Math 5010-001: (Summer 2010)
Solutions to Sample Midterm One
(and funnies to help keep you going)

THE ARGYLE SWEATER By Scott Hilburn

SYRROUNDED BY TREACHEROUS WaVES of 2% H'S
BOAT CAPSIZED, FoREING H'M To G° DOWN Wik
WS SHP. AND ThouGH RH'S BoDY MAY NeVER BE
ReCoVERED, \F 1 Know ThE CAPTAIN, 1 THNK 1T’

Please read the rest only after you have seriously attempted all of the
problems.



1. A fair die [should be coin, sic] is cast 120 times. If all possible
outcomes are equally likely, then what is the probability that there
are no heads tossed?
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Math phobic's nightmare

Solution: There are 229 many possible outcomes. Only one of
them is comprised of all tails. Therefore, P(all tails) = 1/2'%0 =
2-120 [a very small, but still positive, number!].



2. There are 50 men and 50 women in a room. You select 4 at ran-
dom and independently [i.e., sampling with replacement]. What is
the probability that the number of men in the sample is the same
as the number of the women in the sample?

Solution: Let M; denote the event that the jth drawn person is a
man, and W; := M]C the corresponding event for a woman. Then,
DP(MiMoW3sW,) = P(M;)P(My)P(W5)P(W,) = 2% = 1/16. Simi-
larly, P(My WoMzW,) = 1/16, etc. Therefore, P(2 men and 2 women)
is 1/16 times the number of ways we can write exactly 2 M;’s in 4
spots [and therefore also 2 Wj’s]. This can be computed by simply
writing all the possibilities out. Or we can use the more recent
lectures. Either way, the number of different ways to write 2 M’s
exactly in 4 spots is (g) = 6. Therefore, the chances of having 2
3

men and 2 women is 6 x % = 3.




3. Four digits are selected independently at random (without repeti-
tion) from {0,...,9}. What is the probability the the four digits
form a run? [For example, 0, 1, 2, 3.]

How birds see the world

Solution: We obtain a four-digit run if and only if one [and only
one] of the following happens:

- We roll 0,1,2,3;

- We roll 1,2, 3, 4;

- We roll 2,3, 4,5;

- We roll 6,7,8,9.

Each possibility has chance (1/10)* = 0.001; there are 7 possibilities
[start the run with O ...6]. Therefore, the probability that we obtain
a 4-digit run is 0.001 x 7 = 0.007.



4. How many different messages can be sent by using five dashes and
three dots?

Solution: This problem is not going to appear in the first midterm
this summer [we have no solutions to this sort of assignment]. But
here is a solution any way [you will need to be familiar with this
sort of problem the next midterm]: We have altogether 8 spots; we
are supposed to find the number of ways of selecting the places
for the dashes [say; all the remaining places are dots]. Therefore,
the number of possible arrangements is

54.
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5. I have two coins: One is two-headed; the other is fair. I select
one coin at random (both coins equally likely), and toss it N times
independently. Suppose I tell you that all tosses resulted in heads.
Given this information, what would you say the odds are that I had
selected the fair coin?

Solution: Let F denote the event that the fair coin is selected.
And H;j the event that the jth toss results in heads. We know the
following: P(F) = %; PHyn---nHy|F) = (1/2)N = 27N; and P(Hy n
-+~ N Hy|F¢) = 1. We are asked to compute P(F|Hy N --- N Hy).
We apply Bayes' rule to find that

P(F|Hyn---n Hy)
PHyN--- ﬂHNIF)p(F)
P(Hyn---nHy|F)P(F)+ P(Hy n---N Hy | F¢)P(F°)
2"N><% by
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This is the answer. But let me end with a few remarks.
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“l asked you a question, buddy. ... What's the
square root of 5,248?”




Note that 2°V +1 =~ 1 when N is even modestly large. For example,
in the case that N = 20 we have 272°+1 ~ 1.0000009537. Therefore,
we can conclude among other things that

P(F|Hyn---NHy) =~ 27N for N modestly large, or greater.

In other words, if we observe N independent tosses of a coin and
they were all heads, then it is very unlikely that the coin were fair.

“Mr. Osborne, may | be excused? My brain is full.”

Good luck on Monday.



