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Handout 1

Definition: A sequence (or an infinite sequence) is a function f:N — R that often given as

f(n) =a, . We will often write sequences as {an }; = {an }%N .

Definition: A subsequence is a sequence that can be derived from another sequence by

deleting some elements without changing the order of the remaining elements.

Definition: A sequence {a,} hasalimitL, ie. lima, =L or a,— L as n— o if we can make

n—o0

the terms a, as close to L as we like by taking n sufficiently large. If lima, exists we say the

n—oo

sequence converges (convergent). Otherwise the sequence is diverges (divergent).

Thm: If lim f(x) = L, then the sequence f(n)=a, is convergentand lima, = L

X—oo n—oo
Limits properties:

If a,,b, are convergent and c is constant then

)lim(a, £b,)=lima, £limb,

n—eo n—oo n—oo

2)limca, =clima, includinglimc=c

n—oo n—oo n—oo

3)lim(a,b,)=lima, limb,

a lima,
4)lim| —+ [=22=—,limb, #0
o=\ b limb, o=

n—oo

P
5)lima” = (liman) p>0,a >0

n—oo n—oo

The squeeze theorem for sequences: If a, <b, <c, and lima, = L =limc, then limb, =L

n—yeo n—oeo n—oo

Absolute Value Theorem: lim|a,|=0= lima, =0 (Since -|a,[<a, <a,|)

n—oo

Thm: If fis continuous function at L and lima, = L then lim f(a, )= f(liman) =f(L)

n—eo n—soo n—»oo
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Thm: If a sequence {a,}  converges iff subsequences {a,,}" and {a,,,}  does.

Thm: If a sequence {an }:EN converges iff all its subsequences converges.

Corollary: If there exists a divergent subsequence of {an }:EN, then {an }weN diverges.

n

Theorem: limr" =

n—roo

, When r >1 the sequence tends to infinity, and it doesn’t

0 -1<r<l1
r=1

exists when r <—1(the last 2 are divergent sequences).

Definition: A sequence {an} isincreasingif a, <a,, forall n>1.Itis called decreasing if it is

n+l

a,2a,, forall n>1.A sequence is monotonic if it is either increasing or decreasing.

n+l

Definition: A sequence {a, } is bounded above if there is number M such that a, < M,Vn21.1t
is bounded below if there is number m such that a, 2m,Vn 21 . If it is bounded above and

below it called bounded sequence.

Theorem: Every bounded, monotonic sequence is convergent.
Theorem: If {5, } is a subsequence of sequence {a,} obtained by deletion of its first n, (finite
number) terms. Then {a, } converges iff {,} does.

. a a
Monotonicity tests: 1) sgn(a,,, —a,) 2) Does <1 or = >1?
a a

n n



