
6
Independence

6.1. First consider the case that f ′ ≥ 0. For all ω ∈Ω,

f (X(ω)) =
∫ X(ω)

0
f ′(x)dx=

∫ ∞

−∞
1{0≤x≤X}(ω) f ′(x)dx.

Assuming that we can handle product-measurability issues, it follows from Fubini–Tonelli that

E[ f (X)] = E
[∫ ∞

−∞
1{0≤x≤X}(ω) f ′(x)dx

]
=

∫ ∞

0
P{X ≥ x} f ′(x)dx.

This is the desired result when f ′ ≥ 0. In general, we write f ′ = f ′+− f ′− and define f(±)(x) =
∫ x
0 f ′±(z)dz. The

preceding development yields,
E

[
f(±)(X)

]
=

∫ ∞

0
f ′±(x)P{X ≥ x}dx.

But f+− f− = f (why?), whence the Problem. It suffices to prove the asserted product measurability.
Evidently, f ′ is a product-measurable function of (x,ω); so is x &→ 1[0,∞)(x). So it suffices to prove that (x,ω) &→
1{X≥x}(ω) is product-measurable.
Define In(x,ω) = ∑1≤i< j 1[i/n,(i+1)/n)(x)1[ j/n,( j+1)/n)(X(ω)). Each In is manifestly product-measurable. There-
fore, so is 1{X>x}(ω) = limn→∞ In(x,ω). Therefore, 1{y<X≤x} = 1{y<X}− 1{x<X} is measurable for all x > y;
hence, so is 1{X=x} = limy↑x 1{y<X≤x}. Finally, we see that 1{X≥x}(ω) = 1{X>x}(ω)+1{X=x}(ω) is measurable.

6.2. Define
M =

{
A×B ∈Ω2 : P{X ∈ A , Y ∈ B}= P{X ∈ A}P{X ∈ B}

}
.

By the continuity properties of P, the collectionM is a monotone class. It is also an algebra (check!). Because
of our assumption, (−∞,x]× (−∞,y] ∈M for all (x,y) ∈ R2. The algebra generated by products of this type
also generatesB(R2). The monotone class theorem furnishes the remainder of the proof.

6.3. Note that ∫ ∞

0

∫ ∞

0
P{X > x ,Y > y}dxdy= E

[∫ ∞

0

∫ ∞

0
1{X>x}∩{Y>y} dxdy

]
= E[XY ].

The result follows from this and Lemma 6.9.


