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10.8.3 Implicit Differentiation (3.5)
Some function are given in implicit form, for example one defines circle of radius 2 as

x?+y?=4. It is not so difficult to solve this function fory = +v/4—x* , but it provides

two different functions, which represent the upper and the lower half circle. In
additional, some functions are much more difficult to solve for y as a function of x, for
example the folium of Descartes x*+ y* = 6xy or something more involved like

siny® = x*+cosxy’ +.

When we say that a function f(x) is implicitly defined by equation x*+ y® = 6xywe
mean equation x* + f (x)’ =6xf (x) is true for all values of x.

In order to differentiate implicate function we don’t need to formulate it explicitly, i.e.
we don’t need to solve it. Instead, we differentiate both sides of equation.

Ex2. To flnd of x? +y* = 4we differentiate both sides to get

2x+2y(x)y'(x ) 0 and then solve it to get y :—%:_1

y
Ex3. To flnd of X+ f (x)* =6xf (x) we write 3x* +3y? =6(y+xy')and solve it

x> +y? :2y+2xy
for xeiy2-oy
= 2x

Ex 4. To flnd Of siny® = x? +cosxy?+y we write

3y2y'cosy =2x—(y +2xyy')sin xy® +y'
3y?y'cos y® = 2x— y?sin xy? — 2xyy'sin xy’ + y'
(3y?cos Yy’ +2xysinxy* 1) y' = 2x— y*sin xy’
_ 2x — y?sin xy?
3y®cos y® +2xysin xy* -1

10.8.3.1 Another method for implicit differentiation
There is another way to find derivative of implicit function. One consider implicit
function as function of several variables F(x,y), so the equation like x*+y* =25
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becomes F(x,y)=25, where F(x,y)=x’+y*. Inthis case the derivative become
ﬂ_ Fo_ 2X

X

Do 2X_ X je. this provide the same result.
dx F 2y y

y

Ex 5. Find dy/dx of x*y —y°x+xy—-5=0

- dy F 2xy —y>+y
one can define F(x,y)=x’y—y*x+xy-5 et AL S i A S &
(ay)=xy=y Y72 to get gy F, o xXP—2yx+x
2XY + X2y = 2yy' X =Y  +y'X+y =0
the other way is —y?
Y 2xy—y2+y:—(x2—2yx+x)y':>y':——zz(y y+y
X" —2yX+X

10.8.3.2  Derivatives of complicated functions using implicit
differentiation

One can exploit the same idea to find derivatives of complicated functions like

1
Ex 1. —IUX=> VP =x=2W'=1l> y'=—=——_
’ ’ Y SRPYREN
1 1 1

_n n_ n-1,,v__ " 1 _ _ _
Ex2. y=t=y=x=nyly =1y S a(g)T ()T e

10.8.4Derivatives of Inverse Trigonometric Functions (3.6)

One of the more interesting applications of implicit differentiation is differentiation of
inverse functions.

. . 1 1 1 1
=arcsinx=siny=x=y'cosy=1=y'= = = —
y d yeosy Y cosy cesarcsinx \/1—sin2 y N1-%

1 A |

y=arccosx=cosy=Xx=>-y'siny=1=y'=—-

siny _\/1—cos2 y  A1-x

B 1 1
1+tan’y 1+x°

y=arctanx=tany=x= (1+tan’y)y'=1=y"

Note that all examples hint for the following Theorem:

y:f‘l(x)<:>f(y):x:>f'(y)y'=1:>%f‘l(x)=y': Il = !
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10.8.5 Derivatives of Logarithmic Functions
We now find the derivative of logarithmic functions

1 1

y=log,x=>a’=x=a’(Ina)y'=1=y'= =
a’lna xlIna

For a special case a=e we getdiln x=1.
X

X
Chain rule giveus: i|n f(x)= f'(x)
dx f(x)
dx X° +x-1 dx X2 +x-1
Ex2. %In cos(sin x) =m~(—sin(sin X)-C0s X) = —tan (sin x) cos X

The following is an interesting result

d{lnx x>0 |y x>0

Ex 3. x¢0,iln|x|:— -~ il
dx dx |In(-x) x<0 1 1 X

10.8.6 Logarithmic Differentiation
Another trick to simplify differentiation involving products, quotients and powers:

53 [3 5/3 [,3
y=2 V72 +31:>Iny:In—X X tl:Inx5’3\/x3+1—ln(5x+3)3:
(5x+3) (5x+3)
:Inx5’3+In\/x3+1—3In(5x+3):§lnx+%ln(x3+1)—3In(5x+3)
Ex 4. 2 2
y' 51 1 2x 5 . [51 1 2x 5
L2222 3 Sy'=| 224253 y =
y 3x 2x+1  5x+3 (3x 2x +1 5x+3}
(51,12 5 (xFVx'+l
(8x 2x°+1 " 5x+3) (5x+3)°

Ex 5. y=x" :>|y|:|x|“:>ln|y|:nln|x|:>L:n£:> y':niy:nix“:nx”’1
y X X X
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In x 1
y:x&:>Iny In x¥* «&Inx:—:?ﬁ/}—:
X
Ex 6. y X
_Inx+2 —ye Inx+2 _Inx+2 %
2dx 20X 0 2dx
sinx H yI Sn S sin x
Ex7. y=x""=Iny=sinxlInx=>>=——+cosxInx=y'= (—-FCOSXInXJX
y X X
10.8.7 The number e as a limit
Ex 8. Something more involved
. In lim x* lim Inx* lim xInx
limx*=e =" =g =g
x—0"
. . Inx . - 1 1
I|mxlnx:I|m—:I|m—y:—I|my 0<:>0<——< yé%z——)O
x—0° x>0" 1/ X yow gV y—= @Y e’ ey
lim xIn x 0
= limx* = =¢ =1

x—0

Consider now the derivative of f(x)=Inx at x=1:

f (1+X —f (1) _ IimM— ||m_|n(1+ X)— I|mln(1+ X)
x—0 X x—0 X

X [~—

f'(1) =lim

x—0

But we know that f'(1) :%zlthus we got limin(1+ x)§ =1.

And we got another and very important limit of

I|m|n(1+x) 1+>< L 1
e=g =g — lime™ _I|m(1+x)

x—0 x—0

X—>0 y—0

2x 1\2
Ex9. Iim(l+%} (Ilm(1+y) j =e’

( x? +2x-1 (3X2X++54X_7j

x* -9

Ex10. Find lim

X—00
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3x2+5x—7_3x2+5x—7—20+20_3(X2—9)+5(X+4)_3(X2—9)+5_3(X2—9)+5_ 1
X+4 X+ 4 a X+ 4 T x+4 T x+4 _f(x)
2 2 2
X +22x—1=x +2x2—1—8+8=x —92+2x+8=1+2(2<+4)=1+6.L4=1+6f(X)
x2 -9 x2 -9 x2 -9 x? -9 3(x2—9)

1 4

lim £ (x) =lim—""%__ jim 0 o fmo L

X—>00 X—>00 3(X2 _9) X—>00 3( _9) 3 x—>» f (X)
X2

1 1

. ——+5 . = . 5
= f!lxmo(l+6f (X))@ = Iylﬂg(1+ 6y)y Iyl_r>rg(1+6f (x)) =

3x2+5x—7]

. [x2+2x—1{ x+4
= lim| —=~ =

X—>00

x* -9
1 1\8
_lim(1+6y)y :(Iim(1+6y)6yj _e

y—0 y—0

Ex 1. Show that F(x)= . IS continuous at x = —g.

4x \oxs3
— else
[2x—3j

1 1

. 4x N3 2X—3+2X+3 3 . 2X+3\2x+3
lim = lim| ——MmM— = lim |1+

x>-3/2\ 2X -3 2x—-3

o 1
- y_G - V6 _
= I|m(1+ij =limeY % =¢™*
y=2x+3 y—0 6
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