MATH 3150-1, PRACTICE MIDTERM EXAM 3
NOVEMBER 26 2008

Total points: 115/115.

Problem 1 (20 pts) Let f(0) = (7 —0)/2.

(a) Find the Fourier series expansion of f(6).
(b) Solve the Dirichlet problem on the unit disk,

Au=0, 0<r<l1, 0<6<2n
{u(l,@)zf(@), 0<6<2m.

Problem 2 (30 pts)
(a) Show that

Flftan)w) = (1) (2) . a0

(b) Use (a) to find the Fourier transform of g(x) = e~°1*! from that of f(z) = e~l#l.
(¢) Use (a) to find the Fourier transform of g(z) = e~%*/2 from that of f(z) = e *"/2,
Problem 3 (10 pts) Compute the Fourier transform of

flo) = {x if |z| <1

0 otherwise.
Problem 4 (20 pts) Use the Fourier transform method to solve
U (T, 1) = Ugza (T, 1), re€Randt >0
u(z,0) = f(z), z€R
u(z,0) =0, zeR.

ﬂ@:{liﬂﬂ<1

where

0 otherwise.
Problem 5 (20 pts) Use the Fourier transform method to solve
Up = gy + kg
{ ulw,0) = ()

where £ > 0.
Problem 6 (15 pts) The Poisson kernel is given by

2y
Py(w) = \/;mQ +y?
(a) Show that P,(w) = e ¥ll,

(b) Use the Fourier transform to show the semi-group property of the Poisson kernel,
(By * P:)(x) = Pypx ().
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USEFUL FORMULAS

0.1. Complex numbers. Euler’s formula e? = cosf +isinf. If z = a +ib, where a = Re 2
and b = Im z, then z = a — ib and |2|? = zz = a® + V%

0.2. Fourier transforms.

f(x) ]? (w) dx f(z)e™ ™"

\/ 21 /
dw Zu}ﬂf N w
\@?/‘ Flw)e | flw)
1 if |z <1 \/?sinaw
0 otherwise T W

1 -0 el
— a —
a? + x?’ 2 a

e=dal 4> 0 2_a
’ T a2+ w?
6—552/2 e—w2/2
F(x) (iw)" f(w)
dn -
a" f(x) " T (w)
(f *g)(@) F(w)g(w)

0.3. Fourier series. For a 2p periodic function piecewise smooth function f,

flz) =ao+ Z @y, COS WpX + by, sinw, T,

n=1
where w,, = n7/p and

B @ B (f, coswyx)

T (1,1) " (coswp, oS wy)

(f,sinw,x)

(sinw,x, sinw,r)

, and b, =

The inner product is

The orthogonality relations are
2p ifn=m=0
(coswpz,coswpx) =< p ifn=m>0,
0 ifn#m
(cos wpz, sinw,,x) = 0,
p ifn=m>0

SiN Wy, X, SiN W) = .
( ) {0 if n#m
0.4. Integration formulas.

1 T
rcosardr = —2cosa:r;—i- —sinax +C
a a

. 1 T
rsinar dr = —281nax — —cosazx +C
a a



