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Measuring and Simulating the Transient Packing Density
During Ultrasound Directed Self-Assembly and Vat
Polymerization Manufacturing of Engineered Materials

Soheyl Noparast, Fernando Guevara Vasquez, Mathieu Francoeur, and Bart Raeymaekers*

Ultrasound-directed self-assembly (DSA) uses ultrasound waves to organize
and orient particles dispersed in a fluid medium into specific patterns.
Combining ultrasound DSA with vat photopolymerization (VP) enables
manufacturing materials layer-by-layer, wherein each layer the organization
and orientation of particles in the photopolymer is controlled, which enables
tailoring the properties of the resulting composite materials. However, the
particle packing density changes with time and location as particles organize
into specific patterns. Hence, relating the ultrasound DSA process parameters
to the transient local particle packing density is important to tailor the
properties of the composite material, and to determine the maximum speed
of the layer-by-layer VP process. This paper theoretically derives and
experimentally validates a 3D ultrasound DSA model and evaluates the local
particle packing density at locations where particles assemble as a function of
time and ultrasound DSA process parameters. The particle packing density
increases with increasing particle volume fraction, decreasing particle size,
and decreasing fluid medium viscosity is determined. Increasing the particle
size and decreasing the fluid medium viscosity decreases the time to reach
steady-state. This work contributes to using ultrasound DSA and VP as a
materials manufacturing process.

1. Introduction

Ultrasound-directed self-assembly (DSA) uses the acoustic radi-
ation force associated with a standing ultrasound wave field to
organize and orient spherical[1] or high aspect ratio particles[2]

dispersed in a fluid medium into specific patterns. It finds ap-
plication in a broad spectrum of engineering applications, such
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as noncontact manipulation of par-
ticles and objects for precise han-
dling or quality control,[3–5] levitated
displays,[6–8] and organizing[9–11]

and separating particles and cells,
e.g., in lab-on-a-chip devices.[12–14]

Ultrasound DSA is also useful to man-
ufacture engineered composite materials
with tailored properties. For instance, it
integrates with formative manufacturing
processes such as mold casting[15–17] and
freeze casting,[18,19] and it integrates with
additive manufacturing (AM) processes,
such as direct ink writing (DIW)[20–22]

and vat photopolymerization (VP).[23–27]

Specifically, AM enables the manufac-
turing of free-form engineered polymer
matrix composite materials in a layer-
by-layer fashion, wherein each layer ul-
trasound DSA provides the ability to
organize and orient the filler (parti-
cles) in a specific pattern to tailor the
properties of the composite material.[23]

The forces that act on a spherical
particle in an ultrasound wave field
have been studied in both inviscid[28,29]

and viscous[30] fluid media. Theoretical studies of the acoustic ra-
diation force began with King,[31] and Yosioka and Kawasima,[32]

who considered incompressible and compressible spherical par-
ticles dispersed in an inviscid fluid medium, respectively. How-
ever, it was Gor’kov[28] who presented a generalized acoustic ra-
diation force theory for compressible spherical particles smaller
than the acoustic wavelength, dispersed in an inviscid fluid
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medium. The acoustic radiation force derives from scattering,
which results from the acoustic contrast between the particles
and the fluid medium, and it drives the particles to the locations
where the acoustic radiation potential is locally minimum and the
acoustic radiation force approaches zero.[28] These locations coin-
cide with nodes and antinodes of the standing ultrasound wave,
depending on the density and compressibility of the particles and
the fluid medium.[33]

More recently, Settnes and Bruus[30] expanded Gor’kov’s the-
ory to account for fluid medium viscosity, and they demonstrated
that the acoustic radiation force changes by multiple orders of
magnitude in a viscous compared to an inviscid fluid medium.
Additionally, a secondary radiation force or acoustic interaction
force results from scattering between particles in close prox-
imity. König[34] and Bjerknes[35] theoretically studied the acous-
tic interaction force between incompressible and compressible
spheres, respectively, followed by other researchers who consid-
ered incompressible particles in an inviscid[36–38] and viscous[39]

fluid medium, and compressible particles in an inviscid fluid
medium.[40]

Based on a fundamental understanding of the forces acting
on particles in an ultrasound wave field, researchers have solved
both the forward[28,29,41] and inverse[1,42,43] ultrasound DSA prob-
lems that relate the organization and orientation of the parti-
cles in the fluid medium to the operating parameters (amplitude,
phase, frequency) of any number and spatial arrangement of ul-
trasound transducers. The literature documents results for ultra-
sound DSA of spherical particles in 2D[1,44,45] and 3D,[43,46] and
high-aspect-ratio particles in 2D[2] and 3D.[4,47,48]

During ultrasound DSA, the concentration of particles in the
fluid medium changes as a function of time and location[49] and,
specifically, the local particle packing density increases with time
at the locations where particles assemble, as particles agglomer-
ate there. Our group has previously quantified the effect of par-
ticle volume fraction, particle size, and fluid medium viscosity
on the locations where particles assemble[50] and the steady-state
local particle packing density.[51]

However, the transient phenomena that govern the time-
dependent motion of particles from their initial dispersed state to
their final organized steady-state locations are currently not well
understood. Yet, this knowledge is important to advance engi-
neering applications that rely on ultrasound DSA for the manip-
ulation of particles, such as levitated displays and manipulation
of cells or particles in biomedical devices. Furthermore, in the
context of manufacturing engineered composite materials with
ultrasound DSA and VP, it is paramount to understand the tran-
sient phenomena during the ultrasound DSA process, because
the layer-by-layer VP process requires that particles reach their
steady-state locations before a new layer can be cured.

Few researchers have investigated transient phenomena in ul-
trasound DSA. Specifically, theoretical and experimental stud-
ies document the movement of a single spherical particle in a
fluid medium during ultrasound DSA in 1D,[52,53] 2D,[54–56] and
3D.[57] These studies demonstrate that ultrasound frequency, lon-
gitudinal wave propagation velocity, particle radius, and fluid
medium viscosity significantly affect the transient motion of a
single spherical particle during ultrasound DSA. In addition,
Scholz et al.[55] experimentally studied the transient motion of
multiple glass particles dispersed in water during ultrasound

DSA, and reported different transient phenomena for ultrasound
DSA of multiple spherical particles.

Importantly, no experimentally validated theoretical model ex-
ists that describes the transient phenomena of spherical parti-
cles dispersed in a viscous fluid medium during ultrasound DSA.
However, quantifying the transient local particle packing density
as a function of material properties and ultrasound DSA process
parameters is essential in the context of using ultrasound DSA
in, e.g., manufacturing of engineered composite materials with
ultrasound DSA and VP, among other applications. Hence, we
theoretically derive and experimentally validate a 3D ultrasound
DSA model to simulate the trajectories and interactions of spher-
ical particles dispersed in a viscous fluid medium, as they orga-
nize into their steady-state locations. Using this 3D model, we
simulate the transient local particle packing density and packing
rate at locations where particles assemble as a function of the ul-
trasound DSA process parameters.

2. Theoretical and Experimental Section

2.1. Theoretical Model

Figure 1 illustrates the theoretical model we implement to simu-
late the trajectory of many spherical particles dispersed in a vis-
cous fluid medium during ultrasound DSA, as a function of time
t, particle volume fraction Φ, particle size a, and fluid medium
viscosity 𝜂m. Figure 1a schematically shows a reservoir that con-
tains a mixture of a viscous fluid medium and spherical parti-
cles. Two ultrasound transducers attached to opposing walls of
the reservoir (orange walls in Figure 1a) establish a standing ul-
trasound wave field. We simulate the time-averaged acoustic ra-
diation potential U inside the solution domain (see contour lines
in color ranging from blue (minima) to yellow (maxima)) using
the boundary element method (BEM) based on the Helmholtz
equation ∇2𝜑inc + k̃2𝜑inc = 0 and Green’s third identity. These
equations relate the incident ultrasound velocity potential 𝜑inc
within the simply closed boundary of the solution domain to the
impedance boundary condition, which considers the absorption
and reflection of the ultrasound wave field at the boundary of the
solution domain. k̃ is the complex wave number that accounts for
acoustic attenuation in the viscous fluid medium.[51]

Figure 1b shows the forces that act on a spherical particle with
radius a in a viscous fluid medium within a standing ultrasound
wave field, superimposed on the time-averaged acoustic radiation
potential U (see contour lines with the same color scale as in
Figure 1a). We also identify a node and antinode of the stand-
ing ultrasound wave field, separated by a half wavelength 𝜆, and
we exaggerate the particle size relative to the wavelength for clar-
ity; in reality, a << 𝜆. A spherical particle experiences the acous-
tic radiation force Fa, which drives the particle to the locations
where the time-averaged acoustic radiation potential U is locally
minimum and the acoustic radiation force Fa = 0. Additionally,
it is subject to a drag force Fd, which orients in the opposite di-
rection of the particle motion, a gravitational force Fg, and buoy-
ancy force Fb, since the particle is immersed in a viscous fluid
medium. We use a repulsive Lennard-Jones-like potential as an
interaction force FLJ to model particle–particle and particle–wall
interactions within the simulation domain, which is a subset of
the solution domain in the far field of the ultrasound transducers.
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Figure 1. a) Schematic of the 3D ultrasound DSA model, showing a reservoir that contains a mixture of a viscous fluid medium and spherical particles,
and with two ultrasound transducers (orange) that establish a standing ultrasound wave field (time-averaged acoustic radiation potential U in color).
The reservoir encloses the solution domain, but we only simulate the trajectories of the particles within the simulation domain, which is a subset of the
solution domain in the far field of the ultrasound transducers. b) Forces that act on a spherical particle in a viscous fluid medium and in a standing
ultrasound wave field (time-averaged acoustic radiation potential U in color). The size of the particles is exaggerated for clarity, in reality, the particle
size a << wavelength 𝜆. c) Simulated particle assemble in a domain of width w around a node of standing ultrasound wave field as a function of time t
during ultrasound DSA.

We define N ≈ 700 randomly dispersed, nonoverlapping par-
ticles inside the simulation domain in the center of the solution
domain (see Figure 1a), and we uniformly scale the size of the
simulation domain to achieve a specific particle volume fraction
Φ. The velocity potential 𝜑 is the sum of the incident velocity po-
tential 𝜑inc, which we calculate using the BEM, and the velocity
potential that results from single scattering from all other parti-
cles in the simulation domain 𝜑sc. Thus, the velocity potential 𝜑
at the location of the ith particle ri is[51]

𝜑(ri) = 𝜑inc(ri) +
N∑

j = 1
j ≠ i

𝜑sc(ri|rj) (1)

where 𝜑sc(ri|rj) is the single monopole and dipole scattering ve-
locity potential of the jth particle at location rj, measured at the
location of ith particle ri. 𝜑sc(ri|rj) accounts for both monopole

and dipole scattering, which depend on the compressibility and
density contrast between the particles and the fluid medium, re-
spectively. Dipole scattering also depends on the fluid medium
viscosity 𝜂m, and it considers the thickness of the viscous bound-
ary layer around a particle 𝛿 = (2𝜂m/𝜔𝜌m)1/2, where 𝜔 = 2𝜋f and
f are the angular and temporal ultrasound wave frequencies, re-
spectively, and 𝜌m is the density of the fluid medium. We refer to
Noparast et al.[51] for a detailed derivation of 𝜑sc(ri|rj).

The ultrasound wave velocity v = ∇𝜑 is the gradient of the ul-
trasound velocity potential 𝜑. The ultrasound wave pressure p =
i𝜌m𝜔𝜑, with i = (−1)1/2. The time-averaged acoustic radiation po-
tential U in a viscous fluid medium is given as[30]

U = 4𝜋
3

a3

(
f1
𝛽m

2

⟨
p2
⟩
− f2

3𝜌m

4

⟨
v2
⟩)

(2)

where f1 = 1-𝛽p/𝛽m and f2 = ℜ{[2(1-𝛾)(𝜌p/𝜌m-1)]/[2𝜌p/𝜌m+1-
3𝛾 ]}, with 𝛾 = −3/2[1+i(1+𝛿/a)]𝛿/a. The compressibility of the
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spherical particle 𝛽p = 1/[𝜌p(cp,c
2-4cp,s

2/3)], and the compressibil-
ity of the fluid medium 𝛽m = 1/(𝜌mcm

2), with 𝜌p the density of the
particle, and cp,c and cp,s the propagation velocity of the longitu-
dinal and shear wave in the particle.[29] Operators ⟨•⟩ and ℜ{•}
calculate the time average over one ultrasound wave period and
the real part of an expression, respectively. The acoustic radia-
tion force Fa = -∇U is the negative gradient of the time-averaged
acoustic radiation potential U.

The drag force Fd on each particle inside the simulation do-
main orients in the opposite direction of the particle velocity u
(see Figure 1b), with ||Fd|| = 12𝜋a2𝜌m||u||2(1 + 3/16Re)/Re using
Stokes drag force with Oseen’s correction. The Reynolds number
Re = 2a𝜌m||u||/𝜂m.[58]

The interaction force FLJ = -∇VLJ between pairs of particles[59]

derives from a repulsive Lennard–Jones-like potential VLJ =
4𝜖LJ(2a/r)12 and accounts for particle–particle and particle–wall
interactions within the simulation domain. We iteratively tune 𝜖LJ
to prevent particles from occupying the same space when orga-
nized in specific locations, by ensuring that the average distance
between two contacting particles is 2a (+/−2%), or a (+/−2%)
for contact between a particle and a wall. We describe the iter-
ative tuning procedure of 𝜖LJ in the Appendix, but note that for
the range of particle volume fractions used in this work, 𝜖LJ has
limited influence on the results of the transient ultrasound DSA
model.

The simulation of the ultrasound DSA process works as fol-
lows. First, we calculate the incident velocity potential 𝜑inc within
the solution domain using the BEM based on the Helmholtz
equation with complex wave number k̃ to account for the attenu-
ation of the ultrasound wave in a viscous fluid medium. Second,
we calculate the velocity potential 𝜑 at the location of each parti-
cle as the superposition of the incident velocity potential 𝜑inc and
scattering velocity potential𝜑sc of all other particles in the simula-
tion domain (Equation 1). Then, we calculate the time-averaged
acoustic radiation potential U, and the corresponding acoustic
radiation force Fa that acts on each particle in the simulation
domain.

We calculate the trajectory of each spherical particle inside the
simulation domain during the transient ultrasound DSA process
as a function of time 0 ≤ t ≤ T, with time step Δt = T/3000. We
use a variable time step Δt = T/3000 to keep the average dis-
tance that particles travel in a single time step sufficiently short
to avoid that particles overlap and occupy the same space. At t =
0, particles are stationary ||u|| = 0, and at t = T, particles have
reached their steady-state locations at the nodes of the standing
ultrasound wave. However, when t > 0 they accelerate as a result
of the forces acting on them, and they displace toward the closest
local minimum of the time-averaged acoustic radiation potential
U (blue contour lines in Figure 1a,b). Thus, we determine the
location r and velocity u of each particle for each time step Δt,
accounting for all forces that act on the particle (see Figure 1b)
by integrating twice in time the acceleration of each particle.

Furthermore, we calculate the 3D local particle packing density
PDsim, for each time step Δt, as the fraction of a cuboid domain
of width w around a local minimum of the time-averaged acous-
tic radiation potential U (where particles assemble) occupied by
spherical particles. Figure 1c depicts the domain of width w (black
solid box) around a node of the standing ultrasound wave field
with particles (gray spheres) that assemble inside the domain,

visualized for six different time instances t, starting from t = 0
s when particles are randomly dispersed in the simulation do-
main, until t = 10 s when particles and PDsim reach steady-state.
We choose the width of the domain w to be proportional to the
particle radius a (see Section 2.2) and compare it later in Figure 8
to choosing w constant and independent of a.

We perform a nondimensional parameter study to quantify
the 3D local particle packing density PDsim as a function of
ultrasound DSA process parameters, including time t, particle
volume fraction Φ, particle size a, and fluid medium viscosity
𝜂m. Using the Buckingham 𝜋 theorem, we determine that at
least four nondimensional parameters are required to describe
this system (see Table 1); i) the nondimensional particle size
0.05 ≤ K1 = ka ≤ 0.20, which we select to satisfy the Rayleigh
regime assumption (ka << 1) where k = 𝜔/cm is the real wave
number, ii) the nondimensional fluid medium viscosity 0.07 ≤

K2 = 𝜂m/𝜌m𝜆cm ≤ 0.27, which we define to span the viscosity
range of commercial photopolymer resins 100 ≤ 𝜂m ≤ 400 mPa·s,
where 𝜆 = cm/f, iii) the nondimensional time 0 ≤ K3 = ft ≤ 150,
which captures the entire transient time-span from initial dis-
persion to steady-state, for all combinations of parameters, and
iv) the particle volume fraction 0.5 ≤ Φ ≤ 22.5%, which we se-
lect to achieve maximum local particle packing density during
steady-state. We note that the units of the fluid medium viscos-
ity 𝜂m in K2 and the temporal ultrasound frequency f in K3 are
mPa·s and MHz, respectively. The parameter study quantifies the
transient local particle packing density PDsim as a function of K1,
K2, K3, Φ. To characterize the transient local particle packing den-
sity PDsim, we define two additional nondimensional parameters:
the nondimensional packing time K3

*, which is the nondimen-
sional time K3 when the local particle packing density reaches
90% of its steady-state value, and the nondimensional packing
rate 𝛿PDsim/𝛿K3, which is the nondimensional rate at which the
transient local particle packing density PDsim changes from 20%
to 80% of its steady-state value.

2.2. Experimental Validation

Figure 2 schematically shows the experimental setup, which in-
tegrates a 30 mm × 30 mm acrylic reservoir with two ultrasound
transducers (PZT-4, center frequency fc = 1.5 MHz, piezoelec-
tric constant d33 = 285 × 10−12 m V−1,[60] Steminc, FL, USA)
in a VP digital light processing (DLP) printer (mUVe 1.1 DLP,
Grand Rapids, MI, USA). We use photopolymer resin (3DRS
standard V2 gray resin, 3D Resin Solutions, IL, USA) and pho-
topolymer resin diluted with 5 wt% of isopropyl alcohol, in com-
bination with spherical aluminum microparticles (a = 15 and
22 μm, US5005 solid aluminum spherical powder, US Research
Nanomaterials Inc., TX, USA). Table 2 summarizes the material
properties of the particles and the fluid medium. We determine
the longitudinal wave propagation velocity of the fluid medium
using a pulse-echo time-of-flight measurement,[61] and the fluid
medium viscosity using a rheometer (Discovery HR 30, TA In-
struments, New Castle, DE, USA).

We choose the range of particle volume fraction Φ, particle
size a, fluid medium viscosity 𝜂m, and time t based on consid-
erations of practical feasibility of the experiments. We select 0.50
≤ Φ ≤ 1.50% because increasing Φ increases the attenuation of
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Table 1. Nondimensional ultrasound DSA process parameters.

Nondimensional parameter Definition Range Notes

Particle size, K1 K1 = ka 0.05 ≤ K1 ≤ 0.20 Satisfies the Rayleigh regime assumption (ka << 1).

Fluid medium viscosity, K2 K2 = 𝜂m/𝜌m𝜆cm 0.07 ≤ K2 ≤ 0.27 Spans the viscosity range of commercial photopolymer
resins 100 ≤ 𝜂m ≤ 400 mPa s.

Time, K3 K3 = ft 0 ≤ K3 ≤ 150 Covers the entire time span from initial dispersion to
steady-state, for all combinations of parameters.

Particle volume fraction, Φ Particle volume 0.5 ≤ Φ ≤ 22.5% Achieves maximum local particle packing density during
steady-state.

Figure 2. Schematic of the experimental setup, which integrates an acrylic
reservoir with two ultrasound transducers in a VP DLP printer. The reser-
voir contains a mixture of photopolymer and aluminum microparticles,
and a function generator and RF amplifier drive the ultrasound transducers
to organize the particles into a line pattern that corresponds to the nodes
of the standing ultrasound wave field between both ultrasound transduc-
ers. Exposure to UV light cures a square single-layer composite material
specimen.

the ultrasound wave due to scattering, and it also increases the
effective viscosity, which decreases the acoustic radiation force
||Fa|| and increases the drag force ||Fd|| on the particles. Conse-
quently, it reduces the ability to organize particles in the viscous
fluid medium. The curing time of the photopolymer resin also
increases with increasing Φ,[62] which could distort the organiza-
tion of the particles. We choose particle sizes a = 15 and 22 μm
(K1 = 0.10 and 0.15) to satisfy the Rayleigh regime assumption
(K1 = ka << 1). Additionally, the particles are small enough to not
precipitate to the floor of the reservoir, yet they are large enough
to be observed under an optical microscope. The fluid medium

viscosity 𝜂m = 126 and 218 mPa.s (K2 = 0.09 and 0.15) matches
the viscosity of typical commercial photopolymer resins. Finally,
we define time 0 ≤ t ≤ 30 s (0 ≤ K3 ≤ 45) to ensure capturing
the entire transient behavior of the local particle packing density
PDexp during ultrasound DSA, using all combinations of Φ, K1,
and K2.

We disperse a volume fraction Φ particles in the viscous fluid
medium using a magnetic stirrer, and energize the ultrasound
transducers with a function generator (Tektronix AFG 3102,
Beaverton, OR, USA) and a radio frequency (RF) power ampli-
fier (E&I 2100L, Rochester, NY, USA) to organize the particles
into line patterns that correspond to the nodes of the standing
ultrasound wave field between both ultrasound transducers. The
input peak-to-peak voltage of the ultrasound transducers Vp-p =
21 V. This translates to a velocity amplitude of the ultrasound
transducer surface |v| = 2.8 × 10−2 m −1s, based on the piezo-
electric constant of the ultrasound transducers, which we require
as a boundary condition in the simulations with the BEM method
(see Section 2.1). After ultrasound DSA, we cure a single layer
12 mm × 12 mm composite material specimen with a 12 s expo-
sure time, and a 120 s post-cure time outside the VP setup to elim-
inate any liquid photopolymer. Figure 2 shows a typical compos-
ite material specimen after curing and post-curing (Φ = 1.00%,
K1 = 0.10, K2 = 0.09, and K3 = 15).

To perform a full-factorial study of the local particle packing
density PDexp as a function of Φ, K1, K2, and K3, we manufac-
ture 72 composite material specimens (3 (Φ) x 2 (K1) x 2 (K2) x 6
(K3)) using the experimental setup of Figure 2. Additionally, we
perform three repeat measurements of each combination of pa-
rameters, for a total of 216 composite material specimens.

We experimentally measure the local particle packing den-
sity PDexp as the area fraction of a rectangular domain of
width w around the location where particles assemble, occu-
pied by the particles. The fraction of an area covered by parti-
cles approximates the volumetric particle packing density, as first

Table 2. Material properties of the particles and viscous fluid media.

Material Density, 𝜌 [kg m−3] Longitudinal wave
propagation velocity,

c [m −1s]

Shear wave propagation
velocity, c [m −1s]

Viscosity, 𝜂m [mPa s]

Spherical aluminum
microparticles

2710[63] cc,p = 6420[63] cs,p = 3040[63] –

Standard photopolymer resin 1100 cm = 1420 – 218

Diluted standard photopolymer
resin

1079 cm = 1409 – 126

Adv. Mater. Technol. 2024, 2301950 2301950 (5 of 14) © 2024 The Authors. Advanced Materials Technologies published by Wiley-VCH GmbH

 2365709x, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/adm

t.202301950 by U
niversity O

f U
tah Spencer S, W

iley O
nline L

ibrary on [13/05/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://www.advancedsciencenews.com
http://www.advmattechnol.de


www.advancedsciencenews.com www.advmattechnol.de

Figure 3. Methodology to measure the local particle packing density PDexp, showing optical micrographs with corresponding binary images as a function
of time t for Φ = 1.00%, K1 = 0.10, and K2 = 0.09, covering domain w = 6a.

suggested by Delesse in 1848[64] and later theoretically and ex-
perimentally demonstrated by Underwood[65] and Weibel.[64,66]

We also verified the accuracy of this approximation using the
3D theoretical model and determined a 4% maximum error for
Φ = 1.5%.

Figure 3 illustrates the measurement methodology, showing
optical micrographs (1.5 μm spatial resolution, 180X magnifica-
tion, AmScope, CA, USA) with the corresponding binary images
as a function of time t (K3) for Φ = 1.00%, K1 = 0.10, and K2
= 0.09, of locations where we qualitatively detect organization of
the spherical aluminum microparticles. We focus the optical mi-
croscope on the top surface of the composite material specimen
to only capture particles (silver) on the surface (green), and not
in the bulk of the specimen. We binarize the optical micrographs
using a threshold that equates the particle area fraction of the en-
tire field of view to the particle volume fraction Φ dispersed in the
photopolymer. This minimizes the effect of external influences,
such as lighting conditions and glare, on the binarization of the
image. We measure the particle area fraction as the number of
black pixels within a domain w = Ma centered around a location
where particles assemble divided by the total number of pixels
within the domain (see Figure 3). We select M = 6, i.e., w = 6a
to enclose most particles that assemble at the node of a standing
ultrasound wave field, based on experiments with Φ = 1.00%, K1
= 0.10, and K2 = 0.09. We repeat each measurement three times
for composite material specimens and report the average, mini-
mum, and maximum values of the local particle packing density
PDexp.

3. Results and Discussion

3.1. Experimental Validation

Figure 4 shows the simulated PDsim (lines) and experimental
PDexp (solid markers) local particle packing density as a function
of the nondimensional time K3, for three particle volume frac-
tions Φ = 0.5, 1.0, 1.5%, and for a) K1 = 0.10 and K2 = 0.09, b)

K1 = 0.15 and K2 = 0.09, c) K1 = 0.10 and K2 = 0.15, (d) K1 = 0.15
and K2 = 0.15, i.e., the rows and columns represent constant K2
and K1, respectively. The solid markers represent the average of
three measurements, and the error bars show the minimum and
maximum. Figure 4 illustrates excellent agreement between the
theoretical simulations and experimental results, and we deter-
mine a maximum |PDexp – PDsim| = 0.9% error for Φ = 1.5%,
K1 = 0.05, K2 = 0.15, and K3 = 22.5. Additionally, Figure 5 shows
optical micrographs (green= resin, silver= particles) and the cor-
responding binary images (white= resin, black= particles) of the
composite material specimens as a function of nondimensional
time K3 for selected data points of Figure 4.

We observe from Figures 4 and 5 that the local particle pack-
ing density at locations where particles assemble increases with
increasing nondimensional time K3 because the number of par-
ticles that assemble at a specific location increases. The local par-
ticle packing density reaches steady-state when almost all parti-
cles have assembled into the specific location, and no additional
particles are available to assemble at that location. Furthermore,
the local particle packing density increases with increasing parti-
cle volume fraction Φ because the number of particles dispersed
in the photopolymer resin increases, which the comparison of
Figure 5a,b illustrates. Figure 4a–d shows that increasing the
nondimensional particle size K1 decreases the local particle pack-
ing density for constant particle volume fraction Φ because the
number of particles to obtain a specific Φ decreases with increas-
ing K1, which is evident from the comparison of Figure 5a,c.
Figure 4a–d, shows that increasing the nondimensional fluid
medium viscosity K2 decreases the transient local particle pack-
ing density for constant particle volume fraction Φ because in-
creasing the fluid medium viscosity increases the drag force on
the particles ||Fd|| and decreases their velocity ||u||, which delays
their assembly at specific locations. However, the steady-state lo-
cal particle packing density remains unaffected by changing the
fluid medium viscosity, because it only depends on the number of
particles dispersed in the fluid medium. Figure 5a,d illustrate the
effect of increasing the nondimensional fluid medium viscosity
K2.

Adv. Mater. Technol. 2024, 2301950 2301950 (6 of 14) © 2024 The Authors. Advanced Materials Technologies published by Wiley-VCH GmbH
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Figure 4. Transient and steady-state local particle packing density within the pattern features that result from ultrasound DSA (node of the standing
ultrasound wave field) as a function of nondimensional time K3, showing simulation PDsim (lines) and experiment PDexp (solid markers) results for
particle volume fraction Φ = 0.5% (solid maroon line and maroon square), Φ = 1.0% (dashed orange line and orange circle), and Φ = 1.5% (dash-dot
gray line and gray diamond), and for a) K1 = 0.10 and K2 = 0.09 b) K1 = 0.15 and K2 = 0.09, c) K1 = 0.10 and K2 = 0.15, d) K1 = 0.15 and K2 = 0.15.

3.2. Simulation Results and Parameter Study

We also use the 3D theoretical model to illustrate the effect of par-
ticle volume fraction Φ, nondimensional particle size K1, nondi-
mensional fluid medium viscosity K2, and nondimensional time
K3 on the transient local particle packing density PDsim dur-
ing ultrasound DSA, covering the entire ultrasound DSA pro-
cess envelope, i.e., beyond the parameter ranges we have exper-
imentally validated. Figure 6 shows the transient local particle
packing density PDsim at the location where particles assemble
(node of the standing ultrasound wave field) as a function of the
nondimensional time K3 for different particle volume fractions
0.5 ≤ Φ ≤ 22.5% (Figure 6a), different nondimensional parti-
cle sizes 0.05 ≤ K1 ≤ 0.20 (Figure 6b), and different nondimen-
sional fluid medium viscosities 0.07 ≤ K2 ≤ 0.27 (Figure 6c). In
addition, Figure 6 shows the nondimensional packing time K3

*

(hollow circles), i.e., the time at which the local particle pack-
ing density reaches 90% of its steady-state value. The nondimen-
sional packing time is important, e.g., in the context of VP, where
one must know the time required for particles to assemble at
their steady-state locations, before curing a layer of photopoly-
mer resin. Consequently, K3

* also determines the speed of the VP
process.

From Figure 6, we observe that the transient local particle
packing density PDsim increases and ultimately reaches steady-
state with increasing nondimensional time K3, similar to the re-
sults of Figures 4 and 5. Figure 6a shows that increasing parti-
cle volume fraction Φ increases the transient local particle pack-
ing density prior to reaching its maximum value PDsim = 45%.
This result agrees with the maximum achievable steady-state lo-
cal particle packing density within the pattern features after ul-
trasound DSA.[51] Additionally, from Figure 6a we observe that

Adv. Mater. Technol. 2024, 2301950 2301950 (7 of 14) © 2024 The Authors. Advanced Materials Technologies published by Wiley-VCH GmbH
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Figure 5. Optical micrographs (green = resin, silver = particles) and binary images (white = resin, black = particles) of composite material specimens
for selected data points of Figure 4: a) Φ= 1.0%, K1 = 0.10, and K2 = 0.09, b) Φ= 1.5%, K1 = 0.10, and K2 = 0.09, c) Φ= 1.0%, K1 = 0.15, and K2 = 0.09,
and d) Φ = 1.0%, K1 = 0.10, and K2 = 0.15.

Adv. Mater. Technol. 2024, 2301950 2301950 (8 of 14) © 2024 The Authors. Advanced Materials Technologies published by Wiley-VCH GmbH
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Figure 6. Transient local particle packing density PDsim at locations where
particles assemble, as a function of nondimensional time K3, cover-
ing the entire ultrasound DSA process envelope, a) for K1 = 0.15 and
K2 = 0.14 and different particle volume fractions 0.5 ≤ Φ ≤ 22.5%, b)
for Φ = 1.0% and K2 = 0.14 and different nondimensional particle sizes
0.05 ≤ K1 ≤ 0.20, and c) for Φ = 1.0% and K1 = 0.15 and different nondi-
mensional medium viscosities 0.07 ≤ K2 ≤ 0.27, also showing the nondi-
mensional packing time K3

* (hollow circles) for each transient local parti-
cle packing density PDsim.

increasing the particle volume fraction Φ first increases (Φ ≤

15%) and then decreases (Φ > 15%) the nondimensional pack-
ing time K3

*, which is the result of two phenomena. First, in-
creasing Φ increases the number of particles in a control volume
within the ultrasound DSA reservoir, which increases the num-
ber of collisions between particles and also increases the dissi-
pative acoustic interaction forces due to ultrasound wave scat-
tering. Collisions and dissipative acoustic interaction forces de-
crease the effective particle velocity ||u|| with which particles ap-
proach the locations where they assemble and, thus, increase K3

*.
However, increasing Φ ≥ 15% increases the local particle packing
density PDsim when particles are initially randomly dispersed at
nondimensional time K3 = 0, such that the steady-state PDsim
reaches its theoretical maximum value of approximately 45%.
Hence, increasing Φ ≥ 15% decreases the difference between
PDsim at K3 = 0 and its steady-state PDsim, which decreases the
nondimensional packing time K3

* because the maximum local
particle packing density at the locations where particles assem-
ble is reached before all particles reach their steady-state loca-
tion. From Figure 6b, we observe that increasing nondimensional
particle size K1 decreases the nondimensional packing time K3

*

because increasing K1 increases the acoustic radiation force ||Fa||
∝ a3 (Equation 2) more than the drag force ||Fd|| ∝ a on particles,
which increases the velocity ||u|| with which they move toward the
locations where they assemble and, consequently, decreases the
time to reach that location. Figure 6c shows that increasing the
nondimensional fluid medium viscosity K2 increases the nondi-
mensional packing time K3

*, but it does not affect the steady-state
local particle packing density PDsim, as expected. Increasing K2
increases the magnitude of drag force on particles ||Fd|| ∝ a and,
thus, decreases the velocity ||u|| with which particles move toward
the locations where they assemble, which increases the time to
reach that location.

Using the 3D ultrasound DSA model, we quantify the rela-
tionship between nondimensional particle size K1 and nondi-
mensional fluid medium viscosity K2, and the nondimensional
packing time K3

* and nondimensional packing rate 𝛿PD/𝛿K3,
which both characterize the transient local particle packing den-
sity PDsim. Figure 7 shows the nondimensional packing time
K3

* and nondimensional packing rate 𝛿PD/𝛿K3 as a function
of nondimensional particle size K1 for different values of the
nondimensional fluid medium viscosity 0.07 ≤ K2 ≤ 0.27. We
derive power and linear best-fit equations for K3

* and 𝛿PD/𝛿K3,
respectively, to quantify their relationship with the nondimen-
sional ultrasound DSA process parameters K1 and K2. These
equations provide information, e.g., to tune the VP layer-by-layer
curing process, based on the material properties and ultrasound
DSA process parameters. From Figure 7, we observe that in-
creasing nondimensional particle size K1 decreases the nondi-
mensional packing time K3

* and increases the nondimensional
packing rate 𝛿PD/𝛿K3. Increasing nondimensional particle size
K1 requires increasing the particle radius a, which increases the
acoustic radiation force that acts on particles ||Fa|| ∝ a3 (see Equa-
tion 2), increases the velocity ||u|| with which particles move
toward the nodes of standing ultrasound wave field, decreases
the time particles require to assemble at the node of standing
ultrasound wave field and, thus, decrease the nondimensional
packing time K3

*. Also, increasing the velocity ||u|| with which

Adv. Mater. Technol. 2024, 2301950 2301950 (9 of 14) © 2024 The Authors. Advanced Materials Technologies published by Wiley-VCH GmbH
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Figure 7. a) Nondimensional packing time K3
* and b) nondimensional

packing rate 𝛿PD/𝛿K3 as a function of nondimensional particle size K1
for nondimensional fluid medium viscosity K2 = 0.07 (maroon rectangle),
K2 = 0.14 (gray circle), K2 = 0.20 (orange square), and K2 = 0.27 (purple
diamond), illustrating a) power and b) linear best-fit equations of nondi-
mensional packing time K3

* and nondimensional packing rate 𝛿PD/𝛿K3
(hollow markers), respectively.

particles move toward the nodes of the standing ultrasound wave
field increases the number of particles that assemble at nodes at
each time increment during ultrasound DSA and, thus, increases
the nondimensional packing rate 𝛿PD/𝛿K3.

Additionally, Figure 7 shows that increasing nondimensional
fluid medium viscosity K2 increases the nondimensional pack-
ing time K3

* and decreases the nondimensional packing rate
𝛿PD/𝛿K3. Increasing K2 increases the magnitude of the drag
force on the particles ||Fd|| ∝ a and, thus, decreases the veloc-
ity ||u|| with which particles move toward the locations where
they assemble, which increases the time to reach that location, in-
creases K3

*, and decreases 𝛿PD/𝛿K3. We note that Figures 6 and 7
include parameter values that extrapolate beyond the range of
the experimental validation and, thus, must be interpreted with
caution.

3.3. Discussion

The 3D ultrasound DSA model advances existing models
through several innovations. First, it is the first model that ex-
tends beyond simulating the steady-state locations where par-
ticles assemble, which enables quantifying the transient lo-
cal particle packing density by PDsim, nondimensional pack-
ing time K3

*, and nondimensional packing rate 𝛿PD/𝛿K3 until
the particles and the local particle packing density PDsim reach
steady-state.[50,51] Second, the model is capable of simultane-
ously predicting the trajectory of many spherical particles dis-
persed in a viscous fluid medium during ultrasound DSA, which
contrasts existing transient models that theoretically simulate
the dynamic behavior of an individual particle in an inviscid
medium,[44,49,54–56] and existing studies that only experimentally
investigate the dynamic behavior of multiple particles in an in-
viscid medium.[55,67] However, the results of this work still agree
with previous studies that describe the dynamic behavior of an
individual particle in a standing ultrasound wave field, which
document the effect of particle size a, fluid medium viscosity
𝜂m, and ultrasound frequency f on the transient behavior of the
particle.[55] Third, this model relaxes simplifying assumptions of
existing models that consider an inviscid medium,[54] and ne-
glects the effects of ultrasound wave attenuation and ultrasound
wave scattering from neighboring particles.[55] Finally, this tran-
sient model is perhaps the first one to include collisions between
particles by means of an LJ-like potential.

The 3D ultrasound DSA model also shows limitations. We de-
fine randomly dispersed particles only in a section of the reser-
voir, i.e., the simulation domain, to manage the computational
cost of the simulations. However, this simplification neglects the
effect of ultrasound wave scattering by particles outside the sim-
ulation domain on the transient local particle packing density
PDsim. Thus, the particle packing density at the edges of the sim-
ulation domain likely underestimates the true particle packing
density. Additionally, one can study the acoustic interaction be-
tween spherical particles in a fluid medium using a single or
multiple scattering. Single scattering considers only one scatter-
ing event, whereas multiple scattering considers multiple scat-
tering events of the scattered wave.[40] The 3D ultrasound DSA
model only implements single scattering because, for the range
of particle volume fractions we consider in this work, the parti-
cles remain far away from each other during the transient por-
tion of the simulation. However, when particles assemble at the
nodes of the standing ultrasound wave, using multiple scattering
would be more appropriate because a particle is surrounded by
many other particles and, thus, the scattered wave can reflect off
multiple particles. We did not include multiple scattering due to
computational cost, and because the literature predicts its effect
to be small.[40]

Quantifying the transient local particle packing density is not
straightforward because the locations where particles assemble
are not unambiguously defined. The node of a standing wave the-
oretically is a line, but in practice, particles assemble and agglom-
erate at a location of finite width, which necessitates defining a
rectangular region of width w around the node to quantify the
local particle packing density. Consequently, the transient local
particle packing density depends on w, i.e., it increases with de-
creasing w, as an increasing fraction of the domain is occupied by
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Figure 8. Transient local particle packing density PDsim within the pattern
features as a function of nondimensional time K3, using a a) constant do-
main of width w = 60 μm and (b) a variable domain of width w = 6a,
covering the entire ultrasound DSA process envelope, for Φ = 1.0% and
K2 = 0.14 and different nondimensional particle size 0.05 ≤ K1 ≤ 0.20, also
illustrating the nondimensional packing time K3

* (hollow circles) for each
transient local particle packing density PDsim.

particles at any given time. We replicate the results of Figure 6b
to illustrate the difference between measuring the transient local
particle packing density PDsim within a domain width that is a
function of the particle radius a, i.e., w = 6a, or within a constant
domain width w around the node. Figure 8 shows the transient
local particle packing density PDsim at the location where particles
assemble as a function of nondimensional time K3, for a constant
domain width w= 60 μm (Figure 8a) and for domain width w= 6a
(Figure 8b, identical to Figure 6b), forΦ= 1.0% and K2 = 0.14 and
0.05 ≤ K1 ≤ 0.20. We also show the nondimensional packing time
K3

* (hollow circles). From Figure 8, we observe that increasing
nondimensional particle size K1 decreases the nondimensional
packing time K3

*, both when w = 60 μm and w = 6a. However,
the magnitude of this reduction is different between both choices
of the domain width. Changing K1 shows no effect on the steady-

state local particle packing density PDsim within the domain of
constant width w (Figure 8a) since the volume of the domain and
the volume of the particles within the domain remain constant.
In contrast, increasing K1 decreases the steady-state local particle
packing density PDsim within the variable domain of width w =
6a (Figure 8b) because the width of the domain increases with
the size of the particles, thus adding more empty space.

The experiments also show limitations. We validate the 3D ul-
trasound DSA model over a limited range of ultrasound DSA pro-
cess parameters, i.e., particle volume fraction 0.50 ≤ Φ ≤ 1.50%,
particle size a = 15 and 22 μm, and fluid medium viscosity
𝜂m = 126 and 218 mPa.s. Thus, the experimental validation does
not cover the entire ultrasound DSA process envelope due to
practical limitations of increasing Φ, a, and 𝜂m during the ex-
periments (see Section 2.2). In addition, imperfect dispersion of
spherical aluminum microparticles in the (diluted) photopoly-
mer resin, imperfect spherical shape and size of the aluminum
microparticles, misalignment of the ultrasound transducers on
the walls of the acrylic reservoir, and the ultrasound transducers
not performing as perfect piston sources, all-cause error in the
experimental results.

We note that we chose the amplitude of the ultrasound wave
in the experiments based on experimental constraints. Increas-
ing the peak-to-peak voltage Vp-p to the ultrasound transducers
increases the amplitude of the standing ultrasound wave and,
consequently, increases the acoustic radiation force that acts on
particles in the reservoir. Thus, increasing Vp-p increases the
velocity with which particles move to the nodes of the stand-
ing ultrasound wave. However, increasing Vp-p also increases
the temperature of the medium, and increases the likelihood of
acoustic streaming that distorts the assembly of particles into
patterns. Hence, we balance both effects by selecting Vp-p suf-
ficiently high to organize particles at the nodes of the stand-
ing ultrasound wave before they precipitate to the bottom of
the reservoir, yet sufficiently low to avoid heating and acous-
tic steaming that distort the assembly of particles into specific
patterns.

Finally, we emphasize that even though we manufacture
single-layer specimens in this work, we have previously demon-
strated that the integration of ultrasound DSA and VP can imple-
ment multilayer specimens, by following a two-step curing ap-
proach that allows establishing an ultrasound in the photopoly-
mer resin contained in the VP vat.[23]

4. Conclusion

This work presents a 3D model of ultrasound DSA that enables
simulating the trajectories of many spherical particles dispersed
in a viscous fluid medium, subject to a standing ultrasound wave
field, as a function of time and ultrasound DSA process parame-
ters. Such simulations allow quantifying the transient and steady-
state local particle packing density at the specific locations where
the particles assemble. We demonstrate good agreement between
the theoretical model and experiments. We conclude that:

1. The local particle packing density at locations where parti-
cles assemble increases with increasing nondimensional time
K3 due to the increasing number of particles that assemble at
a specific location, then reaches steady-state when almost all

Adv. Mater. Technol. 2024, 2301950 2301950 (11 of 14) © 2024 The Authors. Advanced Materials Technologies published by Wiley-VCH GmbH
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particles have assembled at a specific location. Furthermore, the
local particle packing density increases with increasing particle
volume fraction Φ due to an increasing number of particles dis-
persed in the photopolymer. It ultimately reaches a steady-state
particle packing density that approaches the theoretical random
particle packing density for spherical particles of approximately
45%.

2. Increasing the nondimensional particle size K1 decreases the
local particle packing density for constant particle volume frac-
tion Φ because the number of particles to obtain a specific Φ
decreases with increasing K1. In addition, increasing the nondi-
mensional fluid medium viscosity K2 decreases the transient
local particle packing density for constant particle volume frac-
tion Φ because increasing the fluid medium viscosity increases
the drag force on the particles ||Fd|| and decreases the velocity
||u|| with which they approach their steady-state location. How-

ever, the steady-state local particle packing density remains un-
affected by the nondimensional fluid medium viscosity K2.

3. Increasing the particle volume fraction Φ first increases and
then decreases the nondimensional packing time K3

* because
increasing Φ increases collisions and ultrasound wave scatter-
ing between particles that decrease the velocity ||u|| with which
particles move toward locations where they assemble. Increas-
ing Φ ≥ 15% increases the local particle packing density when
particles are initially randomly dispersed in the fluid medium,
such that the steady-state local particle packing density reaches
its theoretical maximum value of approximately 45%. Hence,
K3

* decreases because the local particle packing density at the
locations where particles assemble reaches its maximum value
before all particles reach their steady-state location. Increasing
the nondimensional particle size K1 or decreasing nondimen-
sional fluid medium viscosity K2 both increase the velocity with

Figure A1. Flowchart of the 𝜖LJ parameter tuning procedure.

Adv. Mater. Technol. 2024, 2301950 2301950 (12 of 14) © 2024 The Authors. Advanced Materials Technologies published by Wiley-VCH GmbH

 2365709x, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/adm

t.202301950 by U
niversity O

f U
tah Spencer S, W

iley O
nline L

ibrary on [13/05/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://www.advancedsciencenews.com
http://www.advmattechnol.de


www.advancedsciencenews.com www.advmattechnol.de

which particles move toward the locations where they assemble
and, thus, decrease K3

*.

The results of this work provide a physical understanding of
the transient phenomena that affect the local particle packing
density during ultrasound DSA in a viscous fluid medium. This
knowledge is relevant to a broad spectrum of engineering appli-
cations that involve ultrasound DSA, such as noncontact particle
manipulation, lab-on-a-chip applications, acoustic displays, and
materials manufacturing. Specifically, with respect to integrating
ultrasound DSA and VP to manufacture engineered composite
materials, the results of this work allow tailoring the layer-by-
layer VP process to the ultrasound DSA process parameters and
manufacture composite materials wherein each layer, ultrasound
DSA organizes and orients particles into specific patterns with
specific local particle packing density before the VP process cures
a new layer.

5. Appendix: Iterative tuning procedure of 𝝐LJ
parameter

We consider both particle–particle and particle–wall interactions
in the ultrasound DSA simulations, using the LJ-like potentials
VLJ,p-p = 4𝜖LJ(2a/rp-p)12 and VLJ,p-w = 4𝜖LJ(a/rp-w)12, respectively.
The parameter 𝜖LJ is the same for particle–particle and particle–
wall interactions. rp-p is the distance between a pair of particles,
and rp-w is the distance between a particle and a simulation do-
main boundary. Hence, tuning of the LJ-like potential ensures a
minimum separation of 2a and a between particle–particle and
particle–wall, respectively, where a is the radius of a particle. To
determine the 𝜖LJ parameter, we perform the following tuning
process (see flowchart of Figure A1):

STEP 1: We perform the ultrasound DSA simulation over a
duration 0 ≤ t ≤ T with time step Δt and an initial guess of
𝜖LJ, which is based on experience and values that have previ-
ously worked. However, we note that the methodology works for
any initial guess; it could just require more iterations to reach a
converged solution based on the choice of the initial guess. We
choose T long enough so the particles assemble at the nodes of
the standing ultrasound wave and reach a steady-state local pack-
ing density.

STEP 2: After particles assemble at nodes of the standing ul-
trasound wave, we measure the distance between each particle
and its closest neighboring particle di where i = 1, 2, …, M (M is
the number of particles assembled in a domain w = 6a centered
around a node of the standing ultrasound wave.). We calculate
the average distance davg of the 10% smallest distances di.

STEP 3: We repeat STEP 2 for the ten sequential time steps be-
fore t = T, when the particles have already assembled at the node
of the standing ultrasound wave, and the particle packing density
remains unchanged. We calculate davg,j for each time step, with
j = 1, 2, …, 10. Then, we calculate the average of all davg,j values
as daverage. Hence, in steps 2 and 3, we average the minimum dis-
tance between particles over both space (STEP 2) and time (STEP
3).

STEP 4: We use an automated iterative optimization method
by repeating STEPs 1–3, until daverage = 2a (+/−2%). Therefore,
we tune 𝜖LJ,new = 𝜖LJ(2a/daverage)12 in each iteration so particles
experience a magnitude of VLJ,p-p at rp-p = 2a that equals the mag-

nitude of VLJ,p-p at rp-p = daverage in the previous iteration. Thus, if
daverage > 2a, we increase the “spring constant” of the LJ-like po-
tential to draw the particles closer, and if daverage < 2a, we decrease
the “spring constant” of the LJ-like potential so that the equi-
librium distance between particles increases. We repeat the de-
scribed iterative optimization method for all simulations in this
work.
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