Math 2270-1

Notes of 10/18/2019

4.8 Finite Difference Equations

The Fibonacci Sequence

e We start with an example.

e consider the set of sequences S
Yo, Y1,Y2, . ..
satisfying the finite difference equation
“k = Yk tz,

yki+2_yk’+1_yk::07 k:071727"'
Zé‘.z ‘Zk"( ‘Z'k :0

e This is a linear space. Determine a basis and
the dimension of this space.
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e What is the limit of that ratio? 7

= F(k-1) +

F(k)
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ibonacci: F(0) = F(1) =1,

F(k-2)
F(k)/F(k-1)

.000000000000
.500000000000
.666666666667
.600000000000
.625000000000
.615384615385
.619047619048
.617647058824
.618181818182
.617977528090
.618055555556
.618025751073
.618037135279
.618032786885
.618034447822
.618033813400
.618034055728
.618033963167
.618033998522
.618033985017
.618033990176
.618033988205
.618033988958
.618033988670
.618033988780
.618033988738
.618033988754
.618033988748
.618033988751
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Linite
e Let’s consider the general linear Adifference
equation
an

mn
Y4
E AjYn+k—j = AOYn+kT01Ykn—1T- . . TYk = 2k
Jj=0

where
k=0,1,2,... (1)

and aga, # 0.

e The difference equation is homogeneous if
2z = 0 for all Kk =0,1,2,... and inhomoge-
neous otherwise.

Recall our major concept that the gen-
eral solution of a linear problem equals
any particular solution plus the general
solution of the homogeneous version.

e Usually, finding the general solution of the ho-
mogeneous problem is easy, and finding a par-
ticular solution of the inhomogeneous prob-
lem is hard.

e The key to the general solution of the homo-
geneous version of (1) is the characteristic
polynomial

n
p(m) — a0$n+a1$n_1+. . .—|_a,n == Zajiljn_j
7=0

e Suppose r is a root of p, i.e., p(r) = 0.
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e Then the sequence

y =1,  j=0,1,2... =&

is a solution of

mn
E ajYntk—; =0
=0

" n+ k- P

% 02/37' LF’ZVLI"F

r JC:—:V‘/
F(") =0
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e Example: Compute all solutions of the finite Y, = 3
diff ti
ifference equation SGy -Ly
ki k¢

yk’+2_5yk’+1+6yk207 k:071727'°'
p(r) = ri-6,¢ 6= (v-2) (7 73) Yz:3

y 2%
« k
vy = 9
k

ARIIRAY
g zd 2’ +p3’ = Ltp=2
o
Y= Z°<+3/3:3
' 20(+2(3=L/
p=-l
A4 =3
) ~3-24—z/<
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Repeated Roots

e Consider the equation

Yk+2 — 2Yk+1 +yr = 0.

Z

P(Y) = T2~2r+/ = (7”'f)

- k&
yk_/ /
k 4
/
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e In general, if p(r) = p/(r) = 0 then

yr =% and yp = krf
are solutions of
Zajyn—l—k—j—o
§=0 -
N M+« - g
- ZCLJ(V)'fk-J)T
J=v .
A V“’kvj ] . n+é’J
g a7 + Zoay(k-§)”
Iz & v
” ‘é'j é“j'[
e 2T T e A (KT
J-¢ J=v
W\/ Q/N\_/
P < Plr) =4
< 0
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An Inhomogeneous Equation

e Suppose

n
p(1)=0 and Zajyk+n_j = 2z = constant.

2
Try - \4 - vk §y =3

n v i -
= a; g (ktn-3) =5z k4 2G0T
. i—o

AN VV\/
P(z)zu P )

Jzo

P =2

. £
y = Pl

Ex.: what o perd =0
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Complex Roots
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2
’P(X):X €/
+ Y =7
Y@z £
= =X,
X/<+2, k
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