Clock Arithmetic and Euclid’s
lgorithm

Lecture notes for Access 2007 by Erin Chamberlain.

Earlier we discussed Caesar Shifts and other substitution ciphers, and we saw how easy
it was to break these ciphers by using frequency analysis. The next breakthrough in cryp-
tography came with the invention of computers. Since computers only deal with strings of
0’s and 1’s, each letter in a message is replaced by its ASCII binary number, and that long
string of numbers is scrambled, sent, and then descrambled and read. In the 1970’s, Horst
Feistel developed the Lucifer system which encrypts messages according to a scrambling
operation. The only problem with this system was that the sender and receiver must first
agree on a key which is the scrambling algorithm.

This problem of key distribution was a main concern for cryptographers. But in 1977
Ronald Rivest, Adi Shamir and Leonard Adleman solved that problem with the encryption
method knows as RSA. This idea is based on the fact that it is easy to multiply numbers,
but it is difficult to factor a number into primes. Before we can fully explain their method,
we need to learn some stuff about numbers.

Definitions

Here are some words which will occur in our discussion today.
Definition 1. An integer b is divisible by an integer a, not zero, if there is an integer x
such that b = ax, and we write alb. If b is not divisible by a, we write a £b.
Example 1. 14 is divisible by 7 because 14 = 7 x 2, and we write 7|14.

Definition 2. The integer a is a common divisor of b and c if a|b and alc. Since there
is a finite number of common divisors, the greatest one is called the greatest common
divisor of b and ¢ and is denoted by (b, c) or by gcd(b, c).

Example 2. 6 is a common divisor of 24 and 120, but 24 is their greatest common divisor,
ie., (24,120) = 24.

Definition 3. We say that a and b are relatively prime if (a,b) = 1.

Definition 4. An integer p > 1 is called a prime number or a prime if there is no divisor
d of p satisfying 1 < d < p. If an integer a > 1 is not a prime, it is a composite number.

Clock Arithmetic

Addition

I think the best way to first explain this type of arithmetic is through an example.



Example 3. If it is 10 o’clock (we don’t care about am and pm) and Josh is picking you
up in 7 hours, assuming he is on time, what time will he be there?

Solution. 10 + 7 = 17, but we need to subtract off 12 to find out the correct time, so
17 — 12 = 5, so Josh will be there at 5 o’clock. O

This is a simple problem, one that we have done since about 2nd grade. But what is
really going on here? We add the numbers together, but we don’t care about how many
revolutions are made, just about what is left over. For small numbers like these, we see
that it is easy enough to add and figure out the correct number, but for large numbers can
you figure out a fast way to do this?

Example 4. If it is 5 o’clock and you have to leave for the airport in 39 hours, what time
do you need to leave?

Solution. 5439 = 44 but we don’t care about the multiples of 12, so let’s divide and find the
remainder. 44 + 12 = 3.66666..., so to calculate what the remainder is we do the following:
44 — 12 x 3 = 8, so you should leave for the airport at 8 o’clock. O

Example 5. If it is 8 o’clock, and you have an appointment in 1984604 hours, what time
is your appointment?

Solution. Once again we need to find the remainder of 8 + 1984604 = 1984612 divided by
12. This is a two step process. First we find out how many times 12 goes into 1984612.
Using a calculator or a computer we see that 1984612 + 12 = 165384.333.... The next step
is to find the remainder as follows: 1984612 — 12 x 165384 = 4. So the appointment is at 4
o’clock. O

Example 6. Let’s do an example dealing with encryption. First we will assign a number
value to each letter in the alphabet according to the table below. Now we want to send
the message "REPLY” to someone using a clock arithmetic Caesar shift. For each letter in
the message, replace it with its number value. Put each of those values in our encrypting
function f(z) = x+4 mod 26. Find the corresponding letter for the new numbers. What
is your encrypted message?

[AIB[C[D[E[F[C[H[I[J[RK[L[M[NJOJPJ[Q[R[S[T[U[VI[WI[X][Y
[0 [ T |23 ]4]5]6 ] 7|89 1011 1213|1415 | 16| 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24
Solution. REPLY = 17—4—-15—-11—-24. f(17—4—15—-11-24) =21 —-8—-19—-15-28 =
21 -8—-19—-15—-2 mod 26 = VITPC. O

The fancy math term for this type of arithmetic is called modular arithmetic, and
we write a = b mod n (we say a is congruent to b mod n) when a — b is a multiple of n.
When we write ¢ = b mod n and if 0 < b < n then b is called the residue of ¢ mod n.
To demonstrate the idea of modular arithmetic let’s look at example 3 above. We have
10+ 7 =5 mod 12 because 10 + 7 — 5 is a multiple of 12, or equivalently, 10 4+ 7 divided
by 12 has a remainder of 5. And we can say that 5 is the residue of 17 mod 12.

In example 5 above we have 8 + 1984604 = 4 mod 12 since 8 + 1984604 divided by 12
has a remainder of 4, or 8 + 1984604 — 4 is a multiple of 12.



Here are some important properties of modular arithmetic:

Property 1: If a,b, and n are integers, and if a = b mod n, then b =a mod n.

Property 2: If a,b, and n are integers, and if @ = b mod n and ¢ = d mod n, then
a+c=b+d modn.

These properies just demonstrate that this type of arithmetic behaves like we want it
to. But let’s look at some examples.

Example 7. We know that 17 =2 mod 5 and 14 =4 mod 5, find 17+ 14 mod 5.

Solution. We did similar examples like this before by adding and then finding the remainder,
but let’s do this using property 2 above. 17+ 14 =2+4 mod 5=1 mod 5. O

Example 8. Solve for z in the equation z — 8 =3 mod 13.

Solution. We can use property 2 again by adding 8 to both sides of the equation. x —8+8 =
34+ 8 mod 13, so x =11 mod 13. O

Exercise 1. List all of the integers = between 1 and 50 which satisfy x =7 mod 17.

Solution. We want the numbers between 1 and 50 of the form 17n + 7 for n and integer.
Letting n = 0,1, 2, we see the numbers are 7, 24, and 41. O

Exercise 2. Fill in the missing residue numbers:

1. 19=  mod6

Solution. 19 =6(2) +1,s019 =1 mod 6. O
2. 20568 = ____ mod 19

Solution. 20568 = 19(1082) + 10, so 20568 = 10 mod 19. O
3. -3=__ mod11l

Solution. If we think about our clock with 11 ticks, the negative 3 means we circle
around the clock three ticks in the counterclockwise direction. To get the residue
value, we count the ticks in the clockwise direction which is the same as the —3 value.
So we get 11 —3 =8, s0 —3 =8 mod 11. O

Exercise 3. Solve for x in the equation 3 —z =7 mod 8.

Solution. We solve this equation the same way we would solve 3—x = 7. First we subtract 3
from both sides to get —z =4 mod 8. Now multiply by —1 to get x = —4 mod 8. Finally
we use our clock arguement as in the previous problem to find the positive equivalent value
for —4 mod 8 which is 4 mod 8. Therefore z =4 mod 8. ]

Exercise 4. What function would we use to decrypt our message in Example 67



Solution. We would use the function g(z) = —4 mod 26. O

Let’s look at the addition table for modulus 5:

(+[oft]2]3]4]

010|123 ]4
11(2]3(4]0
2123|4101
313140112
414101213

Note that if n were large it would not be profitable to make a huge addition table.

Exercise 5. Suppose we had a function f(x) =z + 2 mod 5. Compute the following:

L f(3)

Solution. f(3)=3+2 mod 5=5 mod 5=0 mod 5. O
2 f(1)

Solution. f(1)=142=3 mod 5. O
3. f(2)

Solution. f(2) =2+2=4 mod 5. O

Exercise 6. Now suppose we are given that g(x) = x —2 mod 5. (The inverse or "undo”
function of f(x).) Compute the following:

1. g(0)

Solution. g(0) = —2 mod 5 =3 mod 5. O
2. 9(3)

Solution. g(3) =3 —2=1 mod 5. O
3. 9(4)

Solution. g(4) =4 —2=2 mod 5. O

Exercise 7. Can you think of another formula which would give you g(z), the inverse
function of f(z)?

Solution. Any g(x) of the form g(x) = x+b where b = 3 mod 5 would work, so one example
could be g(z) = z 4 28 mod 5. O



There are some subtleties happening with g(z). How did we find g(z)? Simple, we just
needed to find out how to undo whatever happened in f(z). Since we added 2 to our value
in f(x), then we would just need to subtract 2 (or add -2) to get g(x). What we are really
doing is finding the additive inverse for 2. If we have a number a, then its additive inverse
is a number b such that a+b = 0. Now we can look at our addition table above to see what
the additive inverse of 2 mod 5 is, and we see it is 3, or rather any number = 3 mod 5.
Hence another form of g(x) could be g(x) = z +3 mod 5 or even g(x) = = + 28 mod 5.
Check for yourself that we get the same values.

Exercise 8. Find the additive inverses of the following:

1. 3 mod 39

Solution. The additive inverse of 3 is —3 which is 36 mod 39. O
2. 18 mod 56

Solution. —18 = 38 mod 56, so the additive inverse is 38 mod 56. ]
3. —4 mod 20

Solution. The additive inverse of —4 is 4, so the answer is 4 mod 20. O

Multiplication

Multiplication also behaves like we want as the next property says.
Property 3: If a,b, and n are integers, and if a = b mod n and ¢ = d mod n, then
ac = bd mod n.

Example 9. What is 3 x 7x 9 mod 5.

Solution. Notice that 7= 2 mod 5 and 9 =4 mod 5, so by using property 3 we have the
following product. 3 x2x4=6x4=1x4 mod 5=4 mod 5. O

Example 10. Find 7° mod 9.

Solution. We can use property 3 and rules of exponents to break up this multiplication.
70 = (T)(7?)(7) = (49)(49)(7) = (4)(4)(7) = (16)(7) = (7)(7) =4 mod 9. O

Exercise 9. Fill in the missing residue numbers:

1.29=  mod7
Solution. 20 = (23)(23)(23)(2) = (8)(8)(8)(2) = (1)(1)(1)(2) mod 7=2 mod 7. O

2. 420 = mod 5



Solution. 429 = (42)1% =16'9 = 19 mod 5=1 mod 5. O

Here is the multiplication table for modulo 5.

(< Jol1[2]3]4]
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Exercise 10. Let f(z) =2z mod 5. Compute the following:

L f(3)

Solution. f(3)=2(3)=6 mod 5=1 mod 5. O
2. f(1)

Solution. f(1) =2 mod 5. O
3. f(2)

Solution. f(2) =4 mod 5. O

1
What is the inverse of this function? Is it g(x) = %? If it were then g(1) = 5 which is
not possible. So how do we find g(z)?

To answer this question we need to find the multiplicative inverse of 2. If we have a

number a, its multiplicative inverse is a number ¢ such that ac = 1. Now we can look
at our multiplication table to find the multiplicative inverse of 2, which we see is 3.

Exercise 11. Compute the following with g(x) = 3z mod 5.

L g(1)

Solution. g(1) =3 mod 5. O
2. 9(2)

Solution. g(2) =6 mod 5=1 mod 5. O
3. 9(4)

Solution. g(4) =12 mod 5 =2 mod 5. O



Exercise 12. Using the same table in example 6, encrypt the message "ATTACK AT
DAWN?” using the function f(x) = 5z mod 26

Solution. 1 will use dashes between the numbers in the encryption. The phrase ”attack
at dawn” encrypts to 0 —19 —19-0-2—-10—-0—-19 -3 — 0 — 22 — 13. When we
put each individual number into our encrypting function we get f(0 —19 —-19—-0—2 —
0-0-19-3-0-22—-13) =0-95-0—-10-50—-0—-95—-15—-0— 110 — 65 =
0—-17—17-0—10—24—-0—-17—15—0—6 — 13. Using the same table to convert it back
to letters we get the message ”ARRAKYARPAGN.” O

Exercise 13. Can you find the inverse function needed to decrypt your message from
exercise 127

Solution. There are many ways of finding inverses. I will attempt to explain one of those
methods. We need a number x such that 5x =1 mod 26, so bx — 1 = 26n for some integer
n, or equivalently 5 divides 26n + 1. So let’s list the numbers of the form 26n + 1 and find
the one that is divisible by 5.

2 + 1 =27
26(2) + 1 =53
26(3) +1 =179

26(4) 4 1 = 105,

and 105 is divisible by 5, in fact 105 = (5)(21). So the inverse function needed to decrypt
the message is g(x) =21 mod 26. O

Finding Multiplicative Inverses

Example 11. Make a multiplication table for mod 15, and then make a table of multi-
plicative inverses.

Here are the tables:



[ xJol1]2]3[4[b5]6[7[8]9]10]11]12]13]14]
oJoJoJoJoJoJoJoJoJoJoJoJoJo[o]oO
1[foJ1 2345|678 ]9]10]11]12][13]14
2ol 246810241357 ][9]11]13
3fol3]6[9f12[o[3][6[9]12]0[3]6][9]12
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10[of10] 5] 0105 [0]10][5][0]10 0]10]5
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9 || -
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11 [ 11

12] -

13 ] 7

14 [ 14

We notice that not all of the values have inverses. Can you find a reason why some have
an inverse and some do not? Is there any kind of pattern you notice in the multiplication
table?

If we look at the table, we notice that not all of the rows have every number represented,
and the only rows that have all of the numbers represented are the rows with inverses. Also
the rows without all of the numbers represented have a repeating pattern to them. If you
look carefully, there is also a type of pattern in the rows containing all of the numbers.

Theorem 1. Let a and n be integers with 0 < a < n, and suppose they share a common
divisor. Then a does not have a multiplicative inverse mod n.



Proof. Let b be the common divisor of @ and n. In other words we can factor a and n and get
two integers ¢, m with a = bc and n = bm. Suppose also that a does have a multiplicative
inverse, and call it d. Then ad = bed = 1 mod n, so by multiplying both sides by m, we
have becdm = m mod n. But bm = n which implies that bedm = 0 mod n, which is a
contradiction. Therefore a does not have a multiplicative inverse. O

We will see that a number a has a multiplicative inverse mod n if and only if the ged
of a and n is 1, i.e. (a,n) = 1.

Note that primes are special because all nonzero numbers mod p have a multiplicative
inverse.

Example 12. Find the multiplicative inverse of 8 mod 11.

Solution. We have already seen that we can find the multiplicative inverse by making a
multiplication table, but I don’t think we want to make that big of a table. Also we could
try to find the inverse by just going through the multiples of 8. The third method is to use
Euclid’s Algorithm, which we will discuss next. Just for fun though, let’s try to figure this
one out. We need a number b such that 8 =1 mod 11. The numbers congruent to 1 mod
11 are 12, 23, 34, 45, 56, 67, 78, etc. Of those we need to find the one that is divisible by
8, which is 56 = 8 x 7. Thus the multiplicative inverse of 8 mod 11 is 7. O

Exercise 14. Solve 8¢ =3 mod 11.

Solution. We saw in the previous example that the multiplicative inverse of 8 mod 11 is 7
mod 11, so multiply both sides of the equation by 7 to get 7(8z) = 7(3) mod 11 which
reduces to £ =21 mod 11 =10 mod 11. O

Exercise 15. Find 5! mod 26.
Solution. We actually did this one in exercise 13. U

Exercise 16. Using your answer from exercise 15, decrypt your message you made in
exercise 12.

Solution. Our message in exercise 15 was ”ARRAKYARPAGN” which in numbers is 0 —
17—17-0—-10—-24—-0—17 — 15— 0 — 6 — 13. Putting this in our decrypting function
g(z) =21z mod 26, we get g(0—17—17—-0—-10—-24—-0—-17—-15-0—6—13) = 0—357—
357—0—-210—504—0—-357—315—0—-126—273 = 0—-19—-19—-0—-2—10—0—-19—-3—-0—22—13.
If we convert that back to letters we see our decrypted message is ”attackatdawn.” O

Euclid’s Algorithm

If our numbers are large, then it would usually take too long to try to guess what the
correct inverse value is. So we have something called Euclid’s Algorithm to help us find the
inverses. Recall that an algorithm is a set of instructions that you repeat until you finish
your task. Euclid’s Algorithm actually is used to find the ged (greatest common divisor) of
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two integers, but we can also use it to find inverses.

There is another important algorithm associated to Euclid’s algorithm called the Divi-
sion Algorithm.

Theorem 2 (The Division Algorithm). Given any integers a and b, with a > 0, there
exist unique integers ¢ and r such that b =qa +r, 0 <r < a. If a /b, then r satisfies the
stronger inequalities 0 < r < a.

The division algorithm is most likely something that you are already familiar with, but
it is a powerful tool and necessary to understand in order to find multiplicative inverses.

Let’s first demonstrate Euclid’s algorithm with our previous exercise, and then we will
formulate the algorithm exactly.

We want to find the inverse of 8 mod 11.

1.

Divide one number into the other, 11 +- 8 = 1 with a remainder of 3. We will now
rewrite this as 11 =8 x 1 + 3.

. Now instead of concentrating on 8 and 11, focus on 8 and 3, and do the same step.

8 + 3 = 2 with a remainder of 2, so we write 8 =3 x 2 4 2.

. Continue now with 3 and 2. 32 = 1 with a remainder of 1, so we write 3 = 2x 1+ 1.

. Now we do the same with 2 and 1. 2+ 1 = 2 with a remainder of 0, so we write

2=1x2+0, and we stop since we now have a remainder of 0.

This algorithm has told us right now that the ged of 8 and 11 is 1 because that is the
last nonzero remainder value that we have. The second part of the algorithm is a method
to write 1 = 8x + 11y for some integers z and y. To do this we work backwards from the
above equations.

3.

2.

We have 3 =2 x 1+ 1, so we re-write this equation to be 1 =3 — 2 x 1.

We write 2 = 8 — 3 x 2 from step 2 above and substitute this into our equation from
Ftoget 1=3—-(8—3x2)x1=3—(8—3x%x2). We can do some combining of like
terms to get 1 =3 x 3 — 8.

. We write 3 = 11 — 8 x 1 from step 1 above and substitute this into our equation from

2" to get 1 = (11 —8 x 1) x 3 — 8. Now we combine like terms until we have the
form 1 = 8x 4 11y. Our answer is 1 = 8 x —4 + 11 x 3 which we can easily check.
Now how does this help us find our inverse? Well, now we take that equation mod
11. 8 x =44+ 11 x3 =1 mod 11, but 11 x 3 =0 mod 11, so 8 x —4 =1 mod 11
and —4 is our inverse. Usually we like to write the inverse as a positive number, so
now we need to find out what —4 mod 11 is. But we know —4 =7 mod 11, so the
multiplicative inverse of 8 mod 11 is 7.
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Let’s do the same example but organize the information so we can see it easier.

We are going to compute 81 mod 11.

= u)+3 3=11-8(1)

32)+2 |2=8-3(2)

3_m) 1=3-2(1)
2 =1(2)

Now reverse the process using the equations on the right.

1=3-2(1)

1=3-(8-3(2)(1) =8(-1) +3(3)
1= 8(—1) + (11 — 8(1))(3) = 8(—4) + 11(3) = 11(3) + 8(—4)

Be careful about the order of the numbers. We do not want to accidentally switch the
bolded numbers with the non-bolded numbers.

Here is the exact formulation of Euclid’s Algorithm:

Theorem 3 (The Euclid Algorithm). Given integers b and ¢ > 0, we make a repeated
application of the division algorithm to obtain a series of equations

b=cqg +r1,0<r <g,

c=r1q2 + 12,0 <712 <7Ypf

ri =r2q3+r3,0 <rg <rg,

rj_2 =rj_1q; + rj, 0< ry <Tji-1
rj_1 = Ijgj41-

The greatest common divisor (b,c) of b and ¢ is 7, the last nonzero remainder in the
division process. Values of z¢ and yo in (b, c) = bxo + cyp can be obtained by writing each
r; as a linear combination of b and c.

Let’s look at another example because this algorithm requires some practice to become
familiar with it.

Example 13. Find the ged of 42823 and 64009.

Solution. 42823 = 6409(6) + 4369

6409 = 4369(1) + 2040

4369 = 2040(2) + 289

2040 = 289(7) + 17

289 = 17(17)

Therefore (42823, 6409) = 17. O



12

How does this algorithm actually give the gcd? It seems kind of strange that we can
get the ged of two numbers a and b by looking at the ged’s of the subsequent remainder
values. Notice that the division algorithm gives us the equation a = bg; + r1, and since the
ged divides a and b it must divide ;. Similarly in the next equation b = rigs + 19, the
ged divides b and rq, so it must also divide 3. Going the other direction, we notice that if
some number divides 1 and 79, then it must divide b and hence then also a. Therefore this
algorithm does give us the ged of a and b. But enough of these explanations, let’s get back
to some examples and exercises.

Example 14. Find integers x and y to satisfy
42823z + 6409y = 17.

Solution. We begin by writing the above equations but solving for the remainder. We have:
4369 = 42823 — 6409(6)

2040 = 6409 — 4369

289 = 4369 — 2040(2)

17 = 2040 — 289(7)

Now we do the substitutions starting with that last equation and working backwards and
combining like terms along the way:

17 = 2040 — 289(7) = 2040 — (4369 — 2040(2))(7) = 2040(15) — 4369(7)

17 = (6409 — 4369)(15) — 4369(7) = 6409(15) — 4369(22)

17 = 6409(15) — (42823 — 6409(6))(22) = 6409(147) — 42823(22)

Therefore z = —22,y = 147. O

Exercise 17. Find the ged of:
1. 7469 and 2464

Solution.
7469 = 2464(3) + 77

2464 = 77(32) 4 0.
Therefore (7469,2464) = 77. O

2. 2689 and 4001

Solution.
4001 = 2689 + 1312

2689 = 1312(2) + 65
1312 = 65(20) + 12

65 =12(5) + 5

12 = 5(2) + 2

5=2(2)+1
2 =1(2).

So (2689,4001) = 1. O
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3. 2947 and 3997

Solution.
3997 = 2947 4 1050
2047 = 1050(2) + 847
1050 = 847 + 203
847 = 203(4) + 35
203 = 35(5) + 28
35 =28+7
28 = 7(4).
Therefore 2947,3997) = 7. O

4. 1109 and 4999

Solution.
4999 = 1109(4) + 563
1109 = 563 + 546
563 = 546 + 17
546 = 17(32) + 2
17=208)+1
2 =1(2)
So (1109,4999) = 1. O

Exercise 18. Find the greatest common divisor g of the numbers 1819 and 3587, and then
find integers x and y to satisfy
1819z + 3587y = ¢

Solution.
3587 = 1819 + 1768

1819 = 1769 + 51
1768 = 51(34) + 34
51 =344 17
34 =17(2),
so (1819,3587) = 17. Now we rewrite the equations in the form r = a — bg.

1768 = 3587 — 1819

o1 = 1819 — 1768
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34 = 1768 — 51(34)
17 = 51 — 34.

Now re-substitute.
17 =51 — (1768 — 51(34)) = 51(35) — 1768

= (1819 — 1768)(35) — 1768 = 1819(35) — 1768(36)
= 1819(35) — (3587 — 1819)(36) = 1819(71) + 3587(—36).
Sox =71,y =—36.
Exercise 19. Find the multiplicative inverses of the following:

1. 50 mod 71

Solution.
71 =50 + 21

50 = 21(2) + 8
21 =8(2) +5
8=5+3
5=342
3=2+1
2 =1(2).

Solve in the form r = a — bq.
21 =71-50

8 =50 — 21(2)
5=121—8(2)
3=8-5
2=5-3
1=3-2.

Resubstitute.
1=3-(5-3)=3(2) -5

=(8-5)(2) —5=28(2) —3(5)
= 8(2) — 3(21 — 8(2)) = 8(8) — 21(3)
= (50 — 21(2))(8) — 21(3) = 50(8) — 21(19)
= 50(8) — (71 — 50)(19) = 50(27) + 71(—19).
Therefore the multiplicative inverse of 50 mod 71 is 27 mod 71.

2. 43 mod 64
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Solution.
64 =43 4+ 21
43 = 21(2) + 1
21 =1(21).
Solve for the form r = a — bq.
1 =43 -21(2)
21 = 64 — 43,

and resubstitute:
1 =43 — (64 —43)(2) = 43(3) + 64(—2).

Therefore the multiplicative inverse of 43 mod 64 is 3 mod 64. O

Exercise 20. Using the information from the previous exercise, solve the following equation
for x and check your answer.
50z =63 mod T71.

Solution. We know the multiplicative inverse of 50 mod 71 is 27 mod 71, so multiply both
sides of the equation by 27 to get = (63)(27) mod 71 = 1701 mod 71 = 68 mod 71.
Now let’s check our solution. 50(68) = 3400 = 63 mod 71 which is what we wanted. O

Exercise 21. Solve 123452z = 6 mod 54321. Hint: First find the ged.

Solution. Let’s find the gdc.
54321 = 12345(4) + 4941

12345 = 4941(2) + 2463
4941 = 2463(2) + 15
2463 = 15(164) + 3
15 = 3(5).
Therefore (12345,54321) = 3. Now let’s solve the equations in the form r = a — bg.
4941 = 54321 — 12345(4)

2463 = 12345 — 4941(2)
15 = 4941 — 2463(2)
3 = 2463 — 15((164)
Resubstitute.
3 = 2463 — (4941 — 2463(2))(164) = 2643(329) — 4941(164)
= (12345 — 4941(2))(329) — 4941(164) = 12345(329) — 4941(822)
= 12345(329) — (54321 — 12345(4))(822) = 12345(3617) — 54321(822).

Therefore 3 = 12345(3617)—54321(822). Taking this equation mod 54321 we get 12345(3617) =
3 mod 54321. But we want it congruent to 6, so multiply both sides by 2 to get 12345(7234) =
6 mod 54321. Hence x = 7234 mod 54321. O
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Information for these notes came from previous lecture notes of Jim Carlson, and defi-
nitions and theorems came from An Introduction to The Theory of Numbers, fifth edition,
by Niven, Zuckerman, and Montgomery.



