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4.5 The Chain Rule (11.5)
dy dy dx

i dx dt
dz_of dx  of dy
Thm: Chain Rule for z=f(xy), x(t)=g(t), y(t)=h(t): o ox i 3y di

%=—f(g( ) (s )):limf(g(t+5),h(t+6))—f(g(t),h(t))_

Recall: Chain Rule for y=f(x), x=g(t):

dt dt 550 S
i S8+ A% (1) + A%h)— £ (8(1) (1)) _

60 6

L) + £, (5(0) ()48 + 4, (600) M)A — el
50 5
:fx(g(t),h(t))%i_r}(}%g+fy(g(t),h(t))}sig(}%h:Ea)_ﬁ%+g_§%

Ex 1. Find % for z=3xy*—4x’y,x=¢',y=sint

%z (3y2 - 12x2y)et +(6xy— 4x3)cost = (3sin2 t—12¢* sint)e’ +(6e’ sint—4e3’)cost

Ex2.  Let z =—z . Find y(x) such that u(x)=z(x,y(x)) is constant.

The derivative of a constant function is equal zero, therefore

u'(x)zg:a—zﬂ+kﬂzg+gﬂzz +z d—y:—z +z d_y (ﬂ—l) 0
dx Odxdx dydx Jdx dydx * Ydx Yo Vde Vdx
Thus either one is true z, =0 or % =1.
’ X
If z,=0 thenz =-z =0 and therefore, z is constant function regardless of y(x).
Otherwise, we got % =1=y(x)= J dx Jl dx=x+C.
Thm: Chain Rule for z=f(x,y), x(t)=g(s, t) y(t)=h(s,1):
% afax Jdf dy % 8f8x Jdf dy
ot Ox ot ay ot ds dx as dy ds
Ex 3. z=xy+sin(xy) x = cos st, y =sin st
8_2 0z 8x+%8_y:_( + ycos xy)tsin st + (x+ xcos xy)t cos st =
ds dxds dpos o oY 7

= —(1+cos(cos st sin st))t sin” st + (14 cos(cos st sin st))t cos” st

0z _0zox 0z9 .
EEXE —Z—y——(y+ycosxy)ss1nst+(x+xcosxy)scosst:

o oxor dy ot

= —(1+cos(cos stsin st))ssin” st + (1 + cos(cos st sin st))s cos” st
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Ex 4. z=f(x,y)x=rcosf,y=rsinf
x:rcosn9,y:rsiné?:>r(x,y):«/)f+y2;9(x,y):arctanZ
%_a_z%ra_za_e_a_z X 0y azrcosﬁ_a_zrsme Bz 0——a—sn0
dx dradx 06 dx  dr x4 00 x*+y* or r 200 ar rof

0z azar 0zdf dz y az X azrsm@ 0z rcosf az. 1 0z
—_—t—— nO+-—cosf

ay o ay 00 dy Tor x4+ 80x +y° o r 80 r ar r oo
Ex 5. z=f(x,y),x=s—t,y =5+t
dz _dzodx dzdy dz Oz 0z 0zox 0dzdy 0z, Oz

$_8x85+8yas ax ay’ dt Jdxodr Ody ot ox dy

2

(Zx)z—(Zy) =(Zx—Zy)(Zx+Zy)=ZSZt

Thm: Implicit differentiation
1) Given equation F(x,y(x))=0, one differentiate both sides with respect to x to get

F,

F,2+F, £=0 then solve it for g =—7

—1

2) Similarly, given F(x,y.z(x,y))=0:

x E)x y E)x
—l —O

a. Differentiating with respect to X givesF, 3+ F, 2+ F, £=0=z, =—%

b. Differentiating with respect to y givesF, &+ F £ +F £=0=z = —%

ya\ ¥
—0 =l
Ex 6. X+ cosxy+sinxz=0
. I—ysi F,
I=-ysinxy+zcosxz+z cosxz=0=z =0 =—p
. i F,
—xsinxy+xz,cosxz=0=z =0 =—F
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4.6 Directional Derivatives and the Gradient Vector (11.6)

The derivative of f{x,y,z) with respect to x, y or z are also called the derivative in the direction of
x, ¥, z. We can generalize the idea and to find the derivative of the function in direction of any

line(x,y)=(at+x,.bt +y,).

Def: The (Directional) Derivative of a function f (x,y) in a direction of a unit vector i = {(a,b) is

given by Dgf(xo,y0)= lim f(xo +ah,y, +bh)a—f(x0,y0)

h—0 h

Thm: Dﬁf(xo’yo):fx(xo’yo)a+fy(xo’)’0)b
Proof: Define g(r) = f(at +x,,bt +,) . Note that g'(¢)= f,(at +x,,bt +y,)a+ f,(at + x,.bt + y, )b

at 1=0 givesg'(0)=D,f(x,.y,) therefore D,f(x,.5,)=8'(0)=f.(x0.¥0)a+ £, (x93 )b -
Def: Gradient vector of a function of 2 variables is defined as
VF (x.9) = (£, (x.). £, (x.7)) = i+ 3 |
Similarly Vf(x,y,z)= <fx (x.3.2).f,(x,3.2). 1. (x,y,z)> =i+ L+ 5Lk
And W(xl,...,xn) = <f1 (xl,...,xn),...,fn (x1 yeees X, )>

Def: Another definition of directional derivative:
D(a,b)f(x’y): Vf(x,y)-(a.b)

D(a,h,c)f(‘x’y’z): V—f(x,y,z)-(a,b,d
D<y1,,,_,yn>f(x| ,...,xn) = VT‘(xI ,...,xn)-<y| ,...,yn>

Def: Yet another way to define directional derivative: let f:R" — R fbe a real valued function

if the limit exists.

with a vector space domain R",i.e. f(X)eR.Thus, the directional derivative is given by
D.f(%)= limf(x+hu)—f(x)
h—0 h
Ex 7.  Let f(x,y,z)=xycosz and let i =(1,2,3):

Dﬁf(l,Z,O) = (ycosz,xcosz,—xysinz>( ) -(1,2,3) = <2,1,—2>-<1,2,3> =242-6=-2

x.y.2)=(12.0

Thm: The maximum of a directional derivative at given point occurs when the vector u has the
same direction as the gradient vector.

Proof: D.f = Vf -ii =’Vﬂ|ﬁ\ cos6 , where 6 is the angle between Vf and |i|. Since cos6 reach

maximum has the maximum 1, which occurs at 8 =0, in other words when the vector u has the
same direction as the gradient vector.
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