Math 2250-3
FINAL EXAM
Dec 16, 2008

This exam 15 closed-book and closed-note. You may use a scientific caleulator, but not one which is
capable of grephing or of solving differential or linear algebra equations. Laplace Transform Tables are
inchuded with this exam. In order to receive full or partial eredit on sny problem, you must show all
of your work and justify your conclusions. This exam counts for 30% of vour course grade. It has
heen written so that there are 200 points possible, however, and the point values for each problem are
indicated in the nght-hund margin. Good Luck!




problem score  possible

1 3
2 30
3 20
4 a0
5 3
6 35
7 40

Total 200

1a) A motorboat containing the pilot has total mass of 360 kilograms, and i1s motor is able to provide
120 Newtons of thrust. However, when the boat is in motion, drag from the water produces a force of 6
newions Tor each meter/sec of boat velocity, Use Newton's law to explain why (while the motor is on)
the beat velocity satisfies the differential equation
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1b) What is the equilibrium solution for the velocity v(1)? Is this solution stable or unstable? Explain

with a phase diagram. vz ,; -—a‘ﬁa v .
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l¢) Solve the injtial value problem for the boat's velocity, assuming the boat starts at rest. Use the
integrating-facior meibod we learned in Chapter 1Jor first order linear differcntial equanons.
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: came IVP, this time using the algorithm for separable differential equations. ‘
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1€) I the boat starts a1 rest, how long does it take 1o reach 75% of its terminal velocity?
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2y Consider the following differential equation, which could arise as an unforced forced spring problem:
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2a)} Usethe characteristic polynomizal to find the general splution 1o this differential equation. What

¥ind of damping governs this DE?
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2b}) Use vour work in (2a) 1o solve the initial value problem
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2¢) Resolve the initial value preblem above, using Laplace transforms.
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3} Consider the first order sysiem of differential egnations
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3a) Find the general soltion to this system, using the eigenvalue/eigenvector method.
- _ R . : (15 points)
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3b) Explain how this system is releted 1o the second order differential equation in problem (2), 2nd how
vou could have deduced the general solution in (3a) direcily from the one you found in {2b).
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4) Use Laplace transform 1o solve the initial value problem for the undamped resonator:
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5} Congider the follewing three-tank configuration. Let 1ank i have volume Vi(i tand solute amount

x{rjattimet. W ell-mixed liquid flows between tanks one and two, with rates Ty
I

7., and also between
1anks two and three, with rates r,, 7, , as indicated,
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£a3) What is the system of 6 first erder differential equations governing the volumes V(1) V,(2),
V,(1) and solute amounts x, (7}, x,{7).x,{7}? (Hint: Although most of our recent tanks have had

constant volume, how fast volume is changing depends on how fast volume is Jeaving and how fast it is

coming in.)
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5b) Suppose that all four rates are 100 gallonsfhour, so that the volumes in each tank remain constant.

Suppose that these volumes are each 100 gallons. Show that in 1his case, the differential equations in
(5a) for the solute amounts reduce to the system

\‘\f;i: \jzf:vx;f =& 3 <n a\!{ Wkﬁ'g‘ i
dr
" -1 1 ot
V2 V,=Va= i “Zlel 12 1l
e . = 7
ra"“’z"'y‘% o0 0 1 -1 x,
(.&u & otdn % -.:g) ;d;x&
3o ’ ot
/ .
= i *2 _1gp A 4 ts
2FIR = T (4 points)
TOTX Mg
/ _ - . %
A L R LS hnatnd
x, = |



5¢) Mapie says that:

> A= marin(3,3,1-1,1,0,1,-2,1,0,1,-1]);
eigenvectors{A).
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Use this information 1o write the general solution to the system in (Sh).
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5d) Solve the initial value problem for the tank problem in (§b), assuming there are initially 10 pounds
of solute in tank 1, 20 pounds in tank 2, and none in tank 3.
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5¢) What is the limiting amount of salt in each tank, as t approaches infinity? (Hint: You know this {{;
answer, no matier whether you actually solved 54, but this gives a way of checking your work there.)
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6) Consider the following configuration of 3 masses held together with twe springs, with positive
displacements from equilibrium measured 10 the right, as usual. Notice that this train is not anchored to
any wall.
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6a) Use Newton's Taw and Hooke's usuial linearization "law"” to derive the system of 3 second order
differeniial equations governing the masses' motion.
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6b) What is the dimension 1o the sclution space 1o this problem? Explain.
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6¢) Assume that all three masse<are identical, and the two spring constantf are also equal. Assume
further that units have been chosen so that the numerical value "m" of each mass equals the numerical
value "k" of cach Hooke's constant. Show that in this case the system in (6a) reduces to
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£d) Notice that the coefTicient matrix in (6c) is the same one that appeered in problem (5). Use this
information 1o write down the general solution 1o the system in (6c). As vou recall,

> A= morix(3,3,[-1,1,0,1,-2,1,0,1,-1]};
eigenveciors{A);
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6e) Describe tfe three "fundamental modes™ for this mags-spring problem.

{6 poinis)
»2 nass 2 at rest |33
”g‘nslr ” mm { xi&osh ;\4‘_3 i~ fhw i».;{~
AN L a ) qg,L
L ‘::Q Gm?lai’h&% by % 3;4\{5 2

=3 V\»Mg) at Eciw L b da's tqu.mk'{‘ e
6f) Now suppose there is an external sinusoidal force, so that the second order system becomes ‘i‘w;‘ ;i’
inhomogeneous, [N
dz a‘""‘f‘%ﬁv%\a&{i -
= x(f) = Ax+ cos{®w?) b.

af

Using matrix algebra (like we did in class, and you did in your Maple project), derive & formula for a

particular solution
x (1) = cos{wi) ¢

to this system. What do you expect will happen 10 this soluticn if & is close to one of the natural

frequencies? '
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7) Consider the system of differential equations below which models two populations x(t) and y(t)
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7b) Find all four equilbrium solutions to this sysiem of differential equations. (Hint: One of them is [5,
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7¢) Find the linearization of the population model near the equilibrium solution {5,2]. Use eigenvalues

for the linearization to classify the rype of singularity in the nonlincar problem. For your convenience,

the system is repeated below:
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Q1 - : . .
7:&:) u}«,cich. the phase portrait for the linearized problem, nsing your work in (76). Hint: th
eigendirections shonld appear in vour sketch. / . Hmt: the
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7) Use vour work fiom (7e) 1o fill the portion of the phase portrait below which has been excised.
Then describe what happens 1o solutions 1o the initial value problem for this system of DE's, depending
on initjal populations. You may wish 1o sketch represeniative solution curves, and indicate regions of the

first quadrant in order to help you answer this part.
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