Math 3150-1, Midterm Exam 3

. December 3 2008

Each problem is independent.

Total points: 110/100.
Problem 1 (25 pts) Consider the Dirichlet problem on the unit disk,

Au=0, 0<r<l1, 0<f0<2n 1
{u(1,0)=f(0), 0<8<2n. (1)
Recall that

e The Laplacian in polar coordmates is Au = up + u, + —;'U.og
o A general form of the solution to the ODE z2y" 4 zy @p y=0is

y(z) = 1z’ + cox™?, if p#£0,
y(z)zc&kcﬂnx, ifp=0.

(a) Use separation of variables with u(r,8) = R(r)©(6) to show that the separated equa-
tions are of the form

r’R"+rR — AR =0, ’ (2)
8"+ X0 =0. : (3)
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(b) Since © needs to be 2r—periodic, A = n?, n=0,1,2,....
Solve equations (2) and (3).
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(c) Show that the general form of the solution to the Dirichlet problem (1) is

u(r,80) = ap + Z r"(a,; cosnd + by, sinnd).

n=1

Specify what are the coefficients a, and b, in terms of f(6).
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(d) Solve the Dirichlet problem (1) with f(8) = sin(26).

Q(G) 4 a,&m&a, ?»»fm Wi‘f’{o %g—; 4@\4!0 M)(O& an——0 n=0,1,.

LQ:\ \w\*° “*2
Thes - Tarr>- am10 |

(e) [Extra credit] Write the solution to (d) in Cartesian coordinates.
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Problem 2 (25 pts)
(a) Let @ € R. Show that

F (expliaz]f(z))(w) = f(w—a), and

A

f(exp[—zaa:]f(x))(w = f(w + a).
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(b) Use (a) and Euler’s formula to show that

Flcos(az) f(z))(w) = L&) ;f flota) 4

F(sin(az) f(z))(w) = (w— ) f(w + a)
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(c) Use the identities (b) to find the Fourier transforms of
f(z) = cos(z) exp[-z?] and

sin(3z)
9(z) = T :
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Problem 3 (10 pts)
(a) Compute the Fourier transform of f(z ) = zexp[—z?/2).
(b) What is the Fourier sine transform of f(z) (z > 0)? (No calculations needed)
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Problem 4 (25 pts) Use the Fourier transform method to solve
' us(x,t) = tuze(2,t), z€Randt>0
{ u(z,0) = f(z) z €R.
The solution should be given in terms of z and ¢.
Hint: Solutions to the ODE y’ + azy = 0 have the form y(z) = C exp[—az?/ 2].
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Problem 5 (25 pts) Consider the heat equation

ut=-41-um, zeR, t>0 (@)
u(z,0) = f(z), zeR

(a) Use the Fourier transform method to show that the solution to the heat equation (4)
is u(z,t) = (g * f)(z), where

J—__., gi(z) = \/g— exp[—z?/t].
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(b) Use (a) to show that the solution to heat equation (4) with

20 if |z} <1,
fle) = {0 otherwise.

u(z, t) = 10 [erf( 7 )+ rf (1\*/'5‘”)]

erf (z) = % /Oz exp[—u?]du. .
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