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444 Chapter 7 Linear Systems of Differential Equations
26. Suppose that &, = .Iz:; = Loand L, = L. = <L in I Problems 27 through 29, the system of Fig. 7.4.14 is taken
Fig. 7414 {ihe symuneiric situation). Then show that ev- as a model for an undamped car with the given parameters in
ery free osciilation 1§ o 0 m%mmizou of a vertical oscilla- Jrs units. {a) Find the two natural frequencies of escillation
fom wih fregquency (in hertz). (B) Assume that this car is driven along a sinu-
o soidal washboard surface with ¢ wavelengih of 40 fi. Find the
@y = Ik m two critical speeds.

7. m o= 100, 7 =800, L, = Lo =3k =k = 2000
28, = 100, 7 = 1000, L, =6, Ly = 4k =k = 2000
Hom o= 100, 7 =800 Ly = Loo= 50k = 1000, ks = 2000

i

Earthquake-Induced Vibrations of Multistory Buildings

In this application you are to investigate the response 1o transverse earthquake ground
oscitlations of the seven-story butlding illustrated in Fig. 7.4.15. Suppose that each
of the seven {above-ground) floors weighs 16 tons, 50 the mass of each is m = 1000
(slugs). Also assume a horizontal restoring force of k = 5 (1ons per foot) between
adjacent floors. That is, the internal forces In response 1o horizontal displacements
of the individual floors are those shown in Fig. 7.4.16, It follows that the free trans-

verse oscillations indicated in Fig. 7.4.15 satisfy the equation Mx” = Kx with
o= 7L o= 1000 (for uy‘h . and k; = 10000 db/f) for 1 £ 7 = 7. The system
then reduces o the form 57 :g\ with

R TR AT {iround p ;v %;w
Earthguake . ggsg ﬁ}i T =20 GW 0 0 3 0 "g :,\
oscillatian ¢ 10 =20 i O { D {l a ?
FIGURE 7015, The 5 5w -0 1 0 0 0
ven-siory building. . - =} O 0 1 20 i) 0 ) . (4
0 0 0 i —20 10 0 2
o o 0 0 0 =20 _i0 |
o 0 0 0 0 10(TI0Dx 4

FIGURE 7.4.16, Torces on the matrix A has been entered, the TI-86 command eigVi A takes about
ith floor 15 seconds o calculate the seven eigenvalues shown in the A-c Jumn of the table

in ?é'ﬁ, 7.4.17. Alternatively, vou can use the Maple command eigenvals (B},
TLAB command eigfay, or the Marthematice command Eigenvalues[A]

Eigenvalue Freguency | ?erﬁé{i -

i i ap == o) A, P o= -g#{seé}

i 382709 61863 10157
2 —33.3826 57778 1.08TS
: 3 261803 5.1167 £27280
;% 4 —17.9094 4.2320 14847
5 5 00000 31623 1 9869
4 3819 1 9544 32149
7 —0.4370 6611 S R047

2”-“%{;3;5%%%%: ’?,4-% 17 ?:sse:;z,gcmiss and periads of natural oscillations of the
e



Then calculate the entries in the remaining columus of the table showing the nal-
ural frequencies and periods of oscillation of the seven-story building, MNote that

gé‘%e typical earthquake producing ground oscillations with & period of 2 seconds 15 un
Fian comfortably close to the fifth natural 'ﬂ;,q uency (with period 1.9869 seconds) of z%zfs
: uilding.
A horizontal s::;s.rf‘nqa,m;{s oscillation E cos wr of the ground. with amplitude £
and acceleration @ = — Ew? cos wt, produces an opposite inertial force F o= mo =
1 Ew? cos wi on each floor of the building. The resulting nonhomogeneous system
R ok :
0 = b ) K () = Ax (Eaeonan
o L T b T ¥’ = Ax -+ (Ew” coswiib, (5
1 i - P P -
+ Ewfeost -1 : o toswt €. Hind c=Thwh,
A whereb= {1 1 1 1 1 Lo andA 1szfze matrix of Bg. (1), Figore 7.4.18
arourd accel RO shows a plot of maximal amplitude (for the forced oscillations of azz“y ffi;;gée ﬁa}‘a’sa}
= versus the period of the earthquake vibr stions, The spikes correspond to the first
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six of the seven resonant §;a,ng,m,zm We see, for instance, that whereas an earth-
quake with period 2 (s) i ely would produce destructive resonance vibragions in

sewwe-building, it probably would be unharmed by an earthquake with period 25 (s,

Different buildings have different natural frequencies of vibration, and so 4 given
earthguake may demolish one building but leave untouched the one nexi door, This
seeming anamah was ohserved in Mexico City after the devastaiing earthguake of
Septemberdb- 1085

For your @es%em; seven-story building to investigate, let the wcigﬁ' t{in tong)

_oz‘ each story equal the largest digit of your student 1D number and let & {in tons/ 1) ]

equ& 1 the smallest nonzero digit. Produce numerical and graphical re results like those/
itlustrated in Figs. 7.4.17 and 7.4.18. Is your bmé{ima susceptible to likely damgge
from an carthguake with period in the 2- 10 3-second range’ !

o s e onrgbonh : L T
Y{‘}Li fﬂ‘tﬁh. ‘s bR Ty W OT R T T E Ty P TT R LWL -

g - o o

1. Find the periods of the natural vibrations of a huilding with two above-ground

fioors, each weighing 16 tons and with euch restoring force being & = 3
tons /1t

2. Find the periods of the natural vibrations of a building with thiee above-
ground floors, with each weighing 16 tons and with each restoring foree being
k = 5 tons/IL

3, Find the natural frequencies and natural modes of vibration of a building with

three above- gfomé Aoors as in P‘f@@iﬁm 2, except that the upper two Hoors
weigh § tons each instead of | _ Give the ratios of the amplitudes A, B, and

¢ of oscillations of the three *‘%90?» inthe form A B C with 4 = |

4. Suppose that the building of Problem 3 is subject to an earthquuke in which
the ground undergoes horizontal sinuspidal oscillations with a period of 3 s
and an amplitude of 3 in. Find the amphitudes of the resuiting steady periodic
oscillations of the three above-ground floors. Assume t the fact that a mouon
E sinwt of the ground, with acceleration ¢ = ~— Ew sinws, produces an op-
posite inertial force [7o= —ma = m E o sinwr on a floor of mass 1.




