
MATH 5050: Homework 2 (Due Monday, Feb. 17)

Problem 1 Fix 0 < p < 1 with p ̸= 1/2. Let X1, . . . , Xn, . . . be i.i.d. random variables
taking values 1 and −1 with probability p and 1− p, respectively. Let Sn = X1 + · · ·+Xn.
This is precisely a random walk that starts at 0 and then moves left or right one step each
time with probability 1− p and p, respectively.

(a) Prove thatMn =
(
1−p
p

)Sn

is a martingale in the filtration Fn generated byX1, . . . , Xn.

(b) Fix integers a < 0 < b. Let T be the first time the walk Sn reaches the set {a, b}:
T = inf{n ≥ 0 : Sn = a or Sn = b}.

If the walk never reaches {a, b}, then we set T = ∞. Prove that P{T < ∞} = 1, E[|MT |] <
∞, and that E[MT ] = 1.

(c) Use the above to calculate the probability that starting at 0 the walk will reach a
before it reaches b.

(d) Calculate the two probabilities: starting at 0 the walk ever reaches −1 and starting
at 0 the walk ever reaches 1. When is this random walk transient and when is it recurrent?

Problem 2 Fix 0 < p < 1 with p ̸= 1/2. Let Sn be the random walk from Problem 1.

(a) Prove that Mn = Sn − (2p − 1)n is a martingale in the filtration Fn generated by
X1, . . . , Xn.

(b) Fix integers a < 0 < b. Consider the stoping time T from part (b) of the previous
problem. You have proved that P{T < ∞} = 1. Now prove that E[|MT |] < ∞ and that
E[MT ] = 0.

(c) Calculate E[T ].

(d) Calculate the average time it takes the walk to reach −1, starting at 0.

Problem 3 Let Zn be the branching process defined as follows. For n ≥ 0, Zn is the number
of individuals in generation n. Z0 = 1 (one individual in generation 0). At generation n ≥ 0
each of the Zn individuals, independently of all the others, gives birth to k new individual
with probability pk. Of course

∑∞
k=0 pk = 1. Each individual dies immediately after having

given birth.

Let µ =
∑∞

k=0 kpk (the average number of individuals born from one individual in the
previous generation).

(a) Is Zn a martingale in the filtration Fn generated by Z1, . . . , Zn? Why or why not?

(b) Prove that Mn = Zn/µ
n is a martingale in the filtration Fn generated by Z1, . . . , Zn.
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