8.11. We may use the elementary fact that S is a stopping time iff {S < n} € .%, for all n > 1. This is equivalent to:
{§>n}eF, foralln>1.

By induction, we need only consider the case n = 2. Forall t >0, {T1 + T, = n} = U_ ,{Th =k} N{Tr =
n—k}) € #,. Therefore, Ti + T is a stopping time. Also, {min(7;,7>) > n} = {7y > n} N{T> > n}. Therefore,
min(77,7>) is a stopping time. Finally, {max(7},73) < n} = {T1 < n}N{T < n}, and so max(7},7») is a
stopping time too. This proves Lemma 8.27. Next we prove Lemma 8.28.

If Ae /S then foralln > 1, AN{T =n} =UJ_,AN {T = n}N{S = m}. By the definition of Fs, AN{S =
m} € Fpy n. Therefore, AN{S =m}N{T = m} € #,, which means that A € .#r. Therefore, #5 C 7.

To prove that .#r is a o-algebra, let A € #r. We know that {T = n} € .%, and AN{T = n} are in .%, for
all n > 1. Therefore, so is A“N{T =n} ={T =n}N(AN{T = n})°. This proves that .Fr is closed under
complementation. If Aj,A;,... € % then U2 | A;N{T =n} = UL (A;N{T =n}) € %, for all n. Therefore,
Fr is a o-algebra.

So far, we needed S and T to be a.s. finite only. For the remaining assertions we assume that 7 is a.s. bounded —
say T < k a.s.; it suffices to consider a submartingale X. Let d; = X; and d; = X; —X; 1 (j > 2). For all
A€ Fy,
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because {S< j<T}INA=AN{S<j—-1}N{T <j—-1}e F,.



