
Appendix A

Results Cited

With which my friend Pan, heaving a great sigh, as if confessing his inability to look

Infinity in the face, sank back resigned, and swallowed a large bumper of Claret.

William Makepeace Thackeray, The Snobs of England

We collect here several results that are cited in the text.

A.1 Algebra and Number Theory

We need the basic idea of equivalence classes in several places. We say that
∼ is an equivalence relation on a set A if it is reflexive (a ∼ a), symmetric
(a ∼ b implies b ∼ a), and transitive (a ∼ b and b ∼ c imply a ∼ c). Let us
define the equivalence class containing a ∈ A by

[a] := {b ∈ A : b ∼ a}. (A.1)

Theorem A.1.1. Given an equivalence relation ∼ on a set A, every two
equivalence classes [a] and [b] are either equal or mutually exclusive. Conse-
quently, the distinct equivalence classes partition the set A.

The proof is easy; see Herstein (1964, p. 7).
The next result is needed in the proof of Theorem 4.3.2.

Theorem A.1.2. Let J ⊂ N be closed under addition and satisfy g.c.d.(J) =
1. Then there exists a positive integer n0 such that n ≥ n0 implies n ∈ J .

For a proof see Hoel, Port, and Stone (1972, pp. 79–80).
The Euler ϕ-function is defined for each positive integer n by

ϕ(n) := |{1 ≤ k ≤ n : g.c.d.(k, n) = 1}|. (A.2)
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For example, ϕ(12) = |{1, 5, 7, 11}| = 4. The next theorem, due to Leonhard
Euler [1707–1783], is needed in Corollary 9.1.3 and Problem 11.1.

Theorem A.1.3. If m and n are positive integers with g.c.d.(m, n) = 1,
then mϕ(n) ≡ 1 (mod n).

For a proof, see Herstein (1964, p. 37).
The next result, known as Descartes’s rule of signs, is due to René

Descartes [1596–1650]. It is needed in the proof of Lemma 9.3.3.

Theorem A.1.4. The number of positive roots (counting multiplicities) of a
polynomial p(x) with real coefficients is equal to the number of sign changes
of the nonzero coefficients of p(x) or is less than this number by an even
positive integer. The number of negative roots (counting multiplicities) of a
polynomial p(x) with real coefficients is equal to the number of sign changes
of the nonzero coefficients of p(−x) or is less than this number by an even
positive integer.

For example, the nonzero coefficients of p(x) := x3 − x2 − x + 1 are
1,−1,−1, 1, so there are two sign changes, and consequently p(x) has 2 or 0
positive roots. In addition, the nonzero coefficients of p(−x) = −x3−x2+x+1
are −1,−1, 1, 1, so there is one sign change, hence p(x) has one negative root.
In fact, p(x) = (x+1)(x−1)2, so p(x) has two positive roots and one negative
root.

For a proof, see Albert (1943).
We turn next to the cubic formula, which was first published by Girolamo

Cardano [1501–1576] (1545, 1968) and is often called Cardano’s formula. It
is needed in Problems 7.12 and 13.5. Given a cubic equation

a3z
3 + a2z

2 + a1z + a0 = 0, (A.3)

we can assume without loss of generality that a3 = 1.

Theorem A.1.5. The three roots z1, z2, z3 of the cubic equation (A.3) with
real coefficients and a3 = 1 can be described as follows. Let

p := a1 −
a2
2

3
, q := −a0 +

a1a2

3
− 2a3

2

27
, D :=

p3

27
+

q2

4
, (A.4)

and define

P := 3
√

1
2q +

√
D, Q := 3

√
1
2q −

√
D. (A.5)

Then

z1 = P + Q − a2

3
, (A.6)

z2 = ωP + ω2Q − a2

3
, (A.7)

z3 = ω2P + ωQ − a2

3
, (A.8)
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where ω := e2πi/3 = −1
2 + 1

2

√
3 i is a cube root of unity, as is ω2 = e4πi/3 =

ω̄ = −1
2 − 1

2

√
3 i.

Remark. The definitions (A.5) are slightly ambiguous because of the non-
uniqueness of the cube roots. [If (P,Q) is replaced in the definitions of z1,
z2, and z3 by (ωP, ω2Q) or by (ω2P, ωQ), then z1, z2, and z3 are simply
permuted.] If D > 0, then P and Q can be taken to be real and distinct, in
which case z1 is real and z2 and z3 are complex conjugates; in particular, z1,
z2, and z3 are distinct. If D = 0, then P and Q can be taken to be real and
equal, in which case z1, z2, and z3 are real and z2 = z3. If D < 0, then we
can take Q = P̄ , in which case z1, z2, and z3 are real and distinct. In fact,
writing 1

2q +
√
−D i = reiθ, we can take P = r1/3eiθ/3, Q = P̄ , and

z1 = 2r1/3 cos(θ/3) − a2

3
, (A.9)

z2 = 2r1/3 cos((θ + 2π)/3) − a2

3
, (A.10)

z3 = 2r1/3 cos((θ + 4π)/3) − a2

3
. (A.11)

Note that r1/3 =
√
−p/3 and θ = cos−1(1

2q/
√

−p3/27).
For a proof, see Mac Lane and Birkhoff (1988, pp. 437–438).

A.2 Analysis and Probability

We need several results about interchanging limits, sums, integrals, and ex-
pectations. They can be stated more elegantly using measure theory because
sums and expectations are special cases of abstract Lebesgue integrals, but
we want to keep the presentation as elementary as possible. The results are
due primarily to Henri Lebesgue [1875–1941]. The reader is referred to Rudin
(1987, Chapter 1) for proofs.

We also need to define the expectation of a random variable X that is not
necessarily discrete. If X ≥ 0, then

E[X] :=
∫ ∞

0

P(X ≥ t) dt (A.12)

works, where the right side is an improper Riemann integral. If X is arbitrary,
then we can write X = X+ −X− and define E[X] := E[X+]−E[X−] as long
as both expectations are finite. These definitions are consistent with the ones
already given for discrete random variables (see Problem 1.32) and suffice for
our purposes.

We begin with the bounded convergence theorem, needed in Example
1.5.10.
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Theorem A.2.1. Let X1, X2, . . . be a sequence of discrete random variables
that converges a.s. to the random variable X. Assume the existence of a
positive constant M such that |Xn| ≤ M for all n ≥ 1. Then limn→∞ E[Xn] =
E[X].

The point is that we can interchange the limit and the expectation pro-
vided only that the sequence of random variables is uniformly bounded.

Next is Fatou’s lemma, named for Pierre Fatou [1878–1929] and needed in
the proofs of Theorems 3.2.2, 3.3.2, and 4.3.3.

Lemma A.2.2. Let X1, X2, . . . be a sequence of nonnegative discrete random
variables. Then E[lim infn→∞ Xn] ≤ lim infn→∞ E[Xn].

This leads to the monotone convergence theorem, needed in the proofs of
Corollaries 7.1.6 and 7.1.8 and Theorem 8.2.4.

Theorem A.2.3. Let X1, X2, . . . be a sequence of nonnegative discrete ran-
dom variables such that 0 ≤ X1 ≤ X2 ≤ · · · , and let X = limn→∞ Xn. Then
limn→∞ E[Xn] = E[X].

This theorem gives the same conclusion as Theorem A.2.1 but with a
monotonicity assumption instead of a uniform boundedness assumption. It
yields the following corollary, needed in the proofs of Theorems 3.2.2 and
4.2.1.

Corollary A.2.4. Let X1, X2, . . . be a sequence of nonnegative discrete ran-
dom variables. Then

E
[ ∞∑

n=1

Xn

]
=

∞∑
n=1

E[Xn]. (A.13)

Finally, the dominated convergence theorem generalizes the bounded con-
vergence theorem. It is needed in the proofs of Theorems 2.1.3, 3.2.2, 4.3.2,
4.3.3, 4.4.2, 6.1.1, and 6.3.4.

Theorem A.2.5. Let X1, X2, . . . be a sequence of discrete random variables
that converges a.s. to the random variable X. Assume the existence of a
random variable Y such that |Xn| ≤ Y for all n ≥ 1 and E[Y ] < ∞. Then
limn→∞ E[Xn] = E[X].

The dominated convergence theorem yields the following corollary, needed
in Problem 3.6.

Corollary A.2.6. Let X1, X2, . . . be a sequence of discrete random variables
such that

∞∑
n=1

E
[
|Xn|

]
< ∞. (A.14)

Then

E
[ ∞∑

n=1

Xn

]
=

∞∑
n=1

E[Xn]. (A.15)
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We also state versions of the monotone and dominated convergence theo-
rems for Riemann integrals, needed in Problems 1.32 and 1.58.

Theorem A.2.7. Let f1, f2, . . . be a sequence of Riemann integrable func-
tions on an interval I such that 0 ≤ f1 ≤ f2 ≤ · · · , and put f := limn→∞ fn.
Assume that f is Riemann integrable on I. Then limn→∞

∫
I
fn(x) dx =∫

I
f(x) dx.

Theorem A.2.8. Let f1, f2, . . . be a sequence of Riemann integrable func-
tions on an interval I that converges pointwise to the Riemann integrable
function f on I. Assume the existence of a Riemann integrable function
g on I such that |fn| ≤ g for all n ≥ 1 and

∫
I
g(x) dx < ∞. Then

limn→∞
∫

I
fn(x) dx =

∫
I
f(x) dx.

The Karush–Kuhn–Tucker theorem extends the method of Lagrange multi-
pliers to optimization problems with inequality constraints as well as equality
constraints. It was first proved by William Karush [1917–1997] (1939) in a
masters thesis. It was rediscovered by Harold W. Kuhn [1925–] and A. W.
Tucker [1905–1995] (1951) and is often called the Kuhn–Tucker theorem. We
need it in Example 10.2.3.

Theorem A.2.9. Let f : Rn 
→ R, gi : Rn 
→ R for i = 1, . . . , k, and
hj : Rn 
→ R for j = 1, . . . , l. Consider the problem of maximizing f(x),
subject to the constraints

gi(x) ≥ 0, i = 1, . . . , k, hj(x) = 0, j = 1, . . . , l. (A.16)

Suppose that f , gi, and hj are continuously differentiable at x∗ for i =
1, . . . , k and j = 1, . . . , l, and that x∗ is a local maximizer of f satisfying
the constraints. Assume that ∇gi(x∗) (i ∈ {1, . . . , k} for which gi(x∗) = 0)
and ∇hj(x∗) (j = 1, . . . , l) are linearly independent.

Then there exist constants (Lagrange multipliers) κi ≥ 0 (i = 1, . . . , k)
and λj real (j = 1, . . . , l) such that

∇f(x∗) +
k∑

i=1

κi∇gi(x∗) +
l∑

j=1

λj∇hj(x∗) = 0, (A.17)

(A.16) holds at x = x∗, and κigi(x∗) = 0 for i = 1, . . . , k.

For a proof, see Fletcher (2000, Theorem 9.1.1). The linear independence
condition in the theorem is called a constraint qualification.

We need the negative binomial series in the definition of the negative
binomial distribution in Section 1.3 and in Example 1.4.23. The proof is a
straightforward calculus problem.

Theorem A.2.10. For all complex z with |z| < 1 and every positive inte-
ger n,
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(1 − z)−n =
∞∑

k=0

(
k + n − 1

n − 1

)
zk. (A.18)

The relationship between infinite products and infinite series is needed in
Example 8.1.6.

Theorem A.2.11. Let 0 < pn < 1 for each n ≥ 1. Then

∞∏
n=1

(1 − pn) > 0 if and only if
∞∑

n=1

pn < ∞. (A.19)

Notice, for example, that neither condition holds when pn = 1/(n + 1) for
all n ≥ 1. For a proof, see Rudin (1987, p. 300).

In Section 10.3 we need the following result about the median of the bi-
nomial distribution.

Theorem A.2.12. Let n be a positive integer and let 0 < p < 1. Then

median(binomial(n, p)) ∈ (np − ln 2, np + ln 2). (A.20)

The result is due to Edelman (c. 1979) and Hamza (1995).
The central limit theorem for samples from a finite population is needed

in Section 11.3.

Theorem A.2.13. For each N ≥ 2, let (XN,1, XN,2, . . . , XN,N ) have the dis-
crete uniform distribution over all N ! permutations of the N (not necessarily
distinct but not all equal) numbers xN,1, xN,2, . . . , xN,N , and define

μN := E[XN,1] =
1
N

N∑
j=1

xN,j (A.21)

and

σ2
N := Var(XN,1) =

1
N

N∑
j=1

(xN,j − μN )2. (A.22)

Assume that

max
1≤j≤N

|xN,j − μN |√
Nσ2

N

→ 0 (A.23)

as N → ∞. Then, with SN,n := XN,1 + · · · + XN,n, we have

SN,n − nμN√
nσ2

N (N − n)/(N − 1)
d→ N(0, 1), (A.24)

provided n, N → ∞ in such a way that n/N → α ∈ (0, 1).

Notice that this generalizes Theorem 1.5.14. One of the first results of this
type was proved by Erdős and Rényi (1959); see Billingsley (1968, pp. 208–
212) for a generalization.
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et expérimentés avec explications nombreuses et détaillées de différentes attaques, et
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Bernstein, S. N. (1926). Sur l’extension du théorème limite du calcul des probabilités aux
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Borel, Émile (1909). Les probabilités dénombrables et leur applications arithmétiques.

Rendiconti del Circolo Matematico di Palermo 27 247–271. {70, 71, 73}
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Art de gagner à tous les jeux, L’

(Robert-Houdin) 72
Asbury, Herbert [1891–1963] 517, 589,

590, 593, 677, 731, 732
Ashton, John [1834–1911] 478

Assaf, Sami H. 425

S.N. Ethier, The Doctrine of Chances, Probability and its Applications,
DOI 10.1007/978-3-540-78783-9, © Springer-Verlag Berlin Heidelberg 2010

783

http://dx.doi.org/10.1007/978-3-540-78783-9


784 Index

Athreya, Krishna B. [1939–] 117
axioms of probability 12

B
B., Jeff (Math Boy) 274
Babbage, Charles [1791–1871] 309, 311,

312, 315
baccara chemin de fer see chemin de fer

baccara en banque 613–615, 617, 620
baccarat 597–621

analysis of a banker decision 608
banker 597

banker’s advantage 601
breakdown 606

card counting
accuracy 612

additivity of EoRs 612
balanced level-two system 607

effects of removal 607
natural 8 and natural 9 bets 612

player/banker bet comparison 610
profit potential 609

six-card residual subsets 611–612
Tamburin–Rahm count 612

tie bet 607, 612
commission, elimination of 611
conditional expectation given first two

cards 609
correlation between successive coups

612–613
distinguishable coups 52

draw/stand rules 598
history 613–621

house advantage 601, 605
as a function of d 611

exact 610
joint distribution, player/banker totals

599–601
with replacement 603

without replacement 602
natural 597

number of cards in a coup 610
player 597

player/banker mean totals 609
probabilities

with replacement 599
without replacement 598–599

surrender 609–610
tie bet 598, 614

vs. chemin de fer 184
Bachelier, Louis [1870–1946] vi, 94, 114,

116, 117

backdoor flush 725
backgammon, simplified 156–157

Badoureau, Albert [1853–1923] 618
Bahama Baccarat 611, 621

Balakrishnan, Narayanaswamy 73
balanced card-counting system 418

Baldwin, Roger R. [1929–] 671, 678, 681,
685, 687

balla 92
ballot theorem 315

Bally Manufacturing Corporation 457,
570

Bally 1969 slot machine
covariances between paylines 452

gambler’s ruin probabilities 450
mean payout 434

pay table 434
payout analysis 434

payout distribution 443
prediction intervals 449

reel-strip labels 435
symbol-inventory table 435

variance of payout 444
Bally “In the Money”

bonus-feature pay table 437
gambler’s ruin probabilities 450

mean payout 440
pay table 437
payout analysis 439

payout distribution 447
prediction intervals 449

reel-strip labels 438
symbol-inventory table 438

variance of payout 446, 453
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313

Lacroix, Sylvestre François [1765–1843]
311

Lafaye, P. 619
Lafrogne, Amiral 619

Lagrange, Joseph-Louis [1736–1813] v,
272, 273

Lai, Chin Diew 522
Lamazière, Georges de 618

Lambert, George 519
lansquenet 590

Laplace, Pierre-Simon [1749–1827] 14, 59,
67, 68, 71, 73, 272

large deviations 228, 239, 384
Latané, Henry Allen [1907–1984] 389
Late Night Poker (television) 737

late surrender 675, 683
Laun [Delauney, Julien-Félix, 1848–c. 1898]

618
Laurent, Hermann [1841–1908] 498

law of total probability see conditioning
law

Lawler, Gregory F. [1955–] 157, 424, 425
lay bets 513

le her 162–166, 182–183
history 197–198

payoff matrix 165
derivation 163–164

reduction by dominance 164–166, 194
rules 162–163

solution of the game 182–183
with d denominations and s suits 195

with n decks 195
Le Myre, Georges 619

Lebesgue, Henri [1875–1941] 747
Lee, Jiyeon 158, 460

left-right ticket 493
Leib, John E. 390

Leibniz, Gottfried Wilhelm von
[1646–1716] 65

Leigh, Norman 315, 316

Leiter, Felix [fictional] 738, 739
lemma of the alternative 178

Lemmel, Maurice 237, 481, 593, 595
lemon 457

Lenoir [fictional] 623
Let It Ride 211–214, 525–533

a cautious strategy 540
alternative optimal strategy 533

basic bet 525
bonus side bet 525, 539

correlations between bets 540
distribution of profit 540

equivalence
three-card hands 213

four-card hands 213
first bet 212, 526

analysis 526
mean profit 527

four-card strategy 530, 532
alternative 533

house advantage 528
joint probabilities 539–540

number of ways 544
optimal strategy 532

patent 543
previous analyses 543

second bet 212, 526
analysis 527, 529
mean profit 528

third bet 212, 526
analysis 530, 531

mean profit 528
three-card strategy 530, 532

alternative 533
Let’s Make a Deal (television) 56

Leung, Cheung 496
level-k card-counting system 419

Levental, Shlomo 273
Levien, David 737

Levin, David A. [1971–] viii, 425, 637,
638, 640
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Parrondo’s paradox 155, 157

partager 463
Pascal, Blaise [1623–1662] v, 64–66, 68,

69, 76, 92–94, 271, 477
Pascal’s triangle 4, 5, 65, 92, 307

Pascual, Michael J. 482
pass-come system 514

pass-line bet 17, 502
patent 94, 456, 593

Bahama Baccarat 621

fair craps 72
Fire Bet 523

Let It Ride 543
No-Crap Craps 524

Orenstein patent 737
Telnaes patent 458

Three Card Poker 543
Pawlicki, Christopher see Sharpshooter

Paymar, Dan 570, 571
payoff matrix 160

PC (percentage) 236
Pearson, Karl [1857–1936] 69, 481

Peau de chagrin, La (Balzac) 355
Peel, Walter H. see Baxter-Wray

penalty card 549, 560
Pendennis, Arthur [fictional] v, 3, 119

Pendergrass, Marcus 356
Penney, Walter 117

Penney ante 113, 117
Pepys, Samuel [1633–1703] 23, 68, 69

Percy, George 571, 743
perfect riffle shuffle 392

period 421, 425
period

Markov chain 137

perfect riffle shuffle 421, 425
state 137
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Perlman, Michael D. 94
permutation 127, 391

permutations, number of 4, 5, 65
persistent gambling 301–302

Persius, Charles [Dunne, Charles] 312
Petriv, Mike 741, 743

Peverone, Giovanni Francesco 92
pharaon 590

physical stop 436, 453
Pigeon, Mr. [fictional] 275

Pitt, David G. W. 72
place bets 513

place bets to lose 513
player

baccarat 597
chemin de fer 167

Player, A. T. 313, 314, 316, 641
Playing Blackjack as a Business (Revere)

683
pocket pair 704

Poe, Edgar Allan [1809–1849] 67
point 17, 502

made or missed 502
point numbers 123, 502

point roll 503
Poisson distribution 23, 68

mean and variance 58

used 25, 62, 64, 90
Poisson, Siméon-Denis [1781–1840] vi, 68,

70, 71, 92, 236, 237, 623, 636, 639,
640, 642

poker 689–744
aggressive player 723

all in 690, 691
ante 690

blind bet 690
bring-in 690

bug 691, 725–726
button 690

call 690
check 689

check-raise 690
color poker 727–728

dead-man’s hand 26, 69
denomination multiplicity vector 7

deuce-to-seven lowball 692
endgame, basic

one betting round 694–697
two betting rounds 697–699

n betting rounds 699–704
pot-limit betting 727
saddle points 727

three-card deck 727
equivalence classes of hands 53

famous hands
Bond vs. Le Chiffre 738

Brunson vs. Ungar 693–694
Hickok vs. McCall 69

Kid vs. Lancey 738
Moss vs. Greek 736

five-card draw 17–18, 407, 691
five-card stud 407, 691, 726, 733, 734

flush 7
four-card 17–18

flush draw 693
fold 690

fold or raise all in 728
four of a kind 7

full house 7
hand frequencies

five-card 8, 66
seven-card 54, 72

high-low poker 692
history 731–744

HORSE (hold’em, Omaha, razz, stud,
eight or better) 692

in sequence 7
Kansas City lowball 692

Kuhn’s poker model 727, 741, 743
loose player 723
lowball draw 692, 726

median hand
five-card 53

seven-card 54
Montmort’s formula 7, 56

no pair 7, 53
no-limit 690

Omaha hold’em 692, 726
one pair 7

out 704
poker probabilities 407–408

pot 689
pot odds 692

calculation, a 725
effective odds 693

implied odds 693
reverse implied odds 694

with ties 725
pot-limit 690

raise 690
rake 691

ranking of hands
between categories 6

history 731, 732
within categories 53

razz 692, 726

round-the-corner straight 54, 71
royal flush 7
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sandbag 690
seven-card stud 691

showdown 690
straight 7

straight flush 7
structured-limit 690

table stakes 690
Texas hold’em see under Texas

hold’em
three of a kind 7

two pair 7
wheel 692

World Series of Poker 692, 693, 734,
735, 737, 738

“Poker Alice” see Ivers, Alice
poker dice 54, 72

Poker: A Guaranteed Income for Life
(Wallace) 741

Pole, William [1814–1900] 739
Pollard, Harry [1919–1985] 157

Polovtsoff, General Pierre [1872–1965]
641

Pólya, Georg [1887–1985] 71, 157
Ponssard, Jean-Pierre [1946–] 743

Ponzer, Fred 316, 524
Ponzer system 311, 316, 516, 524
Port, Sidney C. 745

posterior probabilities 20, 56, 68, 473,
695, 697, 721, 722

pot 689
pot odds 692

pot-limit 690
Poundstone, William 197, 388, 389, 678

Practical Equipment (Wells) 677
Pratt, John W. 198

Preston, Thomas “Amarillo Slim” [1928–]
734, 736

primitive casino 338
Prince of Wales see Edward VII

prior probabilities 20, 56, 473, 721, 722
prison, en 463

classical rule 479
distribution of release time 463,

474–475
preferred rule 480

probability of eventual release 463
trente et quarante 624, 636

variations 476
probability

axiomatic approach 12
discrete approach 3
equally likely outcomes 3, 64

probability generating function 38, 70,
260

used 38, 39, 61, 246, 270, 505, 510, 513,
515

probability of causes 68
problem of points 64, 68, 69, 76–77

history 92–94
three players 88

Proceedings of the National Academy of
Sciences (periodical) 678

Proctor, Richard A. [1837–1888] 312, 740
Prodinger, Helmut 425

Professional Blackjack (Wong) 683
property C 115

property E 115
proportional play 46

central limit theorem 51–52
fair game 386

subfair game 386
proration 487

Pruitt, William E. [1919–1993] 356
punto banco see baccarat

pure strategy 174
Purvis, Neal [1961–] 738

Pushkin, Aleksandr [1799–1837] 592
put bets 513

Puza, Borek D. 72

Q
quantile 471
quantile, standard-normal 51

used 361, 448, 471
“Queen of Spades, The” (Pushkin) 592

Quinn, John Philip [1846–1916] 479, 497,
520, 591

quinze 676
quit when ahead 111

R
race 483
race horse keno 497

Rahm, Dick 621
raise 690

rake 691
Raleigh, Lord [Strutt, John, 1842–1919]

116
Rambler (periodical) 739, 740

random-number generator 430, 458
random-selection theorem 300–301

random variable
discrete vii, 3, 21

nondiscrete vii, 107, 747
S-valued 91, 119
vs. chance variable 68

random vector, discrete 25
random walk
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in Z+ 153–154
simple in Z 120

simple symmetric in Z and Z2 152
simple symmetric in Zd 130–131

Rapoport, Roger 683
“Ratiociniis in ludo aleae, De” (Huygens)

v, viii
Rawson, Clayton [1906–1971] 524, 680

Raymond 72
razz 692, 726

Reback, Storms 734–736
rebated loss 33–34, 69

recurrence
criterion 152

null 141
of a Markov chain 129

of a state 128, 129
positive 141

criterion 153
vs. persistence 157

red-and-black 317
optimality in fair case 351

red-and-black-and-green with partager
351–352, 475

red dog 83–85, 232, 236
history 94
spread 83

Red row 402, 623
Redd, William “Si” [1911–2003] 570

Reed, Bruce A. 315
Reeds, Jim 424

refait 624
probability 628, 640

regression coefficient 418
Reizakis, Marina viii

Renaudet, Benjamin 619
rencontre 14, 55, 62, 66, 67

history 66–67, 72, 73
renewal sequence 156

renewal theorem 146, 157
age process 146

cited 149, 150, 156, 610, 634
elementary 47–48

cited 141, 146, 149
residual-lifetime process 147

total-lifetime process 147
Rényi, Alfréd [1921–1970] 750

Renzoni, Frances “Tommy” 614
residual-lifetime process 147

Revere, Lawrence 681, 683
reverse implied odds 694
reverse Labouchere system 308, 315

reverse martingale system 306, 312
reversibility 143

Richardson, Philip Wigham [1865–1953]
316, 479

Riddle, Major A. 595
rising sequence 395

Risk and Reward (Werthamer) 683
risk aversion 190

Arrow–Pratt measure of 192, 198
river (Texas hold’em) 691

origin of the term 735
Rivlin, Gary 457, 459

Robbins, Herbert [1915–2001] 73
Robert-Houdin, Jean Eugène [1805–1871]

72
Roberts, Bryan “Sailor” [1931–1995] 734

Robinson, Edward G. [1893–1973] 738
Robison, John 458

Rogêt, Marie [fictional] 67
Roginski, Thomas C. 686

roly poly 478
ronfle 614

Rook, Captain [fictional] 275
Rosenhouse, Jason 72

Rosenthal, Jeffrey S. [1967–] 425
Ross, Alan S. C. [1907–1980] 479

Ross, Andrew M. 158
Ross, Sheldon M. 94, 117, 356, 425, 523
rouge et noir see trente et quarante

Rouge et Noir [Heckethorn, Charles
William, c. 1826–1902] 313

roulet 478
roulette 461–482

24-number bet 481
37-across-the-board 221

arbitrary composite bet 232
Bayes estimation strategy 472–474

bold play 340–341
colors of numbers 462

correlations between bets 475
dubious systems 466–467, 476

ending a session ahead 234
expected utility 186

favorable number 472
gambler’s ruin formula 468–469

partager 475
history 477–481

biased roulette 482
insurance 476

Kelly system 370–372, 388, 472
layout 462

m-number bet 202, 226–227, 230
majorized wagers 349
occupancy problem 90

optimal strategy 352–354
partager 463
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payoff odds 461
permitted bets 462, 464

prison, en 463, 476
roulette wheel 461

simple chances 463
single-zero wheel 479

spin 462
surrender 463, 479

testing for favorable numbers 469–472
unbeatability 467–468

round-the-corner straight 54, 71
Rounders (film) 737

Rouse, William 519
Roxbury, L. E. 316

royal flush 7
Rudin, Walter [1921–] 747, 750

running count 409
Russell, Jere 571

S
saddle point 160
Sagan, Hans [1928–2000] 479, 482

St. Petersburg paradox 31, 48, 59, 62, 69,
71, 73, 198, 389

St. Pierre et le jongleur 311
sample space 3
sampling problem 86–87

Samuel-Cahn, Ester [1933–] 157
Samuels, Stephen M. 274

Samuelson, Paul A. [1915–2009] 71, 389
sandbag 690

Sanders, J. E. 522
SAS Institute, Inc. 684

Sassi, Enrico 641
Sasuly, Richard [1913–] 590

Saul, David L. 460
Saunderson, Nicholas [1682–1739] 68

Sauveur, Joseph [1653–1716] 236, 590
Savage, Leonard J. [1917–1971] v, vi, 239,

315, 355, 356, 389
say red 423, 425

scale invariance 262, 270
Scarne, John [1903–1985] 66, 68, 71, 72,

236, 239, 481, 500, 520, 521, 524, 592,
619, 620, 639, 677, 679, 680, 685

Scarne’s Complete Guide to Gambling
(Scarne) 679

Scarne’s Guide to Casino Gambling
(Scarne) 680

Schaffer, Allan 680
Schenck, Robert C. [1809–1890] 732, 740
Schlesinger, Don [1946–] viii, 239,

682–684, 686, 687
Schneider, Ivo [1938–] 92

Schneir, Leonard 732
Schwartz, David G. [1973–] 316

Schwarz, Hermann A. [1843–1921] 69, 70
Schweinsberg, Jason 356

scissors-paper-stone 160
Scoblete, Frank [1947–] 239, 521, 523, 524

SCORE (standardized comparison of risk
and expectation) 239

Scruggs, W. Todd 570, 571
Scrutator 639

Selvin, Steve 72
Seneta, Eugene [1941–] 70

separating hyperplanes lemma 197
sequential analysis 117

sette e mezzo 676
setter 518

seven 674–675
seven out 104, 505

seven-card stud 691
Shackleford, Michael W. [1965–] viii, 237,

238, 459, 460, 500, 523, 542, 683, 743
Shafer, Glenn [1946–] 311

Shakespeare, William [1564–1616] 676
Sham [Shampaign, Charles E., 1872–1950]

237, 524
Shampaign, Charles E. see Sham
Shang ts’oi tsit king (author unknown)

500
Shankland, Peter [1901–1995] 616

Shannon, Claude E. [1916–2001] 116, 389,
424, 678, 681

Sharpshooter [Pawlicki, Christopher] 521
Shepp, Larry [1936–] viii, 356

shifted geometric distribution 22
used 143, 236

shifted negative binomial distribution 22
shooter’s hand see under craps

showdown 690
shuffle 127

a-break-and-interlace 394
a-shuffle 393

as a permutation 392
binomial riffle shuffle 392

faro shuffle 592
inverse a-shuffle 394

multinomial a-shuffle 393, 421
perfect riffle shuffle 392, 421, 425

successive independent multinomial
shuffles 393

top-to-random 145
Shuffle Master, Inc. 425, 543
shuffling 391–400

birthday bound 424
distance to uniformity
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formula 398
numerical results for 52 cards 399

one card seen 422
one shuffle 422

equivalence of interlacing assumptions
421

Eulerian numbers 397
Eulerian triangle 397

history 424–425
Markov chain 126–127, 144–145

number of permutations with r rising
sequences 397

rising sequence 395
total-variation distance 398

Sibwright, Percy [fictional] 75
sic bo 57, 73

Sicherman, George 73
Sicherman dice 61

Siegrist, Kyle 355, 356
Sifakis, Carl 479, 614

Sigler, Laurence E. 312
σ-algebra 66

Silberer, Victor [1846–1924] 479, 481,
639, 642

silent duel 197
Sileo, Patrick W. 239
Simons, Gordon D., Jr. 71

Simpson, John A. [1953–] 236, 311, 498,
517, 613

Simpson, Thomas [1710–1761] 70, 73
Singh, Parmanand 313

single-checker model 156
Singsen, Michael Pierce 733

SIRCOMA (Si Redd’s Coin Machines)
570

Sklansky, David [1947–] 72, 620, 621, 687,
741–744

Sklansky–Chubukov number 730, 742
slot machine 429–460

definition 429, 459
electro-mechanical 457

electronic 458
EPROM (erasable programmable

read-only memory) 430
history 455–459

par sheet 459
physical vs. virtual stops 436, 453

prediction interval 448
random-number generator 430

stepper motor 430
Telnaes patent 458
TITO (ticket-in/ticket-out) 430

video slot machine 459
volatility index 448

slot machines
Bally 1969 machine see under Bally

Bally “In the Money” see under Bally
early poker machine 455

Fey “Liberty Bell” see under Fey
IGT 1990s machine 452

IGT “Megabucks” 458
IGT “Red, White, and Blue” 452–453

Mills 1949 machine see under Mills
Mills “Futurity” 453–455

Pace 25-stop machine 450–451
Pace four-reel machine 451

Slutsky, Evgeny E. [1880–1948] 73
Smith, Armand V., Jr. 94, 522

Smith, Benjamin F. “System Smitty” 680
Smith, Gerald John 356

Smith, John 23, 68
Smith’s problem, John 23, 63, 68

Snell, J. Laurie [1925–] v, 68, 72, 115,
157, 198, 619

Snobs of England, The (Thackeray) 745
Snyder, Arnold [1948–] viii, 676, 680, 683,

686
Sobel, Milton [1919–2002] 425

soda 573, 593
Sodano, John 73
soft total 8, 644

solution of a game 177
Sorokin, Evgeny 274

Soundararajan, Kannan 425
Spanier, David [1932–2000] 481, 679, 738

spin 462
Spirit of the Times (periodical) 739

split
blackjack 644

faro 574
spread (red dog) 83

St. Clair-Erskine, Alexander Fitzroy
[1870–1914] 316

St. Clair-Erskine, James Francis Harry
[Fifth Earl of Rosslyn, 1869–1939]

316
Stamos, George viii, 459

stand (blackjack) 644
standard deviation 31, 69

standard-normal cumulative distribution
function xiv, 42

tail bounds 63
standard-normal quantile 51

used 361, 448, 471
Stasi, Perry B. 523
stationary distribution 137

Steinmetz, Andrew 72, 521
Stelzer, Michael A. 543
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stepper motor 430
Stern, Frederick 272

Stewart, Janice [fictional] 499
Stewart, Peter 522

Stigler, Stephen M. [1941–] 64, 68, 69, 481
Stinespring, W. Forrest 356

Stirling, James [1692–1770] 71
Stirling’s formula 48, 71

cited 48, 73, 130, 131
proof 64

Stirzaker, David R. 66, 73, 117, 157, 315
stochastic inequality 233

Stochastic Processes (Doob) 68
Stone, Charles J. 745

stopping time 91, 98
straight 7

straight flush 7
Stratton, David 425, 543

Straus, Jack “Treetop” [1930–1988] 734,
735

strict convexity and concavity 37
strict dominance 160, 161, 179, 195

strong law of large numbers 43, 71
cited 44–47, 114, 200, 223, 225, 359,

364
structured-limit 690
Struyck, Nicolaas [1687–1769] 271

Stuart, Lyle [1922–2006] 614
Stupak, Bob [1942–] 356, 500, 524

Suau de Varennes, Édouard 316
subadditive 342

subfair wager 30
subharmonic function 152

submartingale 96
nonadapted 105

success runs 40–42, 70, 151
Sudderth, William D. [1940–] 355, 356

suit 7
Summa de arithmetica (Pacioli) 92

super pan nine 196
Super System: A Course in Power Poker

(Brunson) 741
superadditive 342

superfair wager 30
superharmonic function 152

supermartingale 96
nonadapted 105

supporting hyperplanes lemma 177
surrender

baccarat 609–610
blackjack see late surrender
roulette 463, 479

symmetric dice game 196
symmetric game 162, 180

“System Smitty” see Smith, Benjamin F.
Szabo, Alöıs [1898–1968] 316

Székely, Gábor J. [1951–] 425

T
table stakes 690
Takács, Lajos [1924–] 70, 93, 273, 315

Takahasi, Koiti 71
Tamburin, Henry J. [1944–] 621

Taming of the Shrew, The (Shakespeare)
676

Tartaglia, Nicolo Fontana [1500–1557] 65,
92

Tavaré, Simon 390

Taylor, Mr. 590
Telnaes, Inge S. 458

Ten Days at Monte Carlo at the Bank’s
Expense (Bethell) 315

10n et 10(n + 1) 149–150
tennis 267

Texas hold’em 691
A-K suited vs. pocket 8s 717

A-K suited vs. random hand 718
A♠-3♣ vs. A♦-2♦ 729–730

A♠-K♠ vs. 8♥-8♦ 707–715
A♠-K♠ vs. 8♠-8♥ 716–717

application of Bayes’s law 721–722
first example 722–723

second example 723–725
backdoor flush 725

best and worst matchups 730
best and worst vs. A-A 730

board 691
boards that allow flushes 729

distribution of aces 729
duplicate pocket pairs 729

equivalence
initial hands 704
unordered pairs of initial hands 715

fair matchups 730
flop 691

flop probabilities
paired hole cards 706–707

suited connectors 728
suited hole cards 707

unpaired hole cards 705–706
unsuited connectors 728

flops with overcards 729
history 734–737

hole cards 691
initial-hand terminology 716

making hands by turn and river 728
nontransitivity of initial hands 730

odds, one or two cards to come 705
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opposing ace, an 729
ordered pairs of equiv. classes 719

out 704
overcard 729

pocket pair 704
probability of a better ace 729

ranking initial hands
heads-up play 720

multiple opponents 718, 721
river 691

set 706
Sklansky–Chubukov number 730, 742

turn 691
under the gun 691

Thackeray, William Makepeace [1811–1863]
v, 3, 75, 95, 119, 159, 199, 241, 275,

277, 316, 317, 357, 391, 429, 461, 479,
483, 501, 518, 525, 545, 573, 597, 623,

643, 677, 689, 745
Thackeray, William Makepeace, works of

Adventures of Philip, The 501
“Captain Rook and Mr. Pigeon” 275

Catherine: A Story 391
History of Henry Esmond, The 199

History of Pendennis, The v, 3, 119
Kickleburys on the Rhine, The 316,

461, 623

Luck of Barry Lyndon, The 317, 573,
597, 689

Newcomes, The 75, 95, 357
Snobs of England, The 745

Vanity Fair 241, 429, 483
Virginians, The 545, 643

Wolves and the Lamb, The 525
Yellowplush Correspondence, The 159

Thackrey, Ted, Jr. [1918–2001] 595
Théorie mathématique du jeu de baccarat

(Dormoy) 618
Theory of Blackjack, The (Griffin) 683

Theory of Gambling and Statistical Logic,
The (Epstein) vii, 683

Theory of Games and Economic Behavior
(von Neumann & Morgenstern) 197,

740
Theory of Poker, The (Sklansky) 741

Thirteen Against the Bank (Leigh) 315
32-across-the-board 222–224

37-across-the-board 221
Thorold, Algar Labouchere [1866–1936]

313
Thorp, Edward O. [1932–] vi, viii, 66, 68,

71, 72, 198, 237, 356, 389, 390, 425,

573, 594, 595, 620, 621, 623, 640–643,
678–683, 685–687

“Thousand Character Classic, The”
(Chou) 497

Three Card Poker 209–211, 534–538
ante bonus 210, 534

ante wager 210, 534
ante-play wager 534

bluffing vs. folding 540
conditional expected profit 539

dealer qualification 210, 534
distribution of profit 541

equivalence 211, 536
number of classes 538

house advantage
ante-play wager 538

pair-plus wager 540
mimic the dealer 540

nonmonotonicity of conditional mean
541

number of ways 544
pair-plus wager 534, 540

patent 543
play wager 210

previous analyses 543
probability of a push 541

Q-6-4 analysis 535–536
ranking of hands 534

three of a kind 7

3-4-5-times free odds 44–45, 205–206
tie bet

baccarat 598, 614
Casino War 424

Tierney, John [1953–] 72
Time (periodical) 524

time homogeneity 120
timid play at red-and-black 354

Tinker, Edward Larocque [1881–1968]
519, 520

TITO (ticket-in/ticket-out) 430
Todhunter, Isaac [1820–1884] viii, 64, 65,

69, 70, 72, 198, 271–273, 593, 594,
638, 639

Tolstoy, Leo [1828–1910] 592
Tomkins, David D. 390

top-bottom ticket 493
top-to-random shuffle 145

Topsy-Turvy (Verne) 618
total-lifetime process 147

total-ordering axiom 187
total-variation distance 398

Toti Rigatelli, Laura [1941–] 92
Traité de l’équilibre (d’Alembert) 315
Traité du triangle arithmétique (Pascal)

65, 92
transience
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criterion 152
of a Markov chain 129

of a state 128
transition matrix

one-step 119
m-step 124

doubly stochastic 127, 144
treize 66

trente et quarante 623–642
Black row 402, 623

card counting
accuracy 637

balanced level-one system 633, 641
effects of removal 630–631

eight-card residual subset, an 637
end play 637, 642

profit potential 634
color and inverse bets 422, 624

correlation between red and black bets
637

correlation between Red and Black
totals 636

en prison 624, 636
generalized 149–150

history 637–642
house advantage 628
insurance 624, 636

losing row 624
number of coups in a shoe 634

partitions, list of 625
Poisson’s formula 636, 639

quarter-deck game 637
red and black bets 624

Red row 402, 623
refait 624

probability 628, 640
row-length distribution

with replacement 635
without replacement 626, 627

row-lengths joint distribution 627
row-total distribution

with replacement 634–635
without replacement 625, 626,

635–636
row-total/length joint distribution

with replacement 635
without replacement 636

row-totals joint distribution 402–403,
626, 629

sum-of-row-lengths distribution 630
trente-et-quarante sequence 624
number 624, 634

winning row 623
Trente et Quarante (About) 638

trente-et-un 638, 676
Trésor de la langue française (Imbs) 115,

613
tridiagonal linear system 267

true count 409, 418
Truman, Harry S. [1884–1972] 733

Trump, Donald [1946–] 680
Trumps 639, 732, 739

Truth (periodical) 313
Tucker, Albert W. [1905–1995] 749

turn
faro 125, 573

Texas hold’em 691
twenty-one see blackjack

21 (film) 683
two pair 7

two-parameter count 413
two-person game 159

two-up 57, 73, 231

U
uncorrelated 36

under the gun 691
Ungar, Stu [1953–1998] 693, 694, 741

uniform distribution, discrete 21
used 30, 38, 60, 82, 144, 145, 161, 394,

395, 398–400, 403, 407, 409, 442, 461,

467, 484
union xiv, 11

univariate distribution 26
upcard 644

upcrossing inequality 106, 117
upcrossings 106

Uspensky, James V. [1883–1947] 66, 70,
273

Uston, Ken [1935–1987] 683
utility function 186, 190

examples 191
expected 190

objective 191
utility theory 185–192, 198

continuity axiom 187
independence axiom 187

total-ordering axiom 187

V
Vagliano, Athanase 617

value of a game 160, 177
van Schooten, Frans [1615–1660] viii

Van-Tenac, Charles H. 237, 519, 618
Vancura, Olaf 620, 683
Vanderbei, Robert J. 72

Vanity Fair (Thackeray) 241, 429, 483
Vanniasegaram, Sithparran 198
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Vardi, Yehuda [1946–2005] 356
Vardi’s casino 354–355

variance 31, 69
alternative formula 31

finite 31
of a sum 36

Verne, Jules [1828–1905] 618
“Vetula, De” (Fournival) 65

Vickrey, Vic [1926–2009] 736
Victoria [1819–1901] 616

video poker 545–572
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