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9.8. Define ϕ(x) = p1(x) = (2π)−1/2 exp(−x2/2). Evidently, ϕ′(x) = −xϕ(x). Therefore,

ϕ′′(x) = −ϕ(x)− xϕ′(x). (9.1)

Next, note that pt(x) = t−1/2ϕ(xt−1/2). Therefore,
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Equation (9.1) proves that pt solves the heat equation. For the second part, note that
∫ ∞

−∞
pt(x− y)ps(y) dy = (pt ∗ ps) (x),

where ∗ denotes convolution. By the inversion theorem, pt+s = pt ∗ ps if and only if the characteristic
functions of the two sides agree. But p̂t+s(ξ) = E[exp(iξW (t + s))] = exp(−(t + s)ξ2/2), whereas

̂(pt ∗ ps)(ξ) = p̂t(ξ)p̂s(ξ) = exp
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9.10. The key observation is that B is independent of W (1). Indeed, note that for all 0 < t1 < . . . < tk < 1,
(B(t1), . . . , B(tk),W (1)) is a centered normal random variable. Therefore, it suffices to show that
E[B(ti)W (1)] = 0, but this is easy to check. Now,
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As for the second term, conditional on |W (1)| ≤ ε,
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for all ε ∈ (0, 1/
∑m

j=1 |uj |). This is because sin is increasing on (0, 1), and | sinx| = sinx ≤ x there.
This proves that
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Similarly, Re(· · · ) → 1. This proves the result.

9.11. Let Wt = σ({W (u) − W (t)}u≥t), so that W = ∩t>0Wt. Note that T is the P-completion of W.
Therefore, for all A ∈ T we can find A∗ ∈ W such that P(A'A∗) = 0. By the Markov property,
A∗ is independent of F0

t for all t. Therefore, A∗ is independent of ∨t>0F0
t . Since A∗ ∈ ∨t>0F0

t , it is
independent of itself; hence it has probability zero or one. Because P(A) = P(A∗), this proves that
any element of T has probability zero or one, which is the first assertion. Blumenthal’s zero-one law
follows upon applying this result to the Brownian motion {t(W1/t)}t>0.


