
Handout	  16	  
	  
Definition:	   A	   partial	   derivative	   of	   a	   function	   of	   several	   variables	   is	   a	   derivative	   with	  
respect	  of	  one	  of	  those	  variables	  why	  the	  other	  variables	  consider	  constant.	  For	  a	  function	  
f x, y( ) ,	  the	  partial	  derivatives	  are:	  

Dx f =
∂
∂x

f x, y( ) = fx x, y( ) = lim
h→0

f x + h, y( )− f x, y( )
h

Dy f =
∂
∂y

f x, y( ) = fy x, y( ) = lim
h→0

f x, y + h( )− f x, y( )
h

	  

For	  a	  function f x, y, z( ) ,	  the	  partial	  derivatives	  are:	  

Dx f =
∂
∂x

f x, y, z( ) = fx x, y, z( ) = lim
h→0

f x + h, y, z( )− f x, y, z( )
h

Dy f =
∂
∂y

f x, y, z( ) = fy x, y, z( ) = lim
h→0

f x, y + h, z( )− f x, y, z( )
h

Dz f =
∂
∂z

f x, y, z( ) = fz x, y, z( ) = lim
h→0

f x, y, z + h( )− f x, y, z( )
h

	  

Similarly,	  for	  a	  function f x1, x2,...xn( ) 	  the	  partial	  derivativesD1 f = f1,D2 f = f2,...,Dn f = fn 	  
 
Higher	  derivatives	  
Partial	  derivatives	  of	  a	  function	  of	  several	  variables	  are	  functions	  of	  several	  variables,	  and	  
therefore,	  may	  have	  their	  partial	  derivatives.	  We	  denote	  it	  as:	  
	  

fxx =
∂ f
∂x2

fxy =
∂
∂y

∂ f
∂x

⎛
⎝⎜

⎞
⎠⎟ =

∂ f
∂y∂x

fyx =
∂
∂x

∂ f
∂y

⎛
⎝⎜

⎞
⎠⎟
= ∂ f
∂x∂y

fyy =
∂ f
∂y2

	  	  

	  
Theorem:	  If	   fxy , fyx 	  continuous	  on	  a	  disc	  around	   a,b( ) 	  then	   fxy , a,b( ) = fyx a,b( ) 	  
 
Definition:	   Partial	   differential	   equations	   are	   differential	   equations	   that	   involve	   partial	  
derivatives.	  

• Helmholtz equation uxx + uyy + k2u = 0 . 

• Laplace equation uxx + uyy = 0  

• Heat equation ut = a2uxx   
• Wave equation utt = a2uxx  

	  
	  
	  
	  



Note:	  A	  plane	   
n r − r0( ) = A x − x0( ) + B y − y0( ) + C z − z0( ) = 0 	  can	  be	  described	  as	  

z − z0 = A x − x0( ) + B y − y0( ) ,	  where	   A = A / C, B = B / C 	  
	  
Definition:	  Let	  S	  be	  surface	  described	  by	  a	  function	  z=f(x,y)	  and	  suppose	  that	  f	  has	  
continuous	  partial	  derivatives.	  An	  equation	  of	  the	  tangent	  plane	  to	  S	  at	  point	  P x0, y0, z0( ) 	  is	  
given	  by:	  	   z − z0 = fx x − x0( ) + fy y − y0( ) 	  
Similarly	  a	  surface	  defined	  by	  f(x,y,z)=0	  the	  tangent	  plane	  is	  
fx x − x0( ) + fy y − y0( ) + fz z − z0( ) = 0 	  
	  
Definition:	  A	  tangent	  plane	  to	  parametric	  surface	   

r u,v( ) = x u,v( )i+ y u,v( ) j+ z u,v( )k 	  is	  
given	  using	  a	  normal	  vector	   

n = ru ×
rv = xu , yu , zu × xv , yv , zv .	  

	  
Definition:	  Suppose	  that	  a	  function	  f(x,y)	  has	  continuous	  partial	  derivatives.	  A	  function	  
L x, y( ) = f a,b( ) + fx a,b( ) x − a( ) + fy a,b( ) y − b( ) 	  is	  called	  linearization	  of	  f.	  
A	  linear	  approximation	  or	  a	  tangent	  plane	  approximation	  of	  f	  at	  (a,b)	  is	  defined	  by	  	  

f x, y( ) ≈ f a,b( ) + fx a,b( ) x − a( ) + fy a,b( ) y − b( ) = L x, y( ) 	  or	  equivalently	  
f a + hx ,b + hy( ) ≈ f a,b( ) + fx a,b( )hx + fy a,b( )hy 	  

We	  defined	  linear	  approximation	  for	  function	  with	  continuous	  partial	  derivatives,	  however	  
what	  happens	  when	  the	  derivatives	  aren’t	  continuous?	  
	  
Definition:	  The	  function	  z=f(x,y)	  is	  differentiable	  at	  (a,b)	  if	  	  Δz = Δf = f a + Δx,b + Δy( )− f a,b( ) 	  
can	  be	  expressed	  in	  the	  form	  	  

Δz = fx a,b( )Δx + fy a,b( )Δy + ε1 Δx,Δy( )Δx + ε2 Δx,Δy( )Δy 	  	  
where	   lim

Δx,Δy( )→0
ε1 Δx,Δy( ) = 0 	  and	   lim

Δx,Δy( )→0
ε2 Δx,Δy( ) = 0 	  

or	  equivalently	  Δz = fx a,b( )Δx + fy a,b( )Δy + ε Δx,Δy( ) Δx2 + Δy2 where	  
lim

Δx,Δy( )→0
ε Δx,Δy( ) = 0 .	  The	  second	  form	  is	  more	  convenient	  for	  calculations,	  since	  one	  solves	  

it	  for	  

  
ε Δx,Δy( ) = f a + Δx,b+ Δy( )− f a,b( )− fx a,b( )Δx − f y a,b( )Δy

Δx2 + Δy2
	  

Theorem:	  If	  the	  partial	  derivatives	  of	  f	  exists	  near	  (a,b)	  and	  continuous	  at	  (a,b)	  then	  f	  is	  
differentiable.	  
	  
Definition:	  An	  analogy	  to	  the	  differentials	  in	  1D	   dy = f ' x( )dx 	  is	  called	  a	  total	  differential	  in	  2D	  
and	  3D	  and	  is	  given	  by	  df = fx x, y( )dx + fy x, y( )dy 	  and	   df = fx x, y, z( )dx + fy x, y, z( )dy + fz x, y, z( )dz 	  
respectively.	  


