Math 2250-3
Notesfor Separable Differential Equations- %1.4
Wednesday September 1, 2004
A differential equation
| dy
ax h(x, y)

iis called separableiff h(x,y) isaproduct of afunction of x times afunction of y,

dy

7 o =90 y)
Thisisequivalent to the DE

| dy _9(x)
dx f(y)

where f and phi are reciprocal functions.

How to solve:
The algorithm is very simple, but magic: treat dy/dx as aquotient of differntials (?!), and multiply
through to rewrite the DE as

I f(y) dy = g(x) dx
[ Then antidifferentiate the left side with respect to y and the right side with respect to x.

#f(y) dy = ?g(x) dx+C

L If F(y) and G(x) are antiderivatives of f(y) and g(x), respectively, then thisis the solution

Hy)=G(x)+C
This equation definesy implicitly as afunction of x. Sometimes you can use algebrato explicitly solve
fory. The constant C can be adjusted to solve initial value problems.

Why the method works:

The use of differentialsis disguising an application of the chain rule. Hereisthe explanation for the
magic method: The differential equation

dy _9x)
dx  f(y)

I deqtn2 := f(y) %%ﬁ 9(x)

If y(x) is any solution to deqtn2, then the left side, namely

I y
f(y(x)) %—XE
is the derivative with respect to x of

I Hy(x))

whenever F(y) is an antiderivative of f(y) (with respect toy). Thisisjust thechainrule! Thusif G(x) is
any antiderivative of g(x) (w.r.t.x), we can legally antidifferentiate deqtn2 with respect to x (on both
sides) to get

I Hy(x))=G(x)+C

which iswhat we got by magic before!

(::AN be rewritten as




0. Solutions

i =6 Xy
y(0)=7

Notice, our method for the general solution doesn’t actually give us the solution y(x)

Example 1 page 32: We wish to solve

Work:
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#slope field with two sol ution

=7e

y(x)
Figure 1.4.1 page 31

‘Figure 1.4.1 page 31');
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Example extra: (#29 page 28)

(213)

3y

dy

dx

=-1

y(-1)
Solution: (Thereisatwist to this problem that will let us discuss the existence-uniqueness theorem.)

(O]
c
—_
.
m__
(O]
.. ON
~ ——
—~= 0
X ©
- -0
>0 =
~ - 0
c . -
95]
—_ 1 O
nill o™
x >N -
—~ -O
O ~mM
™M -l
—~ 1 ©
N -
~—~ =
< 1O
—~ 1 =
~N— i —
X >T
D T
>N~ X
~ -0
»n N ©
o .
c .Q
x O I
™M =
I 1 o
—~ X —
X -0
-~ O
~ X O
X ~— C
~— >N—
>N -
-— -
Y— 4o X
w— O O
.- O ®©
T T —
Il — O
e
C O o«
- — O
oo
88
7A
L

#Mapl e m ssed a few

“how many sol utions really?);
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Examples 2-3 page 32
> dy/ dx=(4-2*x)/ (3*y"2-5);

y(1)=3;
dy 4-2x
dx 3y*>-5
i y(1)=3
I Work:

> deqtn:=di ff(y(x),x)=(4-2*x)/(3*y(x)”"2-5):

part 1: =DEpl ot (deqtn, y(x),x=-5..7,y=-5..5,{[y(1)=3]},arrows=line,
col or =bl ack, | i necol or =bl ack, di rgri d=[ 40, 40], st epsi ze=. 1,
title=*Part of Figure 1.4.2 page 32 ‘):

w th(plots):

part2: =i nplicitplot(y*3-5*y=4*x-x"2+9, x=-5..7,y=-5..5, col or =bl ack)

di splay({partl, part2});

Part of Figure 1.4.2 page 32
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