. Collect the eigenvectors into the matrix P as
before.

2. Compute P71,

3. Compute
A= PDP . (131)

e It is not always possible to diagonalize a ma-
trix. However, for all matrices A there exists
a similarity transform to its Jordan Canon-
ical Form ™2~ (named after Camille Jordan,

1838-1922).
e The JCF is a block diagonal matrix

Jy 0 ... 07
y 0 Jo ... 0O
P AP = ) . ) . (132)
L0 0 ... Jp.

—2— The textbook mentions the Jordan Canonical
Form in a footnote on page 294.
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where each diagonal block is of the form

"\ 1 0 ... 0 07
0 A 1 0 0
0 0 N 0 0

J; = . | (133)
0 0 ... A 1
(0 0 0 ... 0 A

e Apart from reordering the diagonal blocks the
JCF is unique.

e Each Jordan block J; corresponds to one eigen-
vector with eigenvalue ;.

e A matrix is diagonalizable if and only if all of
its Jordan blocks are 1 x 1.

e The algebraic multiplicity of an eigenvalue
is its order as a root of the characteristic poly-
nomial. Its geometric multiplicity is the
dimension of its eigenspace.

e Here is an example. Suppose the Jordan form
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of a matrix is given by

w -
w — -

e Entries indicated by dots are zero.

e The characteristic polynomial of this matrix
1S

p(A) = [J=A| = (2=X1)(3=N)*(4=X)*(5-N).

(135)
The number 2 is an eigenvalue of algebraic
multiplicity 3 and geometric multiplicity 2,
3 is an eigenvalue of algebraic multiplicity 4
and geometric multiplicity 2, 4 is an eigen-
value of algebraic and geometric multiplicity
2, and 5 is an eigenvalue of algebraic and ge-
ometric multiplicity 1. The dimension of the
space spanned by all eigenvectors is the sum
of the geometric multiplicities which is 7. The
matrix is defective.

e A set of eigenvectors corresponding to distinct
eigenvalues is linearly independent. (The word
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“distinct” means that no two of the eigenval-
ues are equal.)

Recall that a matrix is diagonalizable if it has
a set of n linearly independent eigenvectors.

Thus a matrix with distinct eigenvalues is di-
agonalizable.

This implies, for example, that the JCF can
be computed only in exact arithmetic.

A non-diagonalizable matrix must have mul-
tiple eigenvalues.

@ The most important thing to know about
complex eigenvalues is that symmetric real ma-
trices don’t have any! The textbook addresses
this issue in problem 24 on page 303 (and later
in chapter 7).

But the argument is quite simple.

For any matrix A or vector x let
AT = AT and xM =xT (136)

where the bar denotes conjugate complex.

A complex matrix A is Hermitian—3~ if

A= A", (137)

—3—

named after Charles Hermite, 1822—-1901.
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e We will show that the eigenvalues of a Hermi-
tian matrix are real.

@ Note that symmetric real matrices are
special cases of Hermitian matrices.

e Suppose
Ax = Mx (138)

where A = A", and A, )\, and x are all pos-

sibly complex. Taking the conjugate complex
on both sides turns this into

xH AT = gH A = \x". (139)

Left multiplying with x in (138) and right
multiplying with x in (139) gives

xHAx = \xfx and x" Ax = \xx.
(140)
Thus ~
MxHx = Axtx. (141)

This implies that A = A, i.e., ) is real.

e Gershgorin Theorem. Suppose A is
an n xn matrix, and A is one of its eigenvalues.
Then, for some ¢ € {1,2,...,n}

@i — Al < lagl. (142)

JFi

e In other words, every eigenvalue lies in some
circle whose center is a diagonal entry of A,
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and whose radius equals the sum of the abso-
lute values of the off-diagonal entries in that
rOW.

e Those circles are referred to as the Gersh-
gorin Circles.

e To see this suppose x is an eigenvector of the
nxn matrix A, with corresponding eigenvalue

A. Thus
Ax = Ax. (143)

e Since an eigenvector is determined only up to
a non-zero factor we may assume that x is
normalized such that

max |z;| =x; =1 (144)
j=1,....n

for some 4 in {1,2,...,n}. This fixes i. If
there are several such indices ¢ we pick any
particular one of them.

e The ¢-th component of the vector equation
(144) is

j=1
e Subtracting a;;x; = a;; on both sides gives

the equation

A — A7 — Z YR (146)
JF#L
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e Taking absolute values on both sides, apply-
ing the triangle inequality, and observing that
|z;| <1 for all j shows that A lies in the Ger-
shgorin Circle centered at x;:

A —aul = > ayw,

j#i
< aija;l

j#i (147)

ZZ\az‘jHﬂfj\
< ay

J#i

@ It’s not true in general that every Gersh-

gorin Circle contains an eigenvalue.

@ On the other hand, it is true that any
union of k Gershgorin Circles that does not over-
lap with any of the remaining Gershgorin Circles
contains precisely k eigenvalues, counting multi-
plicity.

6. Orthogonality and Least Squares

e The inner product, previously called the
dot product, of two vectors u and v in IR",
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is defined to be

U1
T v2 -
uev =u'v=_[u; Uz ... Up]|| . :E U; ;.
i=1
| Uy, _

(148)
e Theorem 1, p. 333. Let u, v and w be

vectors in IR", and ¢ be a scalar. Then

a. uev=veu

b. (ut+v)jew=uew+vew

c. (cu)ev=c(uev)

d. ueu>0, and uveu=0=—u=0.

e The length or norm %~ of a vector v is de-

fined by
|v]| = vVvev. (149)

e Definition: Two vectors u and v are orthog-
onal (or perpendicular) if

uev =0. (150)

@ the zero vector is orthogonal to all vectors
in R".

—4= also called Standard Norm, Euclidean Norm,
or 2-norm.
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e Suppose W is a subspace of R". Then the set

W+ = {z : z is orthogonal to all vectors in W}

(151)
is a linear space, called the orthogonal com-
plement of WW.

e W+ is read as ”"W-perpendicular” or, more
commonly, just ”W-perp”.

e Example: line and plane in R>.

e Theorem 3, p. 337: Let A be an m X n ma-
trix. The orthogonal complement of the row
space of A is the null space of A, and the or-
thogonal complement of the column space of
A is the null space of AT

(RowA)™ =Nul and (Cold)* = NulA”.
(152)

o A set of vectors {uj,ug,...,u,} from R" is
an orthogonal set if each pair of distinct
vectors from that set is orthogonal, i.e.,

i#j = u;eu; =0. (153)

e Theorem 4, p. 340, textbook. If
S:{ul,ug,...,up} (154)
is an orthogonal set of nonzero vectors in

IR", then S is linearly independent. (Hence S
is a basis of span(5).)
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e Naturally, an orthogonal basis for a sub-
space W of R" is a basis for W that is also
an orthogonal set.

e Orthogonal Bases are nice! You can compute
coefficients without solving a linear system.

e Suppose
B ={uj,uy,...,u,} (155)
is a basis of a subspace W of R",
B =[uj,uy,...,u,], (156)

and y is a vector in W. Then, in general,

computing the coordinate vector

e
C2

ylB=| . (157)

L cp |

of y requires the solution of the linear system

Blylg =vy. (158)

e However, if B is an orthogonal basis we can
compute the components of [y]g directly:

ytllj
11j011j

(159)

Cj:
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e Theorem 6, p. 345. An m X n matrix U
has orthonormal columns if and only if

Ul =1 (160)

(where I is the n x n identity matrix.).

e Theorem 7, p. 345. Let U be an m X n
matrix with orthonormal columns, and let x
and y be vectors in R". Then:

a. [[Ux| =[]
b. (Ux)e (Uy)=xey
c. (Ux)e(Uy)=0 ifandonlyif xey =20
e The Pythagorean Theorem states that
lutv|*=ul* +[lv|® <= uev=0.
(161)

e The orthogonal projection of a vector v
onto a vector u is given by

uev

proj,v = u. (162)

uu

e Theorem 8. Let W be a subspace of R".
Then each y in IR™ can be written uniquely
in the form

y=y-+z (163)

where ¥y is in W and z is in W+,

e Thisis the orthogonal Decomposition the-
orem. The vector y in (163) is called the
orthogonal projection of y onto V.
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e The textbook uses the notation

y = Projyy. (164)

e Best Approximation Theorem (Theorem
9, p. 352) Let W be a subspace of R", let y be
any vector in IR", and let y be the orthogonal
projection of y onto WW. Then y is the closest
point W to y, in the sense that

ly = vl <lly =¥l (165)
for all v in W distinct from y.

e Theorem 10, p. 353. If {u;,ug,...,u,} is
an orthonormal basis for a subspace W of R"™,
then

p
y =projyy = » (yeu)u;.  (166)
1=1
fU=[u u)2 ...u,],then
projyyy = UU"y (167)

for all y in R".

e We considered three versions of the Gram-
Schmidt Process.

e Version 1: is described by Theorem 11, page
357, textbook: Given a basis

{x1,%2,...,%,} (168)
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for a non-zero subspace W of R", define

Vi = X1

Vo = X9 —
V3 — X3 —
Then {Vl,..

Xo @V
Vi
VeV
X3 0V X3 ® Vo
1 — V2
Vi eVy Vo @ Vo
Xp0V1V XpOVQV Xp ®Vp_1 v
- V1 — T/ V2 — - —1
VeV Vo @ Vo Vp—18Vy_1 P

(169)
., Vp} is an orthogonal basis for

W. In addition,

span{vy,..

for k=1,2,...,p.

(170)

L, Vi) =span{xy,...,X;}

e Version 2 is just a more compact notation for
the process. For £k =1, ..., p define

Vi = X — E — V.
vV, eV,

k—1
Xk o0V,

(171)

1=1

e Version 3 combines normalization with orthog-

onalization: For k£ =1, ..

Wg

Vi
\

Math 2270-6

., p define
k—1
= Xi — (Xk o Vi>Vz'
2 -
W
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e Definition: A square matrix @) is orthogonal
if its columns form an orthonormal set.

e This means that

Q'Q =1, (173)
i.e.,  is invertible, and
Q' =q". (174)

(see textbook, page 346.)

e Theorem 12, page 359, textbook. If A is
and m X n matrix with linearly independent
columns, then A can be factored a

A= QR (175)

where () is an m X n matrix whose columns
form an orthonormal basis for Col(A) and R
is an n X n upper triangular invertible matrix
with positive entries on its diagonal.

e Suppose we have an overdetermined linear sys-
tem

Ax = b (176)
e Here Aism xn, xisin IR", b is in R™, and
m > n (and typically, m > n).

e Usually, the system (176) will not have a so-
lution. In that case, the next best thing is to
solve the alternative problem

|Ax — b|| = min (177)
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e In other words (the words of our textbook),
we want to find a vector x in IR"™ such that

Ib — Ax[| < [[b — Ax|| (178)

for all x in R".

e The textbook calls such an X a Least Squares
Solution of

Ax = b. (179)
e | would call it a solution of

|Ax — b|| = min. (180)

e First: Theorem 13 (p. 363) The set of least
square solutions of Ax = b coincides with
the nonempty set of solutions of the normal
equations

AT Ax = ATb. (181)

e Theorem 14 (p. 365) Let A be an m x n ma-
trix. The following statements are logically
equivalent. (This means they are either all
true or all false):

a. The equation Ax = b has a unique least squares
solution for each b in R™.

b. The columns of A are linearly independent.

c. The matrix AT A is invertible.
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e Suppose we write

‘ A=QR ‘ (182)

where
n m-n

Q=m (@1 Q2 ) (183)

is orthogonal and

RZ@TL<};;> (184)

with R; being upper triangular.

e Harlier we discussed how to obtain
A= Q1R (185)

for example by the Gram-Schmidt Process.

e To get Q from ()1 we simply add vectors to
the orthonormal basis of the column space of
A to get an orthonormal bass of IR™.

e We won’t actually need ()2, but it’s useful to
describe the idea.

e A significant property of an orthogonal matrix
is that multiplying with it does not alter the
norm of a vector:

1Qz | = (Q2)" (Qz) = 2" Q" Qz = 2"z = ||z||>.
(186)
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e Using
A=QR and Q'A=R (187)
we obtain

|Az — b|* = Q" (Az — 1) ||?
= Q" Az — Q" b|?

. Rz QlTb
- 0 /) \Q@¥b
= |[Faz = QT|* + @53
(188)

2

e Of the two terms on the right we have no con-
trol over the second, and we can render the
first one zero by solving (the square triangu-
lar n X n linear system)

Riz = QTb. (189)

e Definition (p. 378, textbook): An inner
product on a vector space V is a function
that, to each pair of vectors u and v in V', as-
sociates a real number < u,v > and satisfies
the following axioms, for all vectors u and v
in V' and all scalars c:

1. <u,v>=<v,u>.
2. <u+t+v,w>=<u,w>+<V,W>
3. <cu,v>=c<u,v>
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4. <u,u>>0 and < u,u>=0if and only
if u=20.

e A Vector space with an inner product is called
an inner product space.

e The Cauchy-Schwarz Inequality says

[ <u,v > | < lulfv] (190)

e The triangle inequality says

a4 vl < l[afl + flv (191)

e One major application of inner product spaces
is weighted least squares.

e The underlying space is IR"™ and the inner
product is

n
<X,y >= szxzyz (192)
i=1
where the w; are given positive weights.

e The normal equations for the weighted Least
Squares Solution of

Ax=Db (193)

are

ATW Ax = ATWh. (194)
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e Another major example is Fourier Series.
The underlying linear space is the set of 27«
periodic functions that are square integrable
over an interval of length 2.

e The underlying inner product is

<f,g>=[ [()g(t)dt. (195)
e The Fourier series of a 2m-periodic function f

1S

f(t) = %+Zan cos(nt)+by, sin(nt) (196)

n=1

where the Fourier coefficients are given by

LS f,cos(nt) > f f(t) cos(nt)dt
T T
oo < f,sin(nt) > f f(t) sin(nt)d?
T T
(197)
Ch.7 — Symmetric Matrices and Quadratic Forms

e Throughout this chapter A is a square real
matrix.

e A matrix A is symmetric if
A=AT (198)
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e This concept of symmetry applies only to square
matrices.

e Two matrices A and B are orthogonally sim-
ilar if there is an orthogonal matrix P such
that

B=P'AP =PTAP. (199)

e A matrix A is orthogonally diagonalizable
if it is orthogonally similar to a real diagonal
matrix D. Thus if A is orthogonally diagonal-
izable then there exists an orthogonal matrix
P such that

D =P AP =Pl AP (200)

e This implies that A is symmetric since

A= PDpP? (201)

e So if A is orthogonally diagonalizable then it
is symmetric.

e The converse also holds: If A is symmetric
then it is orthogonally diagonalizable.

e In class we saw a cool proof by induction of
why this is true.

e We also proved the Spectral Theorem for
Symmetric Matrices An n X n symmetric
matrix A has the following properties:

a. A has n real eigenvalues, counting multiplici-
ties.
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b. The dimension of the eigenspace A\ equals the
multiplicity of A\ as a root of the characteristic
equation.

c. The eigenspace are mutually orthogonal, in
the sense that eigenvectors corresponding dif-
ferent eigenvalues are orthogonal.

d. A is orthogonally diagonalizable.

@ Put a little more simply: As far as the

eigenvalue problem, symmetric matrices are
as nice as can be.

e Definition: A quadratic form on R" is a
function @) defined on R"™ whose value at a
vector x in IR"™ can be computed by an ex-
pression of the form

Q(x) = xT' Ax (202)

where A is an n X n symmetric matrix. The
matrix A is called the matrix of the quadratic
form.

e In terms of the entries of A and x the quadratic
form is given by

Q(X) = XTAX = zn: zn: Qi Lidyj. (203)

i=1 j=1

e The Principal Axes Theorem. Let A be
an n X n symmetric matrix. Then there is an
orthogonal change of variables, x = Py, that
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transforms the quadratic form into a quadratic
form

y! Dy (204)
with no cross product terms.

e Note that saying “with not cross product terms”
is equivalent to saying that D is diagonal.
We’ve seen of course, that P is the matrix
of eigenvectors, and D is the diagonal matrix
of eigenvalues.

e A quadratic form Q = xT Ax, and its matrix

A, is

a. positive definite if all eigenvalues are posi-
tive

b. negative definite if all eigenvalues are neg-
ative if

c. indefinite if some eigenvalues are positive
and some are negative

d. positive semidefinite if all eigenvalues are
non-negative

e. negative semidefinite if all eigenvalues are
non-positive
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@ A scalar function f of a vector variable x

assumes a minimum value at a point 7 if
Vf(#)=0 and V?*f(2) is positive defineite
(205)
e It assumes a maximum value if
Vf(#) =0 and V?f(2) is negative defineite
(206)

e It has a saddle point at £ if V2f is indefinite
at .

o If V2f(x) is indefinite the second derivative
test in inconclusive.

Positive Definiteness is the right general-
ization of the positivity of numbers.

e The minimum value of a quadratic form x* Ax
over all unit vectors x is the minimum eigen-
value of A.

e The maximum value of a quadratic form x? Ax
over all unit vectors x is the maximum eigen-
value of A.

e Applying the method of Lagrange multipliers
to the constrained problem

xTAx = min where x'x=1  (207)
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leads directly to the eigenvector equation

Ax = \x.

(208)

e The Singular Value Decomposition of an mxn
matrix A (where we assume for simplicity that

m > n) is

where

A=UxV7T

(209)

e U is m x m orthogonal, i.e., U= = U7,

e V is n x n orthogonal, i.e., V-1 = V7T, and

e Y is m x n diagonal. Specifically,

01

0

where

01 > 02

0

02

0
0

>...>0,>0.

(210)

(211)

e Using the SVD we can reduce many problems
to a problem of the same type, but with A

replaced with X..
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e Our list included:

1. Computing the rank of A

2. Computing the determinant of A (provided A
is square).

3. Finding all solutions of the linear system Ax =
b.

4. Solving the Least Square problem [|[Ax—b|| =
min.

e The transformation from problems involving
A to problems involving ¥, and vice versa, can
all be obtained by multiplying with orthogo-
nal matrices which does not amplify errors.

e We also learned how to approximate A by a
sum of rank 1 matrices, which has applica-
tions, for example, in image compression.

e We also discussed how to compute the SVD,
at least in principle.

e The singular values are the square roots of the
eigenvalues of AAT or AT A.

e The left singular vectors (the columns of U)
are the eigenvectors of AA”

e The right singular vectors (the columns of V)
are the eigenvectors of AT A.

e We also looked at the textbook procedure for
compute the SVD.

e The actual procedure used, for example, in
matlab is vastly more complicated.
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