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4.4 Tangent Planes and Linear Approximations (11.4)

In Calculus 1 we approximated function using linear approximation f(x+h)= f(x)+hf'(x) . We
want to develop similar technique for function of 2 variables.

A plane ﬁ(r—ro) = A(x—x0)+B(y—yo)JrC’(z—zo):O can be described as

=2y = A(x—x0)+B(y—y0), where A=A/C, B=B/C

Def: Let S be surface described by a function z=f(x,y) and suppose that fhas continuous partial
derivatives. An equation of the tangent plane to S at point P(xo,y0 ,zo) is given by:

2=z = f,(x=x,)+ £,(y= )
Similarly a surface defined by f(x,y,z)=0 the tangent plane is f, (x - X, ) +f, (y - ) + 1. (Z =2, ) =0
Def: A tangent plane to parametric surface 7 (u,v) = x(u,v)i+ y(u,v) j+ z(u,v)k is given using a

normal vector rn =7, X7, = (xu A ,zu> X <xv,yv,zv>.

Ex 1.  Find a tangent plane to z=3x>+4y* at point(1,1,7)
£=9x"+4y’| =13
(ey)=(L1)
33 _
f,=3x"+ 8y‘(w)=(l’l) =11

z=7=13(x-1)+11(y—-1)=13x+11y—-24 = z=13x+11y—17

Ex 2. Find a tangent plane to z = cos(xy) at point [1,Z l)

1_20 el (1 EY, 7
=5/ 5 Jeea 15 o-5)

o

ysinxy; =— = —xsin xy
dy

ox
1 73 V3 v 73 V3 T 1
i e B e O e E el LR
72 ()2(y3) ()2()’3]22
Ex 3. Find a tangent plane to cosxyz+z=0
oF (7 7\ OF (7 oF
= x-= L1 |(y=D)+=—| =11 [(z=1)=0
0o oo e
F . oF .
—z—yzsmxyz — =—xzsinxyz — =—xysin xyz;
dy ox
F (7 1 oF (& T oF (r 1
il ad - Z=-= | ZLl|=-—=
e ax( [
;[ —J—( —1)—7(2 =0
[ 76[]+7r(y—1)+6(z—1)=0<:>6x+7£y+6z—27£+6=0
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Ex 4.  Find a plane tangent to 7(x,y)=(xy,ycosx,xcosy) at (0,7)
<y,—ysinx,cosy>

Fy = (x,cosx,—xsiny)
;.’

XT, = <—cosxcosy+xysinxsiny,xcosy+xysiny,ycosx+xysinx>(x 00) = (1,0,7:}

(x—xo +(y—y0)+7r(z—10): 0
Def: Suppose that a function f{x,y) has continuous partial derivatives. A function
L(x,y)= f(a.b)+ f.(a,b)(x—a)+ f,(a,b)(y—b) is called linearization of f
A linear approximation or a tangent plane approximation of fat (a,b) is defined by
f(x.y)= f(a.b)+ f.(a,b)(x—a)+ f,(a,b)(y—b) = L(x,y) or equivalently
fla+h b+h)=f(a.b)+f.(a.b)h, +f,(a.b)h,

We defined linear approximation for function with continuous partial derivatives, however
what happens when the derivatives aren’t continuous?

aid (x,y) # (0,0)

Ex 5. Find linear approximation of f (x, y) =ix"+y near 0.
0 (x,»)=(0.0)
£.(0,0) = tim O£ 25D =00 1imi( L —OJzo
x Ax—0 Ax A—=0 Ax |\ Ax“+0
7.(0.0)= 1 L& =JO0 _yp, 1F OA 51
Y Ay—0 Ay Ay—0 Ay 0+ Ay

2

1
therefore: f(x,y)=0 however f(x,x) = = 5 which mean the approximation is bad.

2 2
X" +x

Def: The function z=f(x,y) is differentiable at (a,b) if Az=Af= f(a+Ax,b+Ay)- f(a,b) canbe

expressed in the form
Az = fx(a,b)Ax+fy(cz,b)Ay+81 (Ax,Ay)Ax+¢,(Ax,Ay) Ay

where lim ¢ (Ax,Ay)=0 and ( im &,(Ax,Ay)=0

(Av,Ay)%O A\',Ay)%O
or equivalently Az= f,(a,b)Ax+ f,(a,b) Ay +&(Ax,Ay)yAx* + Ay’ where (m_liAr? (E(Ax.Ay)=0.

Where the second form is more convenient for calculations, since one solves it for

fla+Ax,b+Ay)- f(a.b)- f.(a.b)Ax— f,(a,b) Ay
JAY + Ay

e(Ax,Ay)=

51



| Course: Accelerated Engineering Calculus Il | Instructor: Michael Medvinsky |

3 + 3
. . T xz yz (x,y)i(o,())
Ex 6. Verify differentiability of f(x,y)=42x"+y
0 (v)=(00)
We first verify it is continuous at 0 by rewriting it into polar coordinates:

at (0,0)

3 REURY ] )
X4y (reos8) +(rsinf) 7 cos’@+sin0 cos’@+sin’0  cos’O+sin’ 6O

= = =r
2x° +y° 2(rcos(9)2+(rcose)2 2 2cos’ 0 +sin0  2c05 0+ sin’6 cosO+1

x +y cos30+sin30 .

Therefore lim limr» =0, thus it is continuous.

()0 2% 4 y? cos@+1 0
. 3,03 3
f (0 0)_ lim f(O+AX,O) f(O’O) = llmi( Ax2+0 2 _Oj: lim Ax 3 _l
A0 Ax a0 Ax | 2Ax2 +0 M0 DAY 2
. 3 3 3
7.(0,0)= lim L2904 f(0’0)=1imi(—0 Ay 2—0j=limA—y3=1
Ay—0 Ay Ay—0 Ay 2.0° + Ay Ay—0 Ay
f(Ax,Ay)- £(0,0)- £.(0,0)Ax— £,(0,0) Ay 1 AC+A  Ax
8(Ax’Ay) - 2 EPaAV
JAY + Ay JAx2+Ay AP+ A 2
The function isn’t differentiable at (0,0) since (it is enough to see it is not 0 on any curve)
3
lim e(Ax,Ay) = lim N zﬂz—ﬂ—m = fim 2|2 315
(Ax,Ay)eO 1fex1sts(Ax,Ax)—>0 ,2Ax2 3Ax 2 (At,Av)—)O ,2AX'2 3 2
71/(x +yz)
Ex 7.  Verify differentiability of f(x,y)=4°¢ (%.7)#(0.0) ¢
0 (x,y) = (0,0
_ —UAC
£.(0,0)= lim f(O0+Ax,0) f(0,0):hme 0_
Ax—0 Ax Ax—0 Ax
_ 2
= lim M lim L/h —=1lim L > =limh-%=0
T Av=hos0 QU LwllimR h—0 (2/h3)el/h W0 DU hs0 Uk
_ sy
Avao Ay Ay—0 Ay
0+ Ax,0+Ay)— £(0,0)+ £.(0,0) Ax+ £,(0,0) A e
g(my):ﬂ D= 1(0.0)+ £,(0.0)Ax+ £,(0.0)Ay _ FE o
VA + Ay JAC + AT

Thus lim &(Ax,Ay)=0and the function is differential everywhere

(Ax,Ay)—0

Thm: If the partial derivatives of fexists near (a,b) and continuous at (a,b) then fis
differentiable.

Def: An analogy to the differentials in 1D dy = f'(x)dx is called a total differential in 2D and 3D

and is given by df = f,(x,y)dx+ f,(x,y)dy and df = f,(x,y,z)dx+ f,(x,y.z)dy + f.(x,y.z)dz
respectively.
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