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PROBLEM 1

(25 pt) Find a path γ which traces once around the triangle with ver-
tices 0, 1, i in the counter-clockwise direction, starting at 0. For this
path γ, find

∫
γ
zdz.

Is it generally true that∫
γ

f(z)dz =

∫
γ

f(z)dz?
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PROBLEM 2

(25 pt) Use Cauchy’s formula to show that∫
|z−1|=1

1

z2 − 1
dz = πi,

∫
|z+1|=1

1

z2 − 1
dz = −πi.

Hint: use a partial fraction decomposition of the integral.
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PROBLEM 3

(25 pt) Prove that if f is analytic on the disc DR(z0) and |f(z)| ≤ M
on DR(z0), the |f ′(z0)| ≤ M/R.

Suppose p(z) = a3z
3 + a2z

2 + a1z + a0 is a polynomial of degree 3. If
|p(z)| ≤ 1 on the unit circle {z : |z| = 1}, then show that |a3| ≤ 6.
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PROBLEM 4

(25 pt) Prove that if f is an entire function which satisfies |f(z)| ≥ 1
on the entire plane, then f is constant.

Prove that if an entire function has real part which is bounded above,
then the function is constant.
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PROBLEM 5

(25 pt) Show that if f is a non-constant analytic function on a con-
nected open set U and if f has no zeroes on U , then there are no points
of U where |f(z)| has a local minimum.

Show that if f is a non-constant, continuous function on D1(0), which
is analytic on D1(0) and |f(z)| = 1 for all z on the unit circle, then f
has a zero somewhere in D1(0).


