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Now let Y and Z be random variables, and a,b ∈ R. Then, you can check that:

Var(Y +a) = Var(Y ), and Cov(Y +a ,Z+b) = Cov(Y ,Z). (6.4)

Together, these remarks prove Corollary 6.20.

6.9. Let Z denote an independent N(0,1), and define Xn =X+(Z/n). The variable Xn has all of the desired properties.

6.10. (i)⇒(ii) If X1 ∈ Lp(P) then ∑∞
n=1 P{|Xn| > εn1/p} = ∑∞

n=1 P{|X1|p > ε pn} ≤ E{|X1|p}/ε p. So by the Borel–
Cantelli lemma, with probability one, |Xn|≤ εn1/p for all n large. This proves that |Xn|/n1/p→ 0 a.s.

(ii)⇒ (iii) This follows from the following real-variable Fact. If an/nρ → 0 for some ρ > 0, then
max1≤ j≤n(a j/nρ)→ 0.
Proof: If not, then max j≤n a j > εnρ infinitely often. But there exists n0 such that for all n≥ n0 |an|≤ (ε/2)nρ .
So max j≤n0 a j > εnρ for infinitely-many n’s, which is patently nonsense. !

(iii)⇒(i) Because (iii) implies (ii), it suffices to prove that (ii) implies (i). But this too is Borel–Canelli (as in
i⇒ii).

6.11. By the Kolmogorov maximal inequality, λ 2P{max j≤n |S j| ≥ λ} ≤ ES2n ≤ ∑∞
i=1 EX2i = A (Fubini–Tonelli).

Therefore,

P

{
sup

n≤ j≤n+m
|S j−Sn|≥ λ

}
≤ ∑n+mi=n E[X2i ]

λ 2
∀λ > 0.

Continuity properties of P imply that

P

{
sup
j≥n

|S j−Sn|≥ λ

}
≤ ∑∞

i=nE[X2i ]
λ 2

∀λ > 0.

We can find nk ↑ ∞ so fast that ∑i≥nk E[X2i ]≤ e−k. By Borel-Cantelli then,

P

{
sup
j≥nk

∣∣S j−Snk
∣∣≥ k−2

}
≤ k4e−k,

which is summable in k. Therefore, the Borel–Cantelli lemma ensures that a.s. for all but a finite number of k’s,
sup j≥nk |S j−Snk |≤ k−2. In particular, ∑k sup j≥nk |S j−Snk | < ∞ a.s. This implies that {Sn}∞n=1 is a.s. a Cauchy
sequence (why?).

6.12. First of all note that S4n = (∑i Xi)(∑ j Xj)(∑k Xj)(∑l Xl). We expand this:

S4n =
n

∑
i=1

X4i +
4!

2! ·1! ·1! ∑∑∑1≤i)= j )=k≤n
X2i XjXk +

4!
2! ·2! ∑∑1≤i)= j≤n

X2i X
2
j +

4!
3! ·1! ∑∑1≤i )= j≤n

X3i Xj.

(Sum over∅means zero; ‘i )= j )= k’ means to say that all three are different.) Thanks to the mean-zero property
and independence,

E[S4n] =
n

∑
i=1
E[X4i ]+3 ∑∑

1≤i)= j≤n
E[X2i X

2
j ] = nE[X41 ]+3n(n−1)

(
E[X21 ]

)2 ≤ 4n2‖X1‖44.

Therefore, P{|Sn|≥ εn}≤ E[S4n]/(εn)4 ≤ 4‖X1‖44/(ε4n2) sums (in n). The rest follows from Borel–Cantelli.

6.13. Fix some ν > 0. Clearly, liminfn(Sn/n)≥ liminfn(Sν
n/n), where Sν

n := ∑ni=1Xν
i , and Xν

i := Xi1{Xi≤ν}. By the
law of large numbers, liminfn(Sν

n/n) = limn(Sν
n/n) = E[X1; X1 ≤ ν ]. Let ν ↑ ∞ to finish.


