Handouts 6

Theorem: If the power series ch (x—a)" has aradius of convergence R>0, then the
n=0

function f(x Zc (x—a)" is continues, differentiable and integrable on the interval
n=0

(a—R,a+R) and

oo oo

f(x)= %ch(x—a)" - Z%Cn(x—a)" _ incn(x—a)”’l

n=1 n=1

J x)dx = JZC x—a) dx= ZJ x—a) dx= ch )’H

with the same radius of convergence R. However the convergence at end points may
change.
Note: The theorem above state that the power series can be integrated/differentiated

term-by-term. However, for other types of series of functions (chgn (x)) the situation
n=0
is not as simple.

Taylor and Maclaurin Series (8.7)

Example: Consider that a function f has a representation as power series in some

interval 0 <|x—d|<R. f(x Zc (x—a)" =c,+¢,(x—a)+c,(x—a) +cy(x—a) +....
n=0
f(a) =co+cl(a—a)+cz(a—a)2+c3(a—a)3+... =c,
Note: f(a) =c¢ +2¢,(a—a)+3c,(a—a) +.. 2 = thus Cn=>Cn=f(n)(a)
f'"(x) =2¢,+2-3c(a—a)+3-4c,(a—a) +... =2c, n!
f(”)(a)=2~3~4--'ncn =n!

Theorem: If a function f has a power series representation (expansion) about g, that is

o (n) £(n)
=ch(x—a)",then c, =fT(a),i.e. f(x)zz_:fn—(!a)(x—a)n :

Definition: the series f(x Z s (x—a)" are called Taylor series/expansion of
the function f (about/centered at) at a. For a special case a=0 the series

(0
- Zf—‘)x” called Maclaurin series.
n!



Definition: Taylor\Maclaurin polynomial is a partial sum of Taylor\Maclaurin series, i.e.
LN
T, = Zf—s)x” . The remainder is defined as R, (x)= f(x)-T,(x)
n=0 n:

Theorem: If f(x)=T7,(x)+R,(x) and limR, (x)=0,Vxe(a—R,a+R) then

m—sco

if Vxe(a Ra+R)

n=0

Furthermore, if max f(’”“)(x)| =M (ie. ‘f('”“)(x)‘ <M.,V|x-d <d),where d >0 is small

|x a|<d

m+l

positive number then|R, (x)| < L|x V|x—d<d

~ (m+1)!
kJ k(k=1)(k=2)---(k=n+1)

= called binomial coefficients.
n

Definition: The numbers [ ’
n!

Important Maclaurin Series:
oo k 2 3

X x° x
e =) —=l4+x+—+—+.., —c0<x <00
;{k‘ 21 3
2k+1 3 5 7
sinx = Z( D x—x—+x——x—+...,—c>o<x<oo
s 2k+1)! 3r st 7!
2k 2 4 6
CosXx = Z( 1)* x—+x——x—+...,—oo<x<oo
pr (2k)' 20 4 o
%:Zxk:l+x+x2+x3+...,—l<x<l
k=0
+1 2 3 4
x° x X
In(1+x 1 X——+———+..,-1<x<1
( );),() S 37
2k+l 3 5 7
arctanx = Z( 1)* x—x—+x——x—+...,—1SxSl
pry 2k +1 3 5 7
A+x)" =1+mx+—= mim = 1) x° ..+m(m_1)."'.(m_k+l)xk+...,meR,

! k!
m20,=-1<x<L,-1<m<0,=-1<x<l,m<-1,=>-1<x<1.



