
p. 46 8. Martingales

8.5. Note that σ((0 , 12 ]) is the collection {∅ ,(0 ,1] ,(0 , 12 ] ,(
1
2 ,1]}, which essentially forms a finite partition of (0 ,1].

Therefore, almost surely,

E [X |σ ((0 ,1/2]) ] (ω) =
1

P((0,1/2])

∫ 1/2

0
xdx ·1(0,1/2](ω)

+
1

P((1/2 ,1])

∫ 1

1/2
xdx ·1[1/2,1)(ω)

=
1
4
·1(0,1/2](ω)+

3
4
·1(1/2,1](ω).

For the other part let B = B((0 ,1/2])∨ (0,1], so that B is a sub-σ -algebra of B((0 ,1]). In fact, B is
nothing but the σ -algebra generated by X1{X≤1/2} + 1{X> 1

2 }
, simply because X(ω) = ω (why?). Therefore,

E[X1{X≤1/2} |B] = X1{X≤1/2} a.s., whereas E[X1{X>1/2} |B] = E[X1{X>1/2} |X > 1/2] a.s. (why?). The latter
is computed as: E[X1{X>1/2} |X > 1/2] = 1

P((1/2,1])
∫ 1
1/2 xdx ·1{X>1/2} = 3

4 ·1{X>1/2} a.s. Combine to find that

E[X |B] = X1{X≤1/2} =
3
4
1{X>1/2} a.s.

8.6. Define Y = E[X |G ] and expand: E{(X −ξ )2 |G } = E{(X −Y +Y −ξ )2 |G } = E{(X −Y )2 |G }+(Y −ξ )2 a.s.
The rest follows from this because E{(X−Y )2 |G } = Var(X |G ).

8.7. Because X ≥ 0 a.s., E[X |G ]≥ E[X1{X≥λ} |G ]≥ λP(X ≥ λ |G ) a.s.

8.8. Define fX |Y (x|y) = f (x,y)/ fY (y) where fY (y) =
∫ ∞
−∞ f (a,y)da; this shows that our goal is to prove that

E[h(X) |Y ] =
∫ ∞
−∞ h(x) fX |Y (x|Y )dx a.s., which is the classical formula on {Y = y}.

For any positive, bounded function g,

E [h(X)g(Y )] =
∫ ∞

−∞
g(y)

(∫ ∞

−∞
h(x) f (x,y)dx

)
dy

=
∫ ∞

−∞
g(y) fY (y)

(∫ ∞

−∞
h(x) fX |Y (x|y)dx

)
dy

= E [Π(Y )g(Y )] ,

(8.2)

where Π(y) =
∫ ∞
−∞ h(x) fX |Y (x|y)dx. By a monotone class argument, for all bounded σ(Y )-measurable Z,

E[h(X)Z] = E[Π(Y )Z]. Therefore, E[h(X) |Y ] =Π(Y ) a.s., which is the desired result.
Apply (8.2) with h(x) = 1(−∞,a](x) to find that P(X ≤ a |Y ) =

∫ a
−∞ fX |Y (u|y)du, as desired.

8.9. For any n≥ 1, {τ = n} = ({S= n}∩A)∪ ({T = n}∩Ac) ∈Fn, by the definition ofFS.

8.11.We may use the elementary fact that S is a stopping time iff {S ≤ n} ∈Fn for all n≥ 1. This is equivalent to:
{S> n} ∈Fn for all n≥ 1.
By induction, we need only consider the case n = 2. For all t ≥ 0, {T1 + T2 = n} = ∪nk=1({T1 = k}∩ {T2 =
n−k}) ∈Fn. Therefore, T1+T2 is a stopping time. Also, {min(T1,T2) > n} = {T1 > n}∩{T2 > n}. Therefore,
min(T1,T2) is a stopping time. Finally, {max(T1,T2) ≤ n} = {T1 ≤ n}∩ {T2 ≤ n}, and so max(T1,T2) is a
stopping time too. This proves Lemma 8.27. Next we prove Lemma 8.28.
If A ∈FS then for all n ≥ 1, A∩ {T = n} = ∪mm=1A∩ {T = n}∩ {S = m}. By the definition of FS, A∩ {S =
m} ∈Fm ⊂Fn. Therefore, A∩{S= m}∩{T = m} ∈Fn, which means that A ∈FT . Therefore,FS ⊆FT .
To prove that FT is a σ -algebra, let A ∈ FT . We know that {T = n} ∈ Fn and A∩ {T = n} are in Fn for
all n ≥ 1. Therefore, so is Ac ∩ {T = n} = {T = n}∩ (A∩ {T = n})c. This proves that FT is closed under


