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Abstract We study the motion of independent particles in a dynamical random envi-
ronment on the integer lattice. The environment has a product distribution. For the
multidimensional case, we characterize the class of spatially ergodic invariant mea-
sures. These invariant distributions are mixtures of inhomogeneous Poisson product
measures that depend on the past of the environment. We also investigate the cor-
relations in this measure. For dimensions one and two, we prove convergence to
equilibrium from spatially ergodic initial distributions. In the one-dimensional sit-
uation we study fluctuations of the net current seen by an observer traveling at a
deterministic speed. When this current is centered by its quenched mean its limit
distributions are the same as for classical independent particles.
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1 Introduction and Results

This paper studies particles that move on the integer lattice Z¢. Particles interact
through a common environment that specifies their transition probabilities in space
and time. The environment is picked randomly at the outset and fixed for all time.
Given the environment, particles evolve independently, governed by the transition
probabilities specified by the environment.

We have two types of results. First we characterize those invariant distributions
for the particle process that satisfy a spatial translation invariance. These turn out to
be mixtures of inhomogeneous Poisson product measures that depend on the past of
the environment. Poisson is expected, in view of the classical result that a system
of independent random walks has a homogeneous Poisson invariant distribution [5,
Sect. 8.5]. For d = 1, 2, we use coupling ideas from [7] (as presented in [18]) to
prove convergence to this equilibrium from spatially invariant initial distributions.

In the one-dimensional case we study fluctuations of the particle current seen by
an observer moving at the characteristic speed. In the present setting the characteristic
speed is simply the mean speed v of the particles. More generally, the characteristic
speed is the derivative H'(p) of the flux H as a function of particle density p. The
flux H (p) is the mean rate of flow across a fixed bond of the lattice when the system
is stationary with density p. For independent particles H (p) = vp.

It is expected, and supported by known rigorous results, that the current fluctua-
tions are of order n'/4 with Gaussian limits if the macroscopic flux H is linear, and
of order n'/3 with Tracy-Widom type limits if the flux H is strictly convex or con-
cave. In statistical physics terminology, the former is the Edwards-Wilkinson (EW)
universality class, and the latter the Kardar-Parisi-Zhang (KPZ) universality class.
(See [3] for the physics perspective on these matters, and [4, 20] for mathematical
reviews). Our motivation is to investigate the effect of a random environment in the
EW class. We find that, when the current is centered by its quenched mean and the
environment is averaged out, the fluctuation picture in the dynamical environment
is the same as that for classical independent random walks [10, 19]. Consistent with
EW universality, the current fluctuations have magnitude ¢#'/4 and occur on a spatial
scale of 1'/2 where ¢ denotes the macroscopic time variable.

There is an interesting contrast with the case of static environment investigated
in [15]. In the static environment, the quenched mean of the current has fluctuations
of magnitude ¢#'/? and converges weakly to a Brownian motion. Our results suggest
that under a dynamic environment the quenched mean of the current has fluctua-
tions of magnitude ¢'/4 and that when the particle system is stationary in time these
fluctuations are governed by a fractional Brownian motion with Hurst parameter 1/4.
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Other work on the motion of independent particles in a random environment
includes articles [9, 14].
We turn to a description of the process and then the results.

1.1 The Particle Process and Its Invariant Distributions

The particles follow independent random walks in a common dynamical random
environment (RWRE). More precisely, they move in a space-time environment w =
(Wy,s) (x.5)e7¢ x7 iIndexed by a discrete time variable s and a discrete space variable x.
The environment at space-time point (x, s) € 7% x 7 is a vector wy.s = (wys(2) :
z €74, |z| < R) of jump probabilities that satisfy

0<wys(z) <1 and Z wys(2) = 1. (1.1)

z€Z4:|z|<R

R is a fixed finite constant that specifies the range of jumps. From a space-time
point (x, s) admissible jumps are to points (y,s + 1) such that |y — x| < R. In
environment w the transition probabilities governing the motion of a Z¢-valued walk
X. = (XS)S€Z+ are

PoUXs =yl Xy =xl =75, 1 (x,y) = wys(y —x). (1.2)

P* is the quenched probability measure on the path space of the walk X,. The envi-
ronment is “dynamical” because at each time s the particle sees a new environment
Oy = (wys 1 x € Z%).

(2, ©) denotes the space of environments w satisfying the above assumptions,
endowed with the product topology and its Borel o-algebra G. The environment
restricted to levels s € {m, ..., n}is denoted by

- - . d
Wm,n = (ws)mgsgn = (wx.s m<s<n,xe Z )

Environments at levels generate o-algebras G,, , = o{@wy, »}. In these formulations
m = —00 or n = oo are also possible. T ; is the shift on €, that is (T, ;w),; =

Wxty,s+1-
Let P be a probability measure on €2 such that

the probability vectors (wy ;) (x,s)ez xz are i.i.d. under IP. (1.3)

We make two nondegeneracy assumptions. The first one guarantees that the
quenched walk is not degenerate:

P{3ze€Z: 0 <wyo(z) <1}>0. (1.4)



78 M. Joseph et al.

Denote the mean transition kernel by p(u) = Em, ;4 (x, x + u). The second key
assumption is that

there does not exist x € Z¢ and an additive subgroup 15
G C Z4 such that YegPx+2) =1 (1.5)
Another way to state assumption (1.5) is that the averaged walk has span 1, or that
it is aperiodic in Spitzer’s [22] terminology.

To create a system of particles, let {X?'j cuelZl, j € N} denote a collection
of random walks on Z“ such that walk X"/ starts at site u: X, = u. When the
environment w is fixed, we use P“ to denote the joint quenched measure of the
walks {X“/}. Under P these walks move independently on Z¢ and each walk
obeys transitions (1.2).

Further, assume given an initial configuration n = (n(u)),cz¢ of occupation
variables. Variable 7(u) € Z specifies the number of particles initially at site u.
P,‘]u denotes the quenched distribution of the walks {Xf” ueZi 1< j <n)}.
Occupation variables for all times s € Z. are then defined by

n(u)

Ns(x) = Z Zl{Xé"j = x}, (x,5) € Z¢ x Z.,.

ueZd j=1

‘When the initial configuration 17 = 79 has probability distribution v we write P2 (-) =
f P,';“'(~) v(dn) for the quenched distribution of the process.

When the environment is averaged over we drop the superscript w: for any event A
thatinvolves the walks and occupation variables, and any event B € 2, P,(A x B) =
fB PY(A)P(dw).

It will be convenient to construct initial distributions v = v* as functions of the
environment, so that the quenched process distribution is then P2 (:) = f P7f( 2
v*(dn). But then it will always be the case that v depends only on the past w_oo
of the environment. Consequently the initial distribution »* and the quenched dis-
tribution of the walks P¥({X*/} € -) are independent under the product measure P
on the environment. The averaged process distribution is then

[ pzoran = [ peadn = pio
Q z%

where v(dn) = f o V¥ (dn) P(dw) is the averaged initial distribution. In particular,
in both quenched and averaged sense, the initial occupation variables {ny(x)} are
independent of the walks {X*/}.

The first result describes the invariant distributions of the occupation process 1, =
(n¢(x)) ez« The starting point is an invariant distribution for the environment process
seen by a tagged particle: this is the process T, ,w where X, denotes a walk that starts
at the origin. A familiar martingale argument and Green function bounds (Proposition
3.1 in Sect. 3 below) show the existence of an &_., _;-measurable density function
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f on Qsuch that E(f) =1, E(f 2) < 00, and the probability measure Py, (dw) =
f(w) P(dw) is invariant for the Markov chain T, ,w.

For 0 < \ < oo let I'* denote the mean \ Poisson distribution on Zy. For 0 <
p < oo and w € 2 define the following inhomogeneous Poisson product probability
distribution on particle configurations 1 = (17(x))yezq:

e (dn) = @) T B0 (dn()). (1.6)

xezZd

(Such a measure is called a Cox process with random intensity p f (7} ow)). Define
the averaged measure by

w = /u”'“’ P(dw). (1.7)

Theorem 1.1 Let the dimension d > 1. Consider independent particles on 7% in
an i.i.d. space-time environment (as indicated in (1.3)), with bounded jumps, under
assumptions (1.4) and (1.5).

(a) For each 0 < p < 00, u” is the unique invariant distribution for the process 1,
that is also invariant and ergodic under spatial translations and has mean occupation
[ n(x)du’ = p. Furthermore, the tail o-field of the state space Zfd is trivial under
1P, and under the path measure Py, the process 1, is ergodic under time shifts.

(b) Suppose d =1 or d = 2. Let v be a probability distribution on Zfd that
is stationary and ergodic under spatial translations and has mean occupation p =
[ n(x) dv. Then if v is the initial distribution for the process ., the process converges
in distribution to the invariant distribution with density p: P,{n, € -} = p’ ast —
0.

Part (b) of the theorem is restricted to d = 1, 2 because our proof uses recurrence
of random walks (see Proposition 2.2).

Two auxiliary Markov transitions g and g on Z¢ play important roles throughout
much of the paper:

q(x,y) =Y Elwoo(@wro(z + )]

z€Z4

1.8
_ 2 ceni Elwoo@woo(z +9)] x =0,y € z4 (1.8)
Y P@pa+y—x)  x#0,yeZ
and
G(x.y) =340,y —x)=>_ p@pi+y—x). (1.9)

z€Z4

Think of g as a symmetric random walk whose transition probability is perturbed at
the origin, and of ¢ as the corresponding unperturbed homogeneous walk.
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For 6 € T¢ = (—, w]¢ define characteristic functions

¢(0) =Y woo(2)e’”, (1.10)
AO) =) q(0, ¢ =E|g* () (1.11)
zeZ4
and B '
MO =) q(0,2)¢" = [E¢ ()1, (1.12)
zeZ4

(We use the bar notation for quantities associated with the homogeneous walk g, in
addition to a few other particular items such as w; for the environment on level s. In
the case of A(6) this must not be confused with complex conjugation). Assumption
(1.5) implies that the random walk g is not supported on a subgroup smaller than Z¢,
hence A(0) < 1 for 6 € T \ {0} [22, p. 67, T7.1]. Define a constant 3 by

1 1 —X(O)
= — . 1.1
b= G /T o (1.13)

The distribution ¢ (0, z) is not degenerate by assumption (1.4) and hence A(0) is not
identically 1. Since also A(0) < A(#), we see that 3 € (0, 1] is well-defined.
Under the invariant distribution p” the covariance of the occupation variables is

Cov’ [(0), n(m)] = p*CovLf W), f(Tm,0w)] = p*ELf W) f (Typ,00)] — p*. m € Z°.
(1.14)
The first equality above comes from the structure of x”: given w, the occupation
variables are independent with means E*"“[n(m)] = pf (T, ow). Our next theorem
gives a formula for (1.14).

Theorem 1.2 Letd > 1. Form € 74 \ {0}

B! 1— X6
T =—— -m)———— 1.1
COVF @), f (o)) = = = [ cos-m G aas)
and
Var[f(w)] =371 — 1. (1.16)

The compact analytic formulas (1.13) and (1.15) arise from probabilistic formulas
that involve the transitions ¢ and ¢ and the potential kernel of g. The probabilistic
arguments are somewhat different in the recurrent (d < 2) and transient (d > 3)
cases. The reader can find these in Sect. 4.
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By the Riemann-Lebesgue lemma we have that
lim Cov[f(w), f(Tm,ow)] = 0.
m— 00

By computing the integral in (1.15) an interesting special case arises:

Corollary 1.3 For the simplest case where d =1 and p(x) + p(x + 1) =1 for
some x € 7, the fixed time occupation variables in the stationary process are uncor-
related:

Covlf (W), f(Tnow)] =0 form #0.

1.2 Limit of the Current Process

To study the particle current we restrict to dimension d = 1. Define the mean and
variance of the averaged walk by

v=>Y xp(x) and o’ = szp(x) — 2 (1.17)

X€ZL X€EZ
Forr e Ry =[0,00) and r € R, let

o (x) no(x)
Yalt,r) =) Y UX! < lwvil+1rd/nly = D0 0 HX ) > lnvt] + Lr/nl ).
x>0 j=1 x<0 j=1
(1.18)
Y, (¢, r) represents the net right-to-left current of particles seen by a moving observer
who starts at the origin and travels to |nvt] + |r+/n] in time |nt].
We look at the current under the following assumptions. Given w, initial occupa-
tion variables obey a product measure that may depend on the past of the environment,
but so that shifts are respected. Precisely,

given the environment w, initial occupation variables (19 (x))cz have
distribution p“(dny) = ® p(dno(x)) where p¢ is allowed to depend (1.19)
X€Z :

- . Ty.ow
measurably on w_ _;. Furthermore,p& = p;""".

Let P* denote the quenched distribution P, of initial occupation variables and
walks, and P = P¥(-)P(dw) the distribution over everything: particles, walks and
environments.

Make this moment assumption:

E[1n0(0)%] < oo. (1.20)
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Parameters that appear in the results are
po = E[no(x)] and 03 = E[Var® (19(0))]. (1.21)

Next we describe the limiting process. Let W be space-time white noise cor-
responding and B a two-sided one-parameter Brownian motion on R, indepen-
dent of W. Let W be the two-parameter Brownian motion on Ry x R given by
W, r) = W0, 1] x [0, 7]),if r > 0,and W(z, r) = —W ([0, ] x [r, 0]),if r < O.
Define the process Z(t, r) as the unique mild solution of the stochastic heat equation

(see [25])
2

o .
Zt=7er+\/p_0Ws Z(O’r)ZUOB(r)'

Process Z is given by

Z(t,r)= «/%// Po2(1—s)(r —x) dW (s, x)
(011> R (1.22)

+ Uof o (r —x)B(x) dx,
R

where ©,2(x) = 2nv?)~ 12 exp(—x2/21v?) denotes the centered Gaussian density
with variance v%, and ®,2(x) = [*__ ¢,2(y)dy the distribution function.

{Z(t,r) : t € Ry, r € R} is a mean zero Gaussian process. Its covariance can be
expressed as follows: with

W2 (x) = 29,2 (x) — x(1 — @,2(x)) (1.23)

define two covariance functions on (Ry x R) x (R x R) by

Ti((5,9)s (1,1) = W20y (r = @) = W2y (r = q) (1.24)
and
T2((5,9), (1, 7)) = W2, (—q) + W2, (r) — W45y (r — ). (1.25)
Then
E[Z(s,q)Z(t,1)] = poT'1((s, @), (1, 7)) + 05T ((s, @), (2, 7)). (1.26)

(Boldface P and E denote generic probabilities and expectations not connected with
the RWRE model).

The theorem we state is for the finite-dimensional distributions of the current
process, scaled and centered by its quenched mean:

Yult, ry=n"Y4Y, @, r) — XY, (t, )]}
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Fixany N € N,timepoints0 < t; <, < --- < ty € Ry, spacepointsry, ry, ...,y
€ R and an N-vector @ = (0, ..., 0y) € RY. Form the linear combinations

N N
Y,(0) =) 6:Y,(t,r) and Z(©6) =) 62, 1:).
i=1

i=l1

Theorem 1.4 Consider independent particles on Z in an i.i.d. space-time environ-
ment with bounded jumps, under assumptions (1.3) and (1.5). Let the w-dependent
initial distribution satisfy (1.19) and (1.20). With definitions as above, quenched
characteristic functions converge in L' (P):

lim E|E(e7®@) — E(2®)| = 0. (1.27)
n—oo

In particular, under the averaged distribution P, convergence in distribution holds
for the RN -valued vectors as n — oo:

(?n(tl’rl)’?n(IZaFZ)a e 77n(ZNﬂrN)) = (Z(tl,r]), Z(tZaVZ)’ T Z([N,VN)).

While we do not have a quenched limit (convergence of distributions under a fixed
w), limit (1.27) does imply that, if a quenched limit exists, it is the same as we have
found.

A special case of the above theorem is the stationary situation. The proof of the
following corollary comes by a direct computation using (1.26).

Corollary 1.5 Consider the same setting as in the previous theorem. If furthermore
variables 1y have conditional distribution (1.6), and more generally when Jé = po,
process Z(t, 0) has covariance

E[Z(s,0)Z(t,0)] = J_ T (5T = —sD),

ie. pgla’l /2 Z(t,0) is a fractional Brownian motion with Hurst parameter 1/4.

The next two theorems are on fluctuations of the quenched mean process
E“Y,(t, r) in the special case of one-dimensional random walks with admissible
steps 0 and 1. Although we expect the result to hold for more general random
walks, this is the only case for which we are able to characterize the fluctua-
tions. Let U% = Var(wp,0) and oo = Ewy (1 — wp9). Note that v = p(1) = Ewp
and 0% = v(1 — v).

First, we consider the case of an initial configuration 7, with independent
quenched means.
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Theorem 1.6 Let {ng(x) : x € Z} be such that the quenched means {E“ny(x) :
x € Z} are independent with mean py and variance 08. Assume that there exists
€ > 0 such that sup, E[|E“no(x)|**°] < oo. Assume the no-variables are inde-
pendent of the transition probabilities {wy; : (x,t) € Z x Z}. Then the finite-
dimensional marginals of the process {n_l/“E‘“(Yn (t,r)— pgrﬁ) 1t 20,r eR}
converge weakly as n — oo to those of the unique mild solution to the stochastic
heat equation

L00 D
it = 3rr + T

5 NG W, z(0,r) =09B(r),

where W is space-time white noise and B a two-sided Brownian, independent of W.

The above includes the case when 7 is independent of w altogether. In that case,
oo = 0 and thus the initial condition becomes z(0, r) = 0.

Next, we look at the stationary case. The reason this is different from the previous
theorem is that now the quenched means of the initial occupation variables are not
independent.

Theorem 1.7 Let {ny(x) : x € Z%} be distributed according to (1.6) with p = 1.
Assume the averaged probabilities py = py = 1/2 so that v = 1/2. Then for t >
s > 0 we have

lim ——Cov(E“Y, (s, 0), EY, (1, 0)) = —— (1
oo y/n o ’ NG

The above limit matches the covariance structure of a constant ((Ja~' — 1)!/2/
(27)!'/*) times a fractional Brownian motion with Hurst parameter 1/4. Theorems
1.6 and 1.7 are proved in Sect. 6. At the end of that section, we explain why we expect
the same limiting behavior in the setting of Theorem 1.7 as that of Theorem 1.6 and
how this would imply the fractional Brownian motion limit.

a_l—l)(\/;+\/§—\/t—s).

Further notational conventions N = {1,2,3,...}and Z, = {0, 1, 2, ... }. Multi-
step transition probabilities from time s to time t > s + 1 are

W;‘jt(-xs y) = Z 7[-;{34»1()(:1 ul)’]T;J+1,s+2(M17 I’tz)"'ﬂ—;il,[(ulfsflv y)

Uy lty—g— €24

‘We omit floor notation from time parameters, and so for the walk, X, = X, for real
t > 0. No jumps happen between integer times.

S denotes the set of all measures p on (Z+)Zd that are invariant under spatial
translations. S, denotes the subset of S consisting of ergodic measures. Z denotes
the set of measures that are invariant for the particle evolution, thatis p, = pS(t) =
pforallt € Zy (u, and pS(¢) here denote the measure on configurations at time ¢
when the initial measure on configurations is p). E, E“, E, E,, E etc will denote
expectations with respect to P, P¥, P, P,, P, etc. Variances and covariances are
denoted similarly. Constants C can change from term to term.
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2 Coupled Process

This section describes the coupling that will be used to prove Theorem 1.1. We
couple two processes 7, and (; so that matched particles move together forever,
while unmatched particles move independently. To do this precisely, choose for each
space-time point (x, ¢) a collection E,, = {vx,, j,’, v,/ :j €N} of iid. Z9-
valued jump vectors from distribution w, ,. Given initial configurations 7y and (p,
perform the following actions. At each site x set

€o(x) = mo(x) A Go(x), By (x) = (o(x) — Gox)F, and By (x) = (o(x) — Go(x)) ™

&o(x) is the number of matched particles, while ﬁgt (x) count the unmatched (4)
and (—) particles. Move partlcles from each site x as follows: the £y(x) matched

particles jump to 1ocat10ns x+ v for j=1,...,&(x), the ﬂo (x) (+) particles
jump to locations x + vx’0 for j = 1, e, ﬁar(x), and the 3, (x) (—) particles jump
to locations x + v, bj for j =1,..., By (x). After all jumps from all sites have been

executed, match as many pairs of (+) and (—) particles at the same site as possible.
This means that a (4—) pair together at the same site merges to create a single &-
particle at the same site. (For example, if after the jumps site y contains s {-particles, k
(+) particles and £ (—) particles, thenset £, (y) = s + k A £ and Bli(y) = (k — 0O)%).
Since particles are not labeled, it is immaterial which particular (+4) particle merges
with a particular (—) particle. When this is complete we have defined the state
(€1(x), By (x), By (x))reze at time ¢ = 1. Then repeat, utilizing the jump variables
for time ¢t = 1. And so on.
This produces a joint process (§;, 5;", §;7) such that

& (x) =, () A G(x), B (x) = (n,(x) = ()T, and B (x) = (1,(x) — G ().

The 7 and ¢ processes are recovered from

m(x) = &)+ 45 (x) and ((x) = &) + 6 (x).

The definition has the effect that a matched pair of 1 and ( particles stays forever
together, while a pair of (+) and (—) particles together at a site annihilate each
other and turn into a matched pair. If we are only interested in the evolution of the
discrepancies (3,7, 8;) we can discard all matched pairs as soon as they arise, and
simply consider independently evolving (+) and (—) particles that annihilate each
other upon meeting.

If we denote by E = {E,; : x € Z¢, t € 7} the collection of jump variables, and
by Gy ; the function that constructs the values at the origin at time ¢:

(&(0), BF(0), B7(0)) = Go,: (1o, Co, E)
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then it is clear that the values at other sites x are constructed by applying this same
function to shifted input:

(&), B (), B (1)) = Gor (0xmo, 0:Co, 0:E). 2.1)

Here 0, is a spatial shift: (6,7)(y) = n(x + y) and (0, E),,; = E,4,,forx,y € 74,
In particular, if the initial distribution 1 of the pair (1), (o) is invariant and ergodic
under the shifts 6,, while {2, , : x € 74t € Z} arei.i.d. and independent of (1), (o),
it follows first that the triple (19, (o, E) is ergodic, and then from (2.1) that for each
fixed 7 the configuration (&;, B, B7) is invariant and ergodic under the shifts 6.

Let S, resp. S,, denote the set of spatially invariant, resp. ergodic, probability
distributions on pairs (7, ) of configurations of occupation variables.

Lemma 2.1 Let i € S. The expectations Ey[3; (x)] and Ej[5; (x)] are indepen-
dent of x and nonincreasing in t.

Proof The independence of x is due to the shift-invariance from (2.1). That
E;[3F(x)] is nonincreasing in ¢ follows from the fact that discrepancy particles
are not created, only annihilated. (]

Proposition 2.2 Let d = 1 or 2. Suppose i € ,§e Let E;[n(0)] = py and E7[C(0)]
= p2. If p1 = p2, we have

Ex[5;7(0)] = Ezl(n,(0) — (0)"]1 — Oast — oo.

Proof We already know from Lemma 2.1 that Eﬁ[ﬁf(O)] cannot increase. To
get a contradiction let us assume that E3[3;7(0)] > 6 for all + and some § >
0. Since Ex[3(0)] — Ez[8; (0)] = Ezn (0)] — Exl¢(0)] = pi — p2 = 0, we also
have E3[5;7(0)] > 6 for all 7.

At time 0, assign labels separately to the (+) and (—) particles from some
countable label sets J and J~ and denote the locations of these particles by
{w;’(t), wj_(t) cieJt,jeJ ). Bach (+) and (—) particle retains its label
throughout its lifetime. The lifetime of (+) particle j € J7 is

7 =inf{t > 0: w] is annihilated by a () particle}.

It T;’ = 00, then j is immortal. Similarly define 7;". Let
Bor () =Y HwH(0) =x,7 > 1)
J

denote the number of (£) particles initially at site x that live past time . We would like
to claim that for a fixed ¢ the configuration {(ﬂ(;f (), By, (%) 1 x € Z4} is invariant
and ergodic under the spatial shifts &,. This will be true if the evolution is given by a
mapping Fy,, so that (37, (x), By, (x)) = Fo. (6x70, 0+Co, 0, E) forall x € Z¢. Sucha
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mapping can be created by specifying precise rules for the movement and annihilation
of (4+) and (—) particles that are naturally invariant under shifts. For example, we
can take J* C Z and give the sites of Z¢ some ordering. Label particles initially
in increasing order, so that i < j implies wijE 0 < wf (0). Then at each time step
particles from a given site are distributed to their subsequent locations in increasing
order, and (4, —) pairs are matched beginning with lowest labels. Of course the
overall ordering of particles is not preserved, but this mechanism does not depend
on the absolute labels, only their ordering, and respects the spatial translations.
Then the ergodic theorem implies that

. 1
lx|<n
Here |x| is the £°° norm: for a vector x = (x1, ..., Xg), |x| = maxig;gq |x;|. Since

particles take jumps of magnitude at most R,

) 1
0 < EnlfF O] = lim e DA

lx|sn

) 1
< Jlim o Y B = Exlsy; (Ol

|x|<n+Rt

The initial occupation numbers of immortal +/— particles are
+ . +
x) = lim X).
Boe () = lim B3, (x)

The limit exists by monotonicity. This limit produces again a functional relationship
of the type (2.1):

(8500 (05): B o) = Jim (55,0). By, () = Jim_ Fo (61, 6o, 6 )
= Fo,00(610, 0xCo, 0+ B).

Thereby {(8y o (X), By o0 (X)) : x € Z4} is spatially invariant and ergodic.
By the ergodic theorem again

. 1
Eﬁ[ﬁ()ioo(o)] = HILHQO m l);;n ﬂ(j)[oo(x) a.s.

while by the monotone convergence theorem

Eilfyo0 (O] = lim Ezlf;(0)] > 4.
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We have shown that the assumption E7[5;(0)] > 0 leads to the existence of
positive densities of immortal (+) and (—) particles. However, a situation like this
will never arise for d = 1 or 2, the reason being that any two particles on the lattice
will meet each other infinitely often. More precisely, fix any two particles and let
X and X denote the walks undertaken by these two particles. Then X+ and X~
are two independent walks in a common environment w. Let ¥, = X;" — X, . If we
average out the environment, then Y; is a Markov chain on 74 with transition q(x,y)
given by (1.8). Away from the origin this is a symmetric random walk with bounded
steps, and hence recurrent when d = 1 or 2. Thus Y; = 0 infinitely often. We have
arrived at a contradiction and the proposition is proved. (]

3 Invariant Measures

In this section we prove Theorem 1.1. We begin by deriving the well-known invariant
density for the environment process seen by a single tagged particle.

Pr0p051t10n3 1 There exists a function 0 < f < oo on Q such that Ef =1,

E(f?) < oo, f(w) is a function of ©_oo. _1, and
fw) = Z f(Tx._lw)ﬂfl’O(x, 0) P-almost surely. 3.1)
xezZd

Proof For N € Z, define

fy@) =Y "7y 0(z,0). 3.2)

z€Z4

fn(w) is G_y _j-measurable and a martingale with E fy = 1. By the martingale
convergence theorem we can define

fw) = A}im fn(w) (P-almost sure limit).
— 00
Property (3.1) follows because all the sums involved are finite:
Zf(Tx,,lw)wfl,o(x,O) - ;@meN<Tx,,1w>wil,o<x,0>
= lim Zw Vo1, @ 0T o, 0) = lim Zw v_10(z,0)

= lim fzv+1(w) = f(W).
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In Lemma 3.4 below we show the L2 boundedness of the sequence { f}. This implies
that fy — f alsoin L? and thereby implies the remaining statements E f = 1 and
E(f?) < oo. (]

The following addresses the positivity of f.

Lemma 3.2 P(f > 0) = 1 if and only if there exists an x such that P{m (0, x) >
0} =1.

Proof If there does not exist an x as in the claim, then by independence of the
environment and the finite step-size assumption we see that

P{Vx : m_10(x,0) =0} > 0.

But then (3.1) implies that P(f = 0) > 0. Conversely, if there exists an x as in
the claim, then (3.1) implies that if f(w) = 0 then f (7, _jw) = 0. Shift-invariance
implies the two events are in fact equal, almost surely. This in turn implies that
{f = 0} is a trivial event and since E[ f] = 1 we have that f > 0 a.s. (Il

To prove the L? estimate for fy we develop a Green function bound for the
Markov chain defined as the difference of two walks. Let X; and X] be two inde-
pendent walks in a common environment w, started at x, y € 7%, andY, = X — X ,y .
Under the averaged measure Y; is a Markov chain on Z¢ with transition probabilities
q(x, y) defined by (1.8). Y, can be thought of as a symmetric random walk on Z¢
whose transition has been perturbed at the origin. The corresponding homogeneous,
unperturbed random walk is ¥, with transition probability ¢ in (1.9). Write P, and
P, for the path probabilities of ¥, and Y. Define hitting times of 0 for both walks ¥,
and Y; by

r=inf{ln >1:Y, =0} and 7=inf{n>1:7, =0} (3.3)

Denote the k-step transition probabilities by g* (x, y) and g*(x, y).

Lemma 3.3 There exists a constant C < oo such that for all x € Z% and N € N,

N N
Y g @0 <D G« 0).
k=0 k=0

Proof Suppose we had the bound for x = 0. Then it follows for x # 0:
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N N N N
D gk (x.0) = EX[Z l[Yk:O}] = Ex[z L=y Y 1{Yk:0}]
k=0 k=0 i=0 k=i

N n—i N n—i
=Y P(r=0)) ¢“0.00<CY P(F=1))_ 40,0)
i=0 k=0 i=0 k=0
N
=C)Y 3.0
k=0

It remains to prove the result for x = 0. Let 0y = 0 and
ojy1 =inf{n >0; : ¥, =0and Y¥; #Oforsomek € {o; +1,...,n —1}}.

These are the successive times of arrivals to 0 following excursions away from O.
Let W;, j > 0, be the durations of the sojourns at 0, in other words

Y, =0iffo; <n < o; + W, for some j > 0.
Sojourns are geometric and independent of the past, so on the event {o; < 00},

1

Wi 150) = T 0y

Let Jy = max{j > 0: 0; < N} mark the last sojourn at O that started by time N.
Then

N In 00
E{}jkazm]5E{§jﬂ§}=§:E41wj5Nnm]
k=0 =0 =0
1
:TTREEEML+M)

Assumption (1.4) guarantees that g (0, 0) < 1.

It remains to bound Ey(1 + Jy) in terms of Z/i\]:o 3% (0, 0). The key is that once
the Markov chain Y; has left the origin, it follows the same transitions as the homo-
geneous walk Y; until the next visit to 0. For z # 0 let

Ky =inflk>1:TF +Ti+ -+ T¢ > N}

where the {7;°} are i.i.d. with common distribution PAT € -}. Imagine constructing
the path Y; so that every step away from 0 is followed by an excursion of Yy that
ends at O (or continues forever if O is never reached). The step bound (1.1) implies
that Py{|Y;| < 2R} = 1. Then there is stochastic dominance that gives
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Eo(y) < Y E(K3). (3.4)

z#0:|z|<2R

By T32.1 in Spitzer [22, p. 378], for z # 0

im 220>M _ 2o (3.5)

n—o0 Po(T > n)

where the potential kernel a is

i@ = lim | 323"0.0 = Y o). (3.6)
k=0 k=0

By P30.21in [22, p.361] a(z) > Oforall z # Oford = 1, 2. Ford > 3 by transience

a) =Y 30,00 = > .0 = (1 - F(z,0) > _3"0.0) > 0

where F(z,0) = P,{Y, = 0forsomen > 1} < 1.
From (3.5) and a(z) > 0, there exist 0 < c(z), C(z) < oo such that for all n,

c(2)Po(7 > n) < P(T{ > n) < C(2) Py(7 > n)

and hence ) . .
c(2)Eo[T AN] < E[T{ AN] < C(IEo[T AN].

By Wald’s identity and some simple bounds (see Exercice 4.4.1 in [6, Sect.4.4])
N _ 2N
E(T{ AN) E(T{ AN)
Let {7;} be i.i.d. copies of T from (3.3) and put
My=inftk >1:71+T+ -+ 7 = N}.
Then we have a similar relation:
N _ 2N
Eo(T AN)
Combining the above lines:

2N 2N 2

ElK] < E[T{ AN] s c(@)Eo[7T A N] S (@)

Eo[My]. (3.7)
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Considering excursions of the Y-walk away from 0,

N N
Eo[My] < 1+Zék(0, 0) < 22@"(0, 0). (3.8)

k=0 k=0
The proof is now complete with a combination of (3.4), (3.7) and (3.8). U

From the previous lemma follows the L? estimate for fy which completes the
proof of Proposition 3.1.

Lemma 3.4 There exists a constant C < oo such that E( f,%,) < Cforall N.

Proof By translations

E(fy) = ) Eryo(x, 07y (2, 0)

X,z

=Y EP(Xy =X =D V(. 0).
y y

By the submartingale property E(f2) is nondecreasing in N. Hence it suffices to
show the existence of a constant C such that

N
D E(fH<C(N+1) forallN. (3.9)
k=0

From above, by Lemma 3.3 and the spatial homogeneity of the Y -walk,

N N N
YED =D 4. 0<CY Y k.0
k=0

k=0 x k=0 x
N
=CY > 0. x)=C(N+1). 0
k=0 x

Property (3.1) implies that the probability measure P, (dw) = f(w) P(dw) is
invariant for the process T, ,w. Recall from (1.6) the product measure

) = @ T (dn(w)) (3.10)

xeZ4

where I'" is Poisson()\) distribution. By the definition of f, ” depends on w only
through the levels w_o _;.

Lemma 3.5 The following holds for P-a.e. w. Let ng be pu”“-distributed. Then for
all times t € Z.., under the evolution in the environment w, 1, is u” 70 -distributed,
and in particular independent of the environment w,at level t.
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Proof Consider the evolution under a fixed w. The claim made in the lemma is true at
time ¢ = 0 by the construction. Suppose it is true up to time ¢ — 1. Then over x € Z4
the variables 7,_;(x) are independent Poisson variables with means p f (T ;_1w).
Each particle at site x chooses its next position y independently with probabilities
7.1, (x, ). As with marking a Poisson process with independent coin flips, the con-
sequence is that the numbers of particles going from x to y are independent Poisson
variables with means p f (T ,—jw)7,” | ,(x, y), over all pairs (x, y). Since sums of
independent Poissons are Poisson, the variables (7;(y)),cz are again independent
Poissons and 7, (y) has mean

Ty w

> pf(Teumw)mey (2. y) = D pf (T Ty w)m'o (2. 0)

= pf(Ty,w).

The last equality is from (3.1).
We have shown that 7; = (;(y))yez« has distribution p”” Torv This measure is a
function of w_,,—1, hence independent of w, under PP. O

Recall from (1.7) the averaged measure p” = f w’ P(dw).

Lemma 3.6 The measure u is invariant and ergodic under spatial shifts 0,. The
. d . . .
tail o-field of the state space Z_% is trivial under p?.

Proof Invariance under 6, comes from p”“ o ;! = p”70“ and the invariance of
P. Ergodicity will follow from tail triviality.

Let B C ij be a tail event. Then by Kolmogorov’s 0-1 law p”“(B) € {0, 1} for
each w. We need to show that u”“(B) is [P-a.s. constant. For this it suffices to show
that p”“(B) is itself (almost surely) a tail measurable function of w.

Consider a ball A = {(z,s) : |s| + |z| < M} in the space-time lattice Z¢ x Z.
Since the step size of the walks is bounded by R, for each x € Z¢ and N > 1

fv(Tegw) = D 7y oz, )

z€Z4

is a function of the environments {w, s : s < —1, |z — x| < R|s|}. Consequently, if
|x| > (R + 1)M, the entire sequence { fy (T ow)}nen is a function of the environ-
ments outside A, and then so is (almost surely) the limit f (7 ow). Since B is tail
measurable, ¢”“(B) is a function of {f (T, ow) : [x| > (R + 1)M} and thereby a
function of environments outside A. Since A was arbitrary, we conclude that u”“ (B)
is (almost surely) a tail measurable function of w. U

Proof of the first part of Theorem 1.1 (except for uniqueness) Invariance of u” for the
process follows by averaging out w in the result of Lemma 3.5. Spatial invariance,
ergodicity and tail triviality of x” are in Lemma 3.6. That [ 7(0) du” = p follows
from the definition of u”.
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We prove the ergodicity of the process 7, under the time-shift-invariant path
measure P,,. We use the notation p” also for the joint measure uf(dw, dn) =
P(dw)p”* (dn) and not only for the marginal on 7. Let 7 be the o-algebra of invariant
sets on the state space of the particle system:

J ={B < 2% : 1507 = P,{m € B} for p’-as.7)

By Corollary 5 on p. 97 of [17] it suffices to show that J is trivial. We establish
triviality of 7 by showing that E*” [w | J1is almost surely a constant for an arbitrary
bounded cylinder function 1) on ZZ

Let n®? denote the conﬁguratlon obtained by moving one particle from site a to
site b, if possible: n®? = 1 if n(a) = 0, while if n(a) > 0,

na) —1 x=a
@)y =nb) +1 x=b
n(x) x #a,b.

Lemma 3.7 There exists a version of E* [¢|J] such that for all n € Z?_d and
a,b e Z EFV[{| T = E[{| T10™P).

Proof By Corollary 2 on p. 93 of [17], we can define a version @Z of EF [ | J1
pointwise by

- _ 1 n—1
v = lim ; E, [ ()]

We show that 1(1) = 1 (n®?).
Assume n(a) > 0. Consider the basic coupling P, ,«» of two processes (7, ¢;)
with initial configurations (19, (y) = (1, 77“’}’), as described in Sect. 2. Let

o = inf{t : Y(n;) = Y((;) forall s > t}.

We observe that P, ,«»{c < oo} = 1 in all dimensions. In dimensions d € {1, 2}
the irreducible g-random walk is recurrent, hence the two discrepancies of opposite
sign that start at @ and b annihilate with probability 1. In dimensions d > 3 the
discrepancies are marginally genuinely d-dimensional random walks by assumption
(1.5). Thus they are transient, and so either the discrepancies annihilate or eventually
they never return to the finite set of sites that support .

The conclusion of the lemma follows:

LEy[¥ (0] — Epes [ ()]l < 29 lloo Py er{o > 1} —> 0 ast — oo. O

Lemma 3.8 Suppose h is a bounded measurable function on Z?I such that for all
a,beZ¢ h(n®’) = h(n) p’-a.s. Then there exists a tail measurable function h,
such that h = hy p’-a.s.
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Proof To show approximate tail measurability we approximate by a cylinder function
and then move particles far enough one by one. (We learned this trick from [21]). Let
7* denote the configuration obtained by removing one particle from site a if possible:

“(x) = (@ - D" x=a
g N n(x) X #a.

Let € > 0. Pick a bounded cylinder function h such that E* |h — }~z|2 < €%, For
each w pick b(w) € Z? so that S (Tpw),ow) = 1/4 and h does not depend on the
coordinate 7(b(w)). Such b(w) exists a.s. by the ergodic theorem since E f = 1.
Choose b(w) so that it is a measurable function. Since () = h(n®*“)) uf(dw, dn)-
a.s. and h(n®) = h(n**@) by choice of b(w),

/ |h(n) — h(n™)| p*(dn) < / Liya=0y (") — h(n™P )| P (dw, dn)
+/1{n<a)>o}|fz(n“)—h(n”)lu”(dn).

In the next calculation we bound the first integral after the inequality. Write =
(', n(a), n(b(w))) to make the coordinates at a and b(w) explicit. Change summation
indices and apply Cauchy-Schwarz:

f L=y APy — h(n™P @) | P (dw, d)

—EZpr(T“Ow)(k)rpf(n‘”ow)(@)/|h(77 k—1,041)

k>0
>0
— h(n k=1, 4 D] p“(dn)
Z f(Ta, Ow) n . Pf Taow) (m)l"pf(Tb(w).UW) (n)
o Mt I f(Thw).ow)
n>0

X / (o . 1) — o . )| 1 ()

/1 o) J(Taow) — n(bW))
(b en =0} n(a) +1 f(Tb(w),Ow)

“h(n) — h(n)| u* (dw, dn)

2 1/2
< {E Z f(Ta,OW) X n . 7S Taow) (m)rﬂf(Tb(w)Aow) (l’l)}
¢ (m+ 12 f(Th).ow)
n>0

x {E¥ |h— R}

< VSELf2le.
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To obtain the second equality we replace ['*/Tao=) (k) by [P/ Tao) (k — 1). LTa0e)
and similarly for I'?/ w09 (],
An analogous argument (but easier since we do not need the b(w)) gives

/l{n<a>>0}|ﬁ(?7”) —h(n|p’(dn) < Ce.

Since € > 0 was arbitrary we have h(n) = h(n®) p’-a.s.

For given finite A C Z¢, applying the mapping 7 > 7® repeatedly to remove
all particles from A shows that 4 equals a.s. a function g, that does not depend
on (n(x):x € A). As A /' Z% along cubes, the limit #; = lim g, exists a.s. by
martingale convergence and is tail measurable. (I

‘We can now conclude the proof of (temporal) ergodicity of the process 7,. Lemmas
3.7 and 3.8 show that E*"[¢) | J] is u”-a.s. tail measurable, and hence a constant by
Lemma 3.6. U

3.1 Proof of Uniqueness

In this subsection, we complete the proof of part (a) of Theorem 1.1 by showing that
w” is the unique invariant distribution with the stated properties. We also prove the
second part of Theorem 1.1. The proof of uniqueness uses standard techniques of
interacting particle systems [11]. We will arrive at the proof of uniqueness through
a sequence of lemmas.

For two configurations 7, ¢ of occupation variables, we say that n < ¢ if n(x) <
((x) for all x. For two probability distributions y,  on the configuration space, we
say u < v if there exists a probability measure 1z on pairs (7, ¢) of configurations
of occupation variables such that jz(n < ¢) = 1 and the marginals of 1 are y and v.
For a convex set A, A, yill denote the set of extremal elements.

Recall that S, resp. S,, denotes the set of spatially invariant resp. ergodic prob-
ability distributions on pairs (7, () of configurations of occupation variables. Let 7
denote the set of probability distributions on pairs of configurations of occupation
variables, that are invariant under the temporal evolution described at the beginning
of Sect.2.

Lemma 3.9 If p; < p; then p' < p™.

Proof We couple p”* and % by letting i be the distribution of (7, ¢) defined by
letting occupation variables 1(x) be independent Poisson with means p; f (7, ow),
v(x) be independent Poisson with means (p, — p1) f (T ow), and then setting ((x) =
1(x) + v(x). Then define the coupling of ' and p”? by 1(-) = E[*(-)]. O

We state the next two lemmas without proof. The proofs can be found in Lemmas
42-45of [1].
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Lemma 3.10 We have

@Ifp, o €INS, thereisap € 7 ﬂgwiih marginals p; and 1.
) If 1, 2 € (T NS),, thereisap € (ZNS), with marginals py and ;.

Lemma3.11 Iffiec ZNS), and Ji{(n, () :n = Cor( =n} =1 then

QO n=G=1lorg{(nO:(=n=1
A crucial lemma needed in the proof of uniqueness is the following.

Lemma 3.12 Let i € ge such that f[n(O) +¢(0)di < oco. Fixx #y € 74, Then
lim i {(n. ©) : n(x) > ((x) and 1(y) < ((»)} =0

Proof Our proof employs some of the notation developed in Sect. 2. Fix a positive
integer m. Let I = [—m, m]? and let B be the event that / contains both (+) and (—)
particles. The theorem will be proved if we can show that 17, (B) — 0 ast — o0. So
let us assume to the contrary that we can find a sequence #; 1 oo such that

T (B) =6 > 0. (3.11)

By our assumptions on the environment, we can find a positive integer T = T (m)
and a positive real number p = p(m) > 0 such that

min P{X” and X? meet by time 7'} > p.
x,yel

Let A(¢, y) denote the event that a (+) or a (—) particle present in the cube y + I at
time ¢ has been annihilated by time ¢ + 7. It is clear that

PlAG V)| G] = p- 1{0,(n. ()} as. (3.12)

For what follows, assume that all #,; — #, > T. Let ¢, (x) = ;7 (x) 4+ ;7 (x) be the
number of discrepancy particles at x at time . Let n = [(2m + 1) 4+ m for a positive
integer / and divide the cube [—n, n]? into (21 4+ 1)? cubes of side length 2m + 1.
We have

1 1
e <—
G X OIS GITE X 4w
y€[—n,n)d ye[-n—RT,n+RT)
QI4+1)?

1
T ont i Z L {0uci) s G} - Laguiiy
j=1
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where u(j) is the center of cube j. Taking expectations and letting n — oo, we get

@I+1)?
Enloy+1(0)] < Efldy (0)] — linrgiogf Gn 12:; Ef[18{60ui) (s ¢} Lacuin]

It follows from (3.12) and (3.11) that

Ex[180uy (. GO} - Laguucin] = Pl (B) = pé.
‘We thus have

po

Ejlér., (0] < Epl¢y+1(0)] < Ejley, (0)] — am )i

We can conclude from Lemma 2.1 that E3[¢,, (0)] — —o0. But this is a contradiction
since Ey[¢;(0)] > 0. The proof of the lemma is complete. O

Lemma 3.13 If ju1, pup € (L NS), and E,, m(0) < oo fori = 1,2, then iy < po or
fo < 1.

Proof From Lemma 3.10, we can find i € (Z N 8), with marginals ) and ;. Using
the ergodic decomposition of stationary measures [24, Theorem 6.6],

i{(n, O) 1 n(x) > ((x) and n(y) < (M}
= f 7{(m, Q) 1 n(x) > ((x) and n(y) < ()} ¥ (dD),

e

for a probability measure ¥ on ge On applying the operator S(¢) to both sides of
the above equation, we observe that the right hand side goes to 0. We thus get

HmO:n<Cor¢<ny=1

An application of Lemma 3.11 completes the proof. (]
Proposition 3.14 If u € (INS). and py = E,n(0) < oo then 1 = p™.

Proof Since u* € S, NZ, it follows that u” € (Z N'S),. We can then conclude from
Lemmas 3.9 and 3.13 that there exists a p;, € [0, co] such that @ < pf for p > p and
= p for p < pj. In particular, we have py = E,1(0) < pfor p > p; and similarly
po = p for p < pg. This says that pj = po.

Now fix p; < po < po.Forall (x1, x2,--- ,x,) € (ZH" and all (ky, ko, -+~ , ky) €
(Z4)", we have

PG 2 ki 1 <i <n) < p() 2 ki, 1 <i <n) <p?((xi) > ki, 1 <i <n)

The first inequality (resp. the second inequality) above can be seen by looking at
the coupled measure I corresponding to p! (resp. (4+°?) and p so that uth (k&= 1
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(resp. i(n = ¢) = 1). Now let p; 1 po and p, | po to see that u has the same finite
dimensional distributions as p”. O

Proof of the remaining parts of Theorem 1.1 We first prove that p” is the unique
measure with the stated properties in part (a) of Theorem 1.1. Indeed, let x be another
measure with those properties. Since 1 € S, N Z, we can conclude that 4 € (Z N S),.
From Proposition 3.14, we must have that u = p”.

We now turn to part (b) of the theorem. Let v be a probability measure on Z?]
that is stationary and ergodic under spatial translations and has mean occupation
/ ¢(0) dv = p. Denote the occupation process with initial distribution v by ;. Utiliz-
ing the ergodic decomposition theorem [24, Theorem 6.6], find i € S, with marginals
1” and v. Let j1, be the time 7 distribution of the joint process (7, ¢;) coupled as
described in Sect. 2.

Initial shift invariance implies that mean occupations are constant p throughout
time and space:

En 1001 = EG 001 = [ B[S o 0] vde) = S (s 0.0) [ Condv =
y y

Chebyshev’s inequality and Tychonov’s theorem (Theorem 37.3 in [12]) can be used
to show that the sequence {fi,},cz, is tight.

Let  be any limit pointas t — oo. Then by Proposition2.2 7{(n, {) : n = (} = 1.
This proves that P,{(; € -} = p”. This completes the proof of Theorem 1.1. (]

4 Covariances of the Invariant Measures

Define the Green’s functions for both ¢ and g walks by

N

N
Gy(x.y) =Y q"(x.y) and Gy(x.y) =) §“(x.y).
k=0 k=0

Recall the potential kernel for the g walk
a(x) = Nlim (Gn(0,0) — Gy(x,0)). 4.1)
—00

In the transient case d > 3 the limit above exists trivially, since

o [o¢]
G(x.y) =) qg"x.y) <oco and G(x,y) =Y G(x.y) < 0.
k=0 k=0

Soford > 3 B _
a(x) =G(0,0) - G(x,0). (4.2)
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For the existence of the limit (4.1) in the recurrent case d € {1, 2} see T1 on p. 352
of [22]. In all cases the kernel a(x) satisfies these equations:

> G0.2)ax) =1 and Y G(x.2)a(z) = a(x) forx # 0. 4.3)

The constant 3 defined by (1.13) has the alternate representation

B=>q0.2)a(). (4.4)

We omit the argument for the equality of the two representations of 3. It is a simple
version of the one given at the end of this section for (1.15).

To prove Theorem 1.2 we first verify this proposition and then derive the Fourier
representation (1.15).

Proposition 4.1 Letd > 1. Form € Z¢ \ {0}

Covlf (W), f(Tmow)] = B~ Zq(O, la(=m) —a(z —m)] 4.5)

and

Var[f(w)] = 37" — 1. (4.6)

A few more notations. Recall that ¥, denotes the Markov chain with transition g
and Y, the g random walk. Successive returns to the origin are marked as follows:

7o =0and for j > 0,7; =inf{n > 7;_; : ¥, = 0}. 4.7

Abbreviate 7 = 7. The corresponding stopping time for Y, is 7. For m € Z and
N > 1 abbreviate

Cn(m) = Covl[fy(w), fn(Twow)]l = Z Cov[m_n.0(z,0), T_yo(w, m)].

z,weZd

Define also the function

h(y) = Covm 1 (0, y +2), m.1(0, )] = ¢(0, y) — G0, y), yeZ.

zeZ4

Symmetry h(—y) = h(y) holds.
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Lemma 4.2 In all dimensions d > 1,

Cn(m) =" h(NGr_i(y, m). 4.8)

yezd

Proof The case N = 1 follows from a shift of space and time. To do induction on
N use the Markov property and the additivity of covariance. Abbreviate temporarily
Kx,y = T—_N,—N+1(x, ¥) and recall that the mean kernel is p,_, = Ekx, ,.

Cnimy =Y Covlhzm N11.0G1 005 Fuuwy T Nt10(wr, m)]
7,21, w,wq

= Z {COV[(“z,zl - l’zl—z)TLNJrl,O(ZlvO)a (Kw,wl - Pwl—w)ﬂ’—N+1,0(w]am)]

Z,21, W, w1
4.9)
+ COV[[’Z|—Z”—N+1,O(ZL 0), (K/w,wl - Pw]—w)ﬂ'—N—H,O(wlv m)] (410)
+ Cov[pz - N+1,0G1,0) s Pwj—wT—N+1,0W1, m)] } (4.11)

Working from the bottom up, the terms on line (4.11) add up to C_; (m). The terms
on line (4.10) vanish because K, — Pw,—w 1S mean zero and independent of the
other random variables inside the covariance. On line (4.9) the covariance vanishes
unless z = w. Thus by rearranging line (4.9) we get

Cr(m) — Cy_y(m) = line (4.9)
= Y CoVl(kez kew)E[m-ni10G1 0T ni10(wr, m)]

2,21, W1
=Y Cov(kors Koxty) Y E[m ni10(r, m + O 41000, 0)]
VX 4

=Y h(»g" (v, m).
y

O
In the recurrent case we will use Abel summation, hence the next lemma.
Lemma 4.3 Letd € {1,2). For x,m € 7, the limit
o0
a(x, m) =£i}r}§sk(qk(0, m)—qk(x,m)) 4.12)

exists. For m = 0 the limit is _
a(x)
a(x,0) = 7 (4.13)
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and form # 0

a(x,m) = %x) Zq((), Da(—=m) —az —m)] —a(-m) +ax —m). (4.14)

Proof Let s vary in (0, 1) and let

7—1 7—1

Ux,m,s) = Ex[Zskl{Yk = m}] = EX[ZI{Yk = m}] = U(x. m).
k=0 k=0

Decompose the summation across intervals [7;, 7j41) and use the Markov property:

) T1—1 00 Tiy1—1
Zsqu(x, m) = Ex[ Zskl{Yk = m}] + E, [sTf Z sy, = m}]
k=0 k=0 j=1 k=r;

=U(x.m,s)+ »_ Ex(s)Eo(s")/ U0, m.s)
j=l1

— U( ) ﬂ[](o )
= X, m,s +1—E0(s7) ,m,s).
From this,
Zsk(qk(O, m) —q*(x,m)) = ﬂU(o,m,s) —U(x,m,s). (4.15)
— 1 — Eo(s7)

We analyze the quantities on the right in (4.15).

Suppose first x # 0. Then U (x, m) is the same for the Markov chain Y} as for the
random walk Y} because these processes agree until the first visit to 0. In the notation
of Spitzer [22], with a check added to refer to the random walk Y, gioy(x, m) =
U(x,m). By P29.4 on p. 355 of [22] and D11.1 on p. 115, for recurrent random walk

U(x,m) = guy(x,m) = a(x) + a(—m) —a(x —m).
For x = 0 we have U (0, 0) = 1, and for m # 0,

U©,m) =) g0 NUy,m =Y g0 n[al) +a-m) —aly—m]

y#0 y#0

=B+ Y q0 y[a-m) —aly —m)].
y
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For the asymptotics of the fraction on the right in (4.15) we can assume again
x # 0 for otherwise the value is 1. It will be convenient to look at the reciprocal. A
computation gives

1— Eo(s") Yoy s Po(r > k)
1— E.(s7) Y i SKP(T > k)

1
= +5) q0.2)
Y ey SKP(T > k) ;

Z/fio SKP(T > k)
Yoo SKP(T > k)

Again we can take advantage of known random walk limits because both x, z # 0so
the probabilities are the same as those for Y. By P32.2 on p. 379 of [22],as s ' 1,
for recurrent random walk the above converges to (note that E, (1) = 00)

ai) 5
2409505 =70y
z#0
Letting s 1 in (4.15) gives (4.13) and (4.14). [l

For m = 0 we can obtain the convergence as in (4.1) without the Abel summation.
But we do not need this for further development.
Proof of Proposition 4.1. Since fy — f in L?>(P), the covariance in (4.5) is given
by the limit of Cy (m), so by (4.8)

Covlf @), f(Tnow)] = Jim {3 g0, 5)Gy-1(0.m) = G0, )Gw-1(v,m)}.

y

Next,

> 0. )Gy 1(y.m) = Gn(O0,m) = dom = " (0.m) = do.m + Gy-1(0, m).

Since the Markov chain g follows the random walk g away from O it is null recurrent
for d = 1,2 and transient for d > 3. So ¢V (0, m) — 0 [13, Theorem 1.8.5]. Thus
the limiting covariance now has the form

= Go+ Jim GO0, MIGN-1(0.m) = Gyi(y.m)l. (416)
>

Atthis point the treatment separates into recurrent and transient cases. This is because
the Green’s function is uniformly bounded only in the transient case.
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Casel.d € {1, 2}
Convergence in (4.16) implies Abel convergence (Theorem 12.41 in [26] or Theorem
1.33 in Chap. 3 of [27]), so the limiting covariance equals

—Som + h}r} Z g(@0,y) Z (g0, m) — ¢* (y, m)).

By substituting in (4.13) and (4.14) we obtain (4.6) and (4.5).

Case2.d >3
In the transient case we can pass directly to the limit in (4.16) and obtain

Covlf (W), f(Tnow)] = —bom + Zq’(O, WIGO,m) =Gy, m)].  (4.17)
y

The sum above can be restricted to y % 0. By restarting after the first return to 0,

T—1
G(y,m) = Ey[ >y = m}] + Py(1 < 00)G (0, m). (4.18)
k=0
Next,
Tir1—1
G(0,m) = ZEO[HTJ <00} Y. Wi=m]
=0 k=T;
- Z Po(r < oo)on[Zl{Yk - m}]
k=0
1
= o= o (o + (1 - 6om>§q<o DE. [Zlm =my]).
(4.19)
Now consider first m # 0. Combining the above,
Cov[f @), [ (Tm0)] = Y 40, N{GO,m) — G(y, m)}
y#0
T—1
=Y ao.nf 5 nrm) Zq(o z)Ez[Zl{Yk =m] - E,[ Y tr = m] |
y#£0 k=0

using equality of g and g away from 0
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71 F-1

=Y a0.n{ 3 BT =09 Zq(o DE[ S 1T =m)] - B[ Y tFi=m] |

y#£0 k=0 k=0
_ R(F=00) i -
= = Zq(o DE; [Zlm =m)| - éq(o, y)Ey[kgo (Vi = m)]
applying (4.18) and (4.19) to the g walk
Py(T = 00) - _ - B -
= hotr —o0) #ZOQ(O’ DG m) - P.(F < 09GO, m)]| = Po(F = 00)G (0, m)
Py(T = 00
- P()(T#Zoq(o 2{G@m) - P < 00)G(0,m)]
Pyo(T
EEiESth@Pﬁ_mmwm)
Py(T =
= mzq(o 2[G(z.m) = GO, m)].

z#0

To finish this case, note that

. - o = A . Pz(7_- = OO)
3= ;qm, Qa(z) = ;;q(o, 2(G(0,0) — G(z,0)) = ;qu(o, DG —oo)

_ PQ(T = OO)

T Py(T=00)

‘We have arrived at

Cov[f @), f (TNl = 57" ) q(0, D[a(=m) —a(z —m)).
z7#0

Return to (4.17)—(4.19) to cover the case m = 0:

P =
Cov[f (W), fF@)]= Y40, MIGO,0) — G(y,0] — 1= Y4, y)ﬁ -
y y#0 o
_ PF=0) I
Py(1 = 00)
This completes the proof of Proposition 4.1. (]

Completion of the proof of Theorem 1.2 It remains to prove the Fourier representation
(1.15) from (4.5). In several stages symmetry of a and the transitions is used.
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Cov[f (W), f(Tuow)] =B Y q(0, Dlaim) —aim —2)]

N
= lim 57" "% "4(0,2[3" (m — z,0) = G"(m, 0)]

N—oo
k=0 z

T gt & —if-(n—z) _ _—i0-mq3k
_ngnoowgzq(o,z)/w[e — e mMINK ) do

_ A1 _ _
= lim i/ cos(ﬁ-m)l—{\(e)(l—)\NJ"(é‘))dO
Td

N—oco (2m)4 1 — )

-5 / —AO)
=7 0.m)—2

@m Juu )1 50

The last equality comes from 0 < \O) < 1 for 6 e T¢ \ {0} and dominated con-
vergence. The ratio (1 — A(0))/(1 — (0)) stays bounded as 6 — 0 because both
transitions g and g have zero mean and ¢ has a nonsingular covariance matrix [22,
P7 p. 74]. |

5 Convergence of Centered Current Fluctuations

We prove Theorem 1.4 by proving the following proposition. Recall the definition of
the current Y, (¢, r) from (1.18), and let {Z (¢, r) : (¢, r) € R. x R} be the mean zero
Gaussian process defined by (1.22) or equivalently through the covariance (1.26).
Recall also the definitions

Yaut,r) =n""4{Y,(t,r) = E°[Y,(t, 1]},

N N
Y,(0) =) 0,Y,(t,r) and Z(0) =) 6:Z(,r).

i=1
Proposition 5.1

E“[exp{iY,(0)}] — E[exp{iZ(0)}] in P-probability. (5.1

The remainder of the section proves this proposition and thereby Theorem 1.4.
We write Y,,(0) as a sum of independent mean zero random variables (under P“) so
that we can apply Lindeberg-Feller [6]:

o]

Y, (0)—n*1/429 Valtir) = EYy (i)} = W= Y U (52)

i=1 m=—00
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with

N
On = 3 0:(Unttio i) Um > 0) = Vs, i) Um < 0)), (53)
i=1

and

o (1m)
Un(t.r) =n"" 3" XD < Lnvt] + Lr/n )
j=1
—n~ P EC(o(m) P (X[, < nvt]| + [ra/n]),
(5.4)
70 (m) )
Va(t.r) =n""* " X[ > [nvt] + Lrv/n)}
j=I
—n~PEC(o(m) P (X[, > nvt] + [ra/n]).

The n-dependence is suppressed from the notations U,,, Uy, (¢, r) and V,, (¢, r). The
variables {U,,},,cz are independent under P“ because initial occupation variables
and walks are independent. We will also use repeatedly this formula, a consequence
of the independence of 1)y and the walks under P*:

o (m) )
EC[Up(t, 1)1 =n"1? Var““'( Z X[ < Lnvt] + Lr/n] })
j=1
=n""2EC (no(m) P (XL, < lnvt] + Lrv/n] ) PY(X],, > [nvt] + [ri/n])
+n7 2 Var? (o (m) P (X[, < Lnvt] + Lr/n])?
(5.5)
and the corresponding formula for V,, (¢, r).
Leta(n) / oo beasequence that will be determined precisely in the proof. Define
the finite sum _
Wi= Y U (5.6)
Im|<a(n) /i

We observe that the terms |m| > a(n)+/n can be discarded from (5.2).
Lemma 5.2 E|W, — W*> > Oasn — oo.

Proof By the mutual independence of occupation variables and walks under P“,
and as eventually a(n) > |r;|, the task boils down to showing that sums of this type
vanish:
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2
E[( > Um(t,r)> ]zE Y EMUn(, )]

m>a(n)/n m>a(n)/n
<n7'PE Y [E(p0m)) + Var (uo(m) | PE{X ] < Lnve] + Lra/n) )
m>a(n)/n
<Cn™'2 3" P{Xpwy < lnvt] + Lri/n) —m)
m>a(n)/n
= CE[(—XWJ ;ﬁantJ —r+ a(n)) ]

Under the averaged measure P the walk X; is a sum of bounded i.i.d. random
variables, hence by uniform integrability the last line vanishes as a(n)  oo. There
is also a term for m < a(n)+/n involving V,, (¢, r) that is handled in the same way.

O
The limit 6 - Z in our goal (5.1) has variance

0 = 6.0, ol (G, 7). (@5.7)) + 3T 7), @10 7) | (57)

1<i,j<N
and the two I'-terms, defined earlier in (1.24) and (1.25), have the following expres-
sions in terms of a standard 1-dimensional Brownian motion B;:

F1((s.0). 0.0) = [ (PlBy < q = 2118 > 7 =]
—00 (5.8)

— P[By, <q—x,Bp > —x]) dx
and

Ta((s.q), (t,r)) = / P[By; < g — x]P[By, <1 —x]dx
0
. (5.9)
+ / P[B,2; > g — x]P[B,2; > r — x]dx.

—00

By Lemma 5.2, the desired limit (5.1) follows from showing
E¥ (M) — e™/2 in P-probability as n — oo. (5.10)

This limit will be achieved by showing that the usual conditions of the Lindeberg-
Feller theorem hold in P-probability:

> EYU) - o (5.11)
Im|<a(n)/n
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and ) )
> E(10.P1{|Un] > €}) — 0. (5.12)
Im|<a(n)/n

The standard Lindeberg-Feller theorem can then be applied to subsequences. The
limits (5.11)—(5.12) in P-probability imply that every subsequence has a further
subsequence along which these limits hold for P-almost every w. Thus along this
further subsequence W, converges weakly to N(0, a(%) under P“ for P-almost every
w. So, every subsequence has a further subsequence along which the limit (5.10)
holds for P-almost every w. This implies the limit (5.10) in P-probability.

We check the negligibility condition (5.12) in the L' sense.

Lemma 5.3 Under assumption (1.20),

lim Y E[|Um|21{|0m|>s}]=o. (5.13)

n— 00

Im|<a(n)y/a

Proof First
N 2
( Z I:Um(turt)l{m } Vm(ti, r,-)l{m < O}])

N
ZU (ti, ri)*1{m > 0}+chm(r,,r,> 1{m < 0}.
i=1 i=1

The arguments for the terms above are the same. So take a term from the first sum,
let (¢, r) = (t;, r;), and the task is now

a(n)/n
2 —
nlLII;o Z U (t,r) 1{|U | > }] =0. (5.14)
Since

|Un| < Cn™*[no(m) + E*(n(m))]

and by adjusting ¢, limit (5.14) follows if we can show the limit for these sums:

a(n)/n
Y E[Un(t, r)*Uno(m) > n'/*e}]
m=0
5.15
a(n)/n ( )

+ Z [Un (t, 2E® (o(m)) > n'/¢}].
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Abbreviate
Ay ={Xy < |nvt] + [ry/n] }.

The terms of the second sum in (5.15) develop as follows, using (5.5), the indepen-
dence of W_, -1 and wy ~, and the shift invariance:

E[E* (Un(t, ) E® (o (m)) > n'/e)]
<~ PE[(E* (go(m)) + Var® (1o (m))) L{E® (o (m)) > n'/*e}] P (A,)
=~ PE[(E (o(0)) + Var* (ng (O)) {LE* (70 (0)) > n' &} ] P (A,).

Since the averaged walk is a walk with bounded i.i.d. steps,

a(n)/n
Y P(AW) < E[(Xpuy — Lnvt] = Irv/n)7] < C@+ 1. (5.16)
m=0
Thus
a(n)/n
> E[Un(t, )’ H{E“(po(m)) > n'/e}]
m=0

< CE[(E¥(10(0)) + Var* (19(0))) 1{E¥ (o(0)) > n'/*e}].

The last line vanishes as n — 0o by dominated convergence, by assumption (1.20).
For the first sum in (5.15) first take quenched expectation of the walks while
conditioning on 1), to get the bound

E [Un(t,r)’] < 207 2P (A) [n0(m)* + E (19 (m))?].
Using again the independence of w_, | and wy ., shift-invariance, and (5.16),

a(n)/n
> E[Un(t, 1)’ 1no(m) > n'/*e}]

m=0
a(m+/n
<Cn7'2 3" P(Ay) - E[(10(0)* + E®(10(0)*)1{no(0) > n'/*c}]

m=0
< CE[(m0(0)* + E*(110(0))*) 1o (0) > n'/¢}]
The last line vanishes as n — 0o by dominated convergence, by assumption (1.20).

a
We turn to checking (5.11).
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Z E°[U,] = Z 0:0; Z I:l{m>O}Ew(Um(ti»ri)Um(tjvrj))

Im|<a(m)y/n ISLjSN Im|<a(n)v/n

+ Lo B (Vi 1) Vit ) |

Each quenched expectation of a product of two mean zero random variables is handled
in the manner of (5.5) that we demonstrate with the second expectation:

E(Vin (i 1) Vin (1. 7)))

o) "
12 Cov“< 3 MGy > L) i/ 30X > L) ”jﬁ})
=1

1/219“’(770(;11))[PW(XWJ > lnvti| +riv/n, Xy, ) > ooty ] + /)

— PU(XTy,) > Lnvti] + ri/m) PE(XT,, > Lnvt; ] +rj«/ﬁ)]
+ 072 Var (i (m) P(X T,y > vt ]+ ri /) PEXT,, | > Lot ]+ /).

After some rearranging of the resulting probabilities, we arrive at

Y E°[U]
Im|<a(n)/n

a2 Y eiej[ Y E4om)

I<i,jSN Im|<a(n)v/n
x | PO, < o) + L /m D) P (X, | > Lnvtg] + Lrj/a))
— PUX, < lnvi] + L/l XD, ) > ant,HLrJfJ)}

+ > Var“(no(m))
im|<a(n)

X Lm0y P Xl < Lot ) 4 Lrn/m ) P (X, | < Lnvty] + /)

+ Lm<oy PO (X Ty > Lnvti] + |1 NG )P“’(XLm | > lnvt; | + Lrjv/nl) } ]

(5.17)
The terms above have been arranged so that the sums match up with the integrals in
(5.7)—(5.9). Limit (5.11) is now proved by showing that, term by term, the sums above
converge to the integrals. In each case the argument is the same. We illustrate the case
of the sum of the first term with the factor Var“ (ny(m)) in front. To simplify notation
we let ((s, q), (t,7)) = ((t;, r1), (tj, r;)). In other words, we show this convergence
in P-probability:
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Somy=n"""" 3" Var*(no(m) P*(XT | < lnvs] + Lgv/n])
O<m<a(n)/n

x PY(XTL, < |nvt] + [ri/n)) (5.18)

— 03/ P[B,:; < g — x]P[By, <17 —x]dx = 1.
0

n—oo

The proof of Sy(n) 5 1 is divided into two lemmas. Let

Si)y=n""7" 3" Var(no(m))
O<m<a(n)/n (5 19)

m
<g—— <p — —
X P(B(ﬂs Xxq \/ﬁ )P(B(ﬂz 7 ﬁ)
Lemma 5.4 lim E|Sy(n) — S1(n)| =0.
n—0oQ

Proof By the quenched central limit theorem for space-time RWRE [16], for each
x € R the limit

PY(X sy < Lnvs] 4 [xv/n]) = P(Byy < x)

holds for P-a.e. w. Since these are distribution functions (monotone and between 0
and 1) with a continuous limit the convergence is uniform in x. Set

Dy(w) = sup |P“(Xpns) < lnws] + [x4/n] ) PY(X ) < [nvt] + Ly/n])

x,yeR

— P(By, <x)P(By2 <) |

and then D, (w) — 0 P-a.s. By shift-invariance

E[So(n) — Sim)| <n™> 3" EVar*(no(0))
0<m<a(n)/n

X | P (X ) < Lnvs] + g/l = m)PT0 (X ) < Lnvt] + /) = m)
m
P( q——)P(BJztgr—ﬁH
<n72 3 E[Var™ (g (0) Dy (T o) ]
O<m<a(n)/n
< 2a(n)E[Var (19(0)) D, (w) ] (5.20)

Moment assumption (1.20) and dominated convergence guarantee that

E[Var®(10(0)) D, (w)] —> 0.
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Thus we can take

—1/2
a(n) = ( sup E[Var“(no(O))Dk(w)]> 5.21)

k:k>n
to have a(n) /' oo while still line (5.20) vanishes as n — oco. ([

The choice of a(n) made above depends on s, ¢ but that is not problematic since
we have only finitely many time points #; to handle.

Lemma 5.5 lim E|S;(n) —I| =0.
n—o00o

Proof First we discard tails of the sum and integral. Given € > 0, we can choose a
large enough ¢ < oo such that

Sy =n""2 Y Var* (go(m))
O<m<ce/n

m
X P(B(Tzs <qg-— —)P(Bgzt <r— —)

satisfies E|S; (n) — S (n)| < €, and so that
I = 03/ P[B,2y < g — x]P[By, <7 —x]dx
0

satisfies I — I* < €. Thus it suffices to prove S} (n) — I*.
Next, since the Gaussian distribution functions are Lipschitz continuous,

Sy — I =072 3" [Var(po(m)) — o]
O<m<cy/n

X P(Bgzs <q- %)P(Bgz, <r— %) +0m?).

Introduce an intermediate scale 1 << L << /n and use again Lipschitz continuity
of the probabilities:

I 1 (G+DHL
Sin —I" = =7 > (Z > Var“(no(m))—0§>

01 m=jL+1

N L

X {P(B[,zs <q-— j—\/%)P(Bﬂzt <r— &) + 0(%)} + 5% + O(n—l/Z).

The error term R, consists of order L terms bounded by | Var® (1y(m)) — 0(2)| that
appear because the collection of summation intervals (j L, (j + 1)L] may not exactly
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cover the original summationinterval 0 < m < c+/n. Itsatisfies ER, < CL. Finally,
bounding the probabilities crudely by 1 and by shift-invariance,

L
1
E|S(n) — I*| < CE’Z ZVar“(no(m)) — o5l +0(Ln"'?).

m=1

This vanishes as we let first n — oo and then L — oo and apply the L! ergodic
theorem. O

Limit (5.18) has now been verified. All terms in (5.17) are treated the same way to
show that they converge, in L' (P) and therefore in P-probability, to the corresponding
integrals in (5.7)—(5.9). This verifies limit (5.11). Since both (5.11) and (5.12) have
been checked, the Gaussian limit in (5.10) has been proved, as explained in the
paragraph following (5.12). The proof of Proposition 5.1 and thereby also the proof
of Theorem 1.4 are complete. (I

6 The Quenched Mean Process

We now prove Theorems 1.6 and 1.7. We will use a simplified notation for the
quenched jump probabilities: w, , = wy (1) and w;’n =wyn(0) =1 —wy,,(1).
Note that when the steps are 0 and 1 we have v = p(1) = Ewy . Potential ker-
nel a can be easily computed from Eq. (4.3) and seen to equal a(x) = 5 (lf‘_v) . Recall
that o = Ewp 0wy o- Then formula (4.4) gives

@
A= v(l —v)
Proof of Theorem 1.6 Define
70(y) . 70(y) .
H,(x) = E“[Z Yuxg < -3 Y x> x}].
y>0 j=1 ¥<0 j=I

Then Y, (t,r) = Hu (lnvt] + |ry/n]). Compute

Mo (y) no(y)

Hisr () = B[ 331007 < x = ]+E2[ 30 D 14X = x}u,

y>0 j=I y>0 j=I
70 () m0(y)

Y Y - x}] Y Y gy = x}]wx_,,.

y<0 j=1 y<0 j=1
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Also,

Wx,an(x - 1) + w;’an(x)

10(y) 10 (y)

= B[ D1 < x = ona = 20 D UKT > x = 1w

y>0 j=I y<0 j=I
no(y) no(y)

+ E“’[Z Z 11X/ < x}]w;’n — Z Z x> > x}]w;’n.
y>0 j=1 y<0 j=I1

Taking the difference of the two expressions one finds that
Hn+1 ()C) = wx,an(x - 1) + w;,an ()C)

In other words, H is the random average process introduced by Ferrari and Fontes
[8]. The initial conditions are given by

0 ifx =0,
Y E*mo(y)  ifx >0, and
Hp(x) = {y=1
0
> En(y) ifx <0.
y=x+1

The claim now follows by applying [20, Theorem 4.1] and the characterization on
p. 13 of [20]. ([20, Theorem 4.1] as reproduced from [2, Theorem 2.1] where the
limiting stochastic heat equation is slightly altered because the process studied was

Hyyy (lnvt] + [ry/nl) — Ho(lry/n])). O

Proof of Theorem 1.7 Now, we have 8 = a/(v(1 — v)) = 4a. We will write p’;qy for
the k-step averaged transition. For ¢ > 0 define

no(x) 7o(x)

Y =) Y HXE <Ll =) Y HX > Lve] ).
x>0 j=1 x<0 j=1
By stationarity

E“Y,(t,0) — E“Y,(s,0) = E“Y (nt) — E“Y (ns)

has the same distribution as the E“-mean of

70(x) 70(x)

Y = Z Z I{X)L(I;{J—Lnsj < |nvt]| — |nvs]} — Z Z l{X)[,’l{J_LmJ > |nvt]| — |nvs] }.

x>0 j=1 x<0 j=I1
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The difference |Y' — Y(|nt] — |ns])| is bounded by the number of particles
that are at time |nt| — |ns]| between |nvt| — |nvs| and | (|nt] — |ns])v]. Since
[lnvt] — |nvs] — [(lnt] — [ns])v]| < 2 we are talking about at most 5 sites and,
consequently, E[|E“Y’ — E“Y (|nt] — |ns])|] < 5E[f] =5. A similar reasoning
gives a bound on E[|Y (nt) — Y ([nt])|] and E[|Y (ns) — Y (|ns])|]. Therefore,

n—o00

lim TVar(E“’Y(LmJ — Lnsj)) = hm TVar(E“’Y,,(t 0) — E“’Y,,(s,O))

_ngngOT[Var(E”Y(Lntj))+Var(E‘*’Y(LnsJ)) 2(Cov(E“’Yn(s,0),E“’Yn(t,O))].

Hence, it is enough to prove that

lim —Var(E“’Y(n)) L(J—loz_l - 1).

wt N

Since
EWY(Zn + 1) - EMY(Z}’!) = _f(Tn,an)wn,Zn

we see that it is enough to prove the above limit along the subsequence of even

integers.
Let

h(w) = f(Tiow)w) gw) ; — f(Wwoowr,1-
Then E(h) = 0, E(h?) = g~ — § (here we use Corollary 1.3 and py = p; = 1/2),
and

E“Y(2n +2) — EY (2n) = h(T 0w).

Let co = Var(f) = 87! — 1. To compute Eh(w)h(T,, 2,w) write

h(w) = (f (T1,0w) — Dw) o) | — (f (W) = Dwo owi,1 + Wy o) | — Wo,0wi,1
and
W)= Y (f(Teow) = Dmoon (@, n+ Dw) g 0,@h 12011
—n+1<x<n+1
Z (f(Ty,OW) - 1)70,2n(y’ n)wn,2nwn+l$2n+1
—n<y<n
+ Z 0,20 (X, 1 + 1)W;l+1,znw;+1,2n+1

—n+1<x<n+1

- E 70,20 (Y5 1) Wn, 20 Wnt1,2n41-
—n<y<n
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Due to &_, _j-measurability the f-terms are independent of the w’s. Also, dis-
tinct shifts are uncorrelated by Corollary 1.3. Multiplying these terms together and
separating the expectations of the factors on levels 2n and 2n + 1 leads to

Eh(W)h(T, 20w) = $coEmo 2, (1, n 4+ Dw| g} (6.1)
— 1eoEmo24(0, n + Dwp w1 (6.2)
- %CQEﬂo,zn(l, n)wy oW | (6.3)
+ 3¢0Bm0,.2, (0, m)wo ow1 1 (6.4)

+4 ) Emoa(en+ D(w oo —woowrr) (6.5)

—n+1<x<n+1

- % Z 70,20 (¥, n)(w/l,owh - w0,0w1,1). (6.6)

—n<y<n

Thinking through the possible jumps shows that the terms in (6.5) and (6.6) survive
only forx, y € {0, 1}. And some of these terms can be combined with the ones above.
This gives

Eh(W)h(T, 20w) = 1(co + DEmo 2, (1, n + Dw} gw] | (6.7)
— 2(co + DEmo2, (0, n + Dwoowr 1 (6.8)
— o + DEmo 2. (1, ) gwi | (6.9)
+ 1 (co + DEm0,24(0, m)wo owi, 1 (6.10)
+ 1E[m0.24(0, n 4+ Dw] g ; = To2n(1, 1 + Dwo,owr 1]
6.11)
— 1E[70.24(0, m)w] gw] | — 7024 (1, Mwo,owr.1]- (6.12)

Now transform each term. For example, term (6.7) becomes

(6.7)

_ 1

/ / 2n—2 / 2n—2 / 2n—2 2n—2 / /
7(co+ 1)]E|:(wl,0wl‘1pl.n+l + Wi oW 1Py, T wWiowy 1Pyt w1,0w1,|]731n+1)w],0w|,11|
1 1 2 w2 | 3 2 w2 | 1, -2
=+ D[ — 0?2 + Ga— adpdi + dapdi )

After these steps we get

Eh(w)h(Tn,an)

= 4o+ D[~ FaGdid + piid)

+ 0% = Ja+ DY + P + (4o + Ja - DHpgi |

2n—2 2n—2 2n—2 2n—2 R 2n—2
+ }T[%(Poﬁ1+1 + P 3) (5 = 200y, + pol ) + (= %)Pofln—l}
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Letting X denote the (averaged) Markov chain with transition py ,, introduce Zk

Xo; — kwithtransitionrg o = 1/2,r9,+; = 1/4. For higher order transitions 1’0 ; +l
1
ity

Then

n—1 n-1

Replace the p’s with r’s and combine them using symmetry: ry =r", ", etc.

Eh(w)h(Ty mw) = 1 (co—i-l)[ a(r™ —rgfl)—(4a2—3a+§)(rg — 1)]

+ 4l =AY @ = pep =]

=14 —ta Oy =rh (6.13)

where in the last step we used ¢ + 1 = (4o~ 1.
Use the potential kernel a? of the r-walk: the variance is 1/2 so a?(x) = 2|x|.
From [22] and symmetry, aZ (x) = lim,,_, o aZ (x) with

ar(x) =Y (ho—rig) =Y (5 —rd). (6.14)
k=0 k=0
Then

n—1
Var(E“Y (2n)) = Var[ > h(Tk,zkw)}

k=0
n—1
= nE(h?) +2) _(n — HER(W)h(Ti 2w)
k=1
n—1
= (l—léa_l — %) 2n — Z(n — k)(r rf_l)i|
L k=1
- n—1 j
= (o = D2 - T D0d ]
L j=1 k=1
n—1
= (1—16a_l — %) na (1) — Zaf 1(1)i|:|
n—1
_ (1_160‘_1 _ i) aZ(1) +Z(a (D) —a] 1(1))}. (6.15)
- j 1

Let us look at akZ (x). The characteristic function is

¢ = ere"”’ = 1(1 + cos ).

X

By symmetry:
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m

a (x) = Z(ro—r’v—z - [ o - o)as

1 1—cosx9

- (1 — m+1
27/_77 1—((9)( ¢ ) do
2 [™1—cosxb

I _ rm+l
" 2r)_. 1—cosb (1 ¢ (9))d9

1 (™1— /1 o\""!
:2|x|——/ COS X + cos J0.
mJ_, 1 —cosf 2

The value of the first integral above is on p. 61 in [22]. But actually we only need
x=1

1 (/1 o\ 2 (72
aZ(1) = a%(1) — —/ <ﬂ> d9=az(1)——/ cos¥"*2 x dx
T J _

2 T Jonp2
m+l1 m+1
zZ Z
_a(l)—2l_[< ):a( = +1)']_[(£

Put this back into (6.15):
Var(E“Y (2n)) = (o' — 1) [ Z(1)+Z ]_[(4— ]

i1
[HZF 1/ (- 1/2>}

Il
Gorm
R

Above we used the definition

m!m*

) = T D aam

According to p. 461 of [23], I',,(x) — ['(x) for x ¢ Z_. Plugging back into the
above:

_1/2
Var(E*Y 2m)) = (Lo~ —%)4~/_[4f 2[2 T (- 1/2>}
N\/ﬂ.ﬁ(ioﬂ—l)'ﬁ
= VAVt 1) 5

The theorem is proved. (]
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We close this section with a remark regarding the expected limit of the quenched
mean process in the stationary case.

In the setting of Theorem 1.7 the random average process H from the proof of
Theorem 1.6 has the initial profile

0 ifx =0,
X
> F(Tyw) ifx >0, and
Hy(x) = y=I1
> EYf(Tyw) ifx <.
y=x+1

Thus, to extend the convergence result of Theorem 1.6 to include the station-
ary case we need to prove a functional central limit theorem for the partial sums
Z);:I S (Ty,0w).

Finally, note that if indeed the claim of Theorem 1.6 holds in the stationary setting
of Theorem 1.7, then we would have

1 1 1/4 —a 252
U(z)zvar(f)zg_lza—l:—a :p()aD.

(Recall that we assumed the mean pg = 1 in Theorem 1.7). Thus one would have
Po D g
E 0)z(#,0)] = r—
[2(s, 0)z(1, 0)] = =~ \/_<f+ Vs = /It —s))

1,
2@(‘7“ D)Wt + s =1t —s)),

as stated in Theorem 1.7.
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