OFFICIAL JOURNAL OF

Physical Biology @4 Sociedad de Biofisicos
1@ Latino Americanos

PAPER

Impulsive signaling model of cytoneme-based morphogen gradient
formation

To cite this article: Hyunjoong Kim and Paul C Bressloff 2019 Phys. Biol. 16 056005

View the article online for updates and enhancements.

Bringing you innovative digital publishing with leading voices

to create your essential collection of books in STEM research.

This content was downloaded from IP address 128.110.184.42 on 14/08/2019 at 03:53


https://doi.org/10.1088/1478-3975/ab2c5a
https://oasc-eu1.247realmedia.com/5c/iopscience.iop.org/651504393/Middle/IOPP/IOPs-Mid-PB-pdf/IOPs-Mid-PB-pdf.jpg/1?

I0P Publishing

Phys. Biol. 16 (2019) 056005

Physical Biology

@ CrossMark

RECEIVED
7 June 2019

REVISED
20 June 2019

ACCEPTED FOR PUBLICATION
24 June 2019

PUBLISHED
22July2019

PAPER

https://doi.org/10.1088/1478-3975/ab2c5a

Impulsive signaling model of cytoneme-based morphogen gradient

formation

Hyunjoong Kim and Paul C Bressloff

Department of Mathematics, University of Utah, 155 South 1400 East, Salt Lake City, UT 84112, United States of America

E-mail: hkim@math.utah.edu and bressloff@math.utah.edu

Keywords: cytonemes, morphogenesis, queuing theory, sticky boundaries, first passage times

Abstract

Morphogen protein gradients play a vital role in regulating spatial pattern formation during
development. The most commonly accepted mechanism of protein gradient formation involves

the diffusion and degradation of morphogens from a localized source. However, there is growing
experimental evidence for a direct cell-to-cell signaling mechanism via thin actin-rich cellular
extensions known as cytonemes. Recent modeling studies of cytoneme-based morphogenesis

in invertebrates ignore the discrete nature of vesicular transport along cytonemes, focusing on
deterministic continuum models. In this paper, we develop an impulsive signaling model of
morphogen gradient formation in invertebrates, which takes into account the discrete and stochastic
nature of vesicular transport along cytonemes. We begin by solving a first passage time problem

with sticky boundaries to determine the expected time to deliver a vesicle to a target cell, assuming
that thereisa ‘nucleation’ time for injecting the vesicle into the cytoneme. We then use queuing
theory to analyze the impulsive model of morphogen gradient formation in the case of multiple
cytonemes and multiple targets. In particular, we determine the steady-state mean and variance of
the morphogen distribution across a one-dimensional array of target cells. The mean distribution
recovers the spatially decaying morphogen gradient of previous deterministic models. However, the
burst-like nature of morphogen transport can lead to Fano factors greater than unity across the array
of cells, resulting in significant fluctuations at more distant target sites.

1. Introduction

Morphogen protein gradients play a vital role
in regulating spatial pattern formation during
development. The classical mechanism for gradient
formation involves the diffusion of morphogen from
alocalized source combined with degradation [1, 22].
However, there is growing experimental evidence
for a direct cell-to-cell signaling mechanism in
invertebrates such as Drosophila, involving the active
transport of morphogen along cytonemes, which are
thin and actin-rich cellular extensions with a diameter
of around 100nm and lengths that vary from 1 to
100 pm [8, 11, 12, 16]. A number of recent modeling
studies have investigated this form of cytoneme-based
morphogenesis [4, 10, 21], focusing on the existence
and stability of steady-state solutions, the nature of
contacts between cytoneme tips and target cells, the
accumulation time for establishing a morphogen
gradient, and the robustness of the gradient with

respectto perturbations of the morphogen production
rate in the source cells. One major simplifying
assumption of these models is that the number of
vesicles is sufficiently large so that morphogens
can be treated as a continuum ‘fluid’ transported
along a cytoneme and delivered to target cells, see
figure 1(a). However, experimental evidence shows
that morphogen vesicles are distributed as ‘puncta’
along a cytoneme in invertebrates [9], see figure 1(b).
This discrete feature introduces randomness in the
number of morphogens within cells, but very little
has been studied about the resulting stochastic nature
of cytoneme-mediated cell-to-cell signaling, and its
effects on robustness.

We have recently modeled the discrete and sto-
chastic nature of cytoneme-based morphogenesis in
the case of a different transport mechanism that has
been observed in some vertebrates. Imaging studies
in Wnt transport in zebrafish [18, 19] and Shh trans-
port in chicken [17] indicate that cytonemes loaded
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Figure 1. Models of cytoneme-mediated morphogen gradient formation in invertebrates. (a) ‘Fluid’ model of morphogen
transportin [4, 10]. This assumed that there are infinitely many vesicles. (b) Impulsive signaling model via vesicles containing finite

K

target cell

with morphogen at their tips actively and rapidly
expand and contract. Once a cytoneme tip contacts a
target cell, morphogen is immediately delivered to the
cell in the form of a morphogen ‘burst’. We analyzed
the stochastic and burst-like nature of this form of
morphogenesis using a ‘search-and-capture model’
[5], analogous to microtubule-based models of the
prometaphase during cell mitosis [7, 14]. The model
consisted of nucleating cytonemes from a source cell
that dynamically grow and shrink along the surface of
aone-dimensional (1D) array of target cells until mak-
ing contact with one of the target cells and delivering
a morphogen burst. We showed how multiple rounds
of search-and-capture, morphogen delivery, cyto-
neme retraction, and nucleation events leads to the
formation of a morphogen gradient. We proceeded by
formulating the morphogen bursting model asa queu-
ing process, analogous to the study of protein burst-
ing in gene networks. In order to analyze the expected
times for cytoneme contact, we introduced an efficient
method for solving first-passage-time problems in the
presence of sticky boundaries, which exploited some
classical concepts from probability theory, namely,
stopping times and the strong Markov property.

In this paper we extend the mathematical frame-
work introduced in [5] in order to develop an impul-
sive signaling model of morphogen gradient forma-
tion in invertebrates, which takes into account the
discrete and stochastic nature of vesicular transport
along cytonemes. First, in section 2 we reformulate our
previous bidirectional transport model [2, 4, 10] as a
stochastic model for the transport of a single vesicle.
Analogous to the nucleation of a new cytoneme in [5],
we assume that if the vesicle returns to the source cell,
then there is some waiting time before it is reinjected
into the cytoneme. In section 3 we solve the first pas-
sage time (FPT) problem for a vesicle to be absorbed
byatarget cell, taking into account the sticky boundary
condition at the source cell using the strong Markov
property. In section 4 we use queuing theory to
analyze the impulsive model of morphogen gradient

formation in the case of multiple vesicles. However, it is
necessary to modify the analysis of [5], since the order
in which vesicles are absorbed by target cells is not nec-
essarily the same as the order in which they are first
produced (nucleated) in the source cell. We calculate
the steady-state mean and variance of the morphogen
distribution across a 1D array of target cells. Although
the mean distribution recovers the spatially decaying
morphogen gradients of previous deterministic mod-
els, we show that the burst-like nature of morphogen
transport can lead to Fano factors greater than unity
that persist across the array of cells, resulting in signifi-
cant fluctuations at more distant target sites. Finally
in section 5 we introduce a differential version of the
queuing model and compare its behavior with our pre-
vious ‘fluid’ models [4, 10] using asymptotic analysis.

2. Impulsive signal transport by a single
vesicle

Consider a single cytoneme of length L linking a
source cell to a single target cell, see figure 2. Along
the cytoneme, a vesicle containing morphogen is
transported by a motor-cargo complex that actively
moves forward and backward until it reaches the target
cell. If the motor-cargo returns to the source cell, then
there is some waiting time (nucleation time) before it
is again injected into the cytoneme. Once the vesicle
reaches the target cell, morphogen is released and
generates an impulsive signal.

Let X(t) € [0, L] be the position of the vesicle at
time ¢. Take N(#) to be the current bidirectional veloc-
ity state with

ifv(t) = vy

+
N(t) = {— ifv(t) = —v_’

where v4 are the positive speed for each direction.
Transitions between the two velocity states occur via a
two-state Markov chain:

at

-1+

o
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(i) nucleate

(iii) deliver

‘\\ (ii) bidirectional transport

Figure 2. Stages of a single morphogen vesicle transport process generating a morphogen burst in a target cell. (i) ‘Nucleation’
associated with production of a new vesicle or reinjection of a returning vesicle. (ii) Bidirectional transport along the cytoneme. (iii)
Vesicle capture by the target cell, resulting in an impulsive morphogen signal.

—
34—3
V -V,

actin filament

Let p,(x,t) be the probability density that at time ¢ we
have X(t) € [x,x + dx) and N(t) = n where

N(t) =n].
Chapman-—

Pa(x,t)dx = Plx < X(t) < x + dx,

The  corresponding  differential
Kolmogorov (CK) equation takes the form

B) 0
% = + £+ — Oé_p+ —|— Oé+p_, (2.10)
op- 0

gt - V_aL ta_py—ayp_. (2.1D)

Equations (2.1a) and (2.1b) are supplemented by the
boundary conditions

vip+(0,1) = roPo(t), p—(L,t) =0, (2.2)

where Py(t) is the probability of the vesicle being
located at the source cell and ry is an injection rate into
the cytoneme. We assume that the vesicle is initially
positioned in the source cell so that

Po(0) =1, pi(x,0)=0,

for all x € [0,L]. The transport component of the
model couples to the probability of the vesicle in the
source cell and target cells according to

dPy

- dp,
— = v-p-(01) —

= = Vb (L)
(23)
One can extend the single cytoneme model to mul-
tiple cytonemes of length Ly linking a source cell to Kt
multiple target cells,k = 1, - - - , Ky, which for the sake
of illustration are arranged in a 1D array, see figure 3.
Let K(t) € {1,---,Kr} be the index of the cytoneme
containing the motor cargo at time ¢. This leads us to
specify the relative probability ;. that a morphogen is

rOPO(t))

injected into the kth cytoneme, where Zf;l 0, = 1.
Let pX(x, t) be the probability that the vesicle is along
the kth cytoneme at position x and time ¢. Then the
evolution equation for pX_(x, t) takes the same form as
(2.1a)and (2.1b):

opk opk
8—:_ = + 8+ a_pﬁ_ —+ oé_,_pk_, (2.4&)

op* ap*

oy 2= — 2.4b
5 =V T ph —aypt, (2.4b)

with corresponding boundary conditions

viph (0,8) = rgbPo(t),  pE(Lint) = 0. (2.5)

Extending (2.3) to the case of multiple target cells
yields

dP() de

o viph (L t).
(2.6)

Summing (2.4a) and (2.4b) and then integrating with
respect to x over the interval [0,L] gives that

= Zp (0,£) — roPy(t),

G [ [0t )] e = b ) = vt o

Summing with respect to kand imposing the boundary
conditions (2.5) and (2.6) we have

Kr

deoft) + % > {/OLk [P et) + pE ()] e+ Pk(t)} —o,

k=1

which guarantees conservation of the total probability
over all events.

+Z(/ [P o) + P )]dx—l—Pk(t)):l.

3. First passage time problem for a single
vesicle

We would like to determine the splitting probability py
that the morphogen vesicle is eventually captured by
the kth target, where

pr= lim Py(1), Zpk—l (3.1)

together with the corresponding MFPT 74. One way
to solve the FPT problem is to Laplace transform the
differential equations [3, 4, 7]. However, one difficulty
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I
Figure 3. Schematic diagram of a 1D array of target cells (labeledk = 1, ... .,
cytoneme of length Ly. Vesicles in the source cell are allocated to the kth cytoneme with probability 6y.

K), each connected to a single source cell viaa

(a)
\W[\-—»

source cell

(b)

AV -

Figure 4. Decomposing MFPT problems using the strong Markov property. (a) MFPT with nucleation effect can be decomposed
as the nucleation state and the transport state. (b) The unconditional MFPT (gray arrow) for a vesicle to contact the cytoneme

tip starting at the source cell can be decomposed into two conditional MFPTs: (i) all paths directly reaching to the end after the
nucleation (black arrow) or (ii) returning into the source cell (black arrow) and then restarting the unconditional process.

4 N\
\ (i) direct path/
+
4 N\

\_ (ii) return and restart )

in applying Laplace transform methods to our FPT
problem s that thereis astickyboundaryatx = 0,which
takes into account the exponentially distributed waiting
time for reinjection of the vesicle into the cytoneme.
This means that one has to keep track of the random
times that the vesicle returns to the origin, resultingin a
non-trivial iterative problem [7, 14]. To avoid this issue,
we choose an alternative approach that exploits the
strong Markov property of the stochastic process [5].
Intuitively, the strong Markov property is similar to the
Markov property except that the probability of future
states depends upon a stopping time, which isa random
variable determined by the history of the process from
the beginning to the present [5, 15]. Note, in particular
that FPTs are examples of stopping times. We proceed
by decomposing the transport process into a nucleation
stage and a signaling transport stage, see figure 4(a) and
[5, 14]. We first solve the FPT problem of the transport
stage with an absorbing boundary condition at x =0
by using the corresponding backward Kolmogorov
equation. We then split all events according to
whether or not the vesicle returns to the source cell,
see figure 4(b), and use the strong Markov property to
obtain the splitting probabilities and the corresponding
MEFPTs of the whole process.

3.1. Conditional MFPT toreachx = Lwithan
absorbingboundaryatx = 0

We first calculate the conditional MFPT that the
morphogen vesicle reaches the right-end of a
single cytoneme length L before ever reaching zero,
see figure 4(a). This means imposing absorbing
boundariesat x = 0, L,

p+(0,t) =p_(L,t) =0,
and defining the FPT
Tw(y) =inf{t > 0;X(t) = L,N(t) = +:
X(0) =y, N(0) = m}

for 0 <y < L. Note that T, (L) =0. That is, the
morphogen immediately absorbs to the target cell if it
starts out anterograde state at x = L. The probability
flux through theendx = Lis

Jm(y>t) = vypi (L, tly, m,0).
It follows that for 0 < y < L, the probability I1,,(y, t)

that the morphogen exits at x = L after time f, having
started in state (y, m) is

L, (y,1) = / Inh ). (3.)
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Differentiating with respect to ¢ gives

OlLy(y, 1) / T (y
8t’

ot
Hence, using the backward CK equation leads to the
pair of equations

OIL, OIL,

- _]m

= V*Ty —a_[It —II_], (3.3a)
oll_ ol _
TRl B +ay[lIy —II_]. (3.3D)

One can determine the boundary condition at
x = 0, L by noticing that if the particle starts out in
the retrograde state at x = 0, it never reaches x = L,
whereas if it starts outatx = L in the anterograde state,
itisimmediately absorbed. Thus we have II_(0,¢) = 0
andII; (L, ¢) = L

We can now define the splitting probability that
the morphogen hits x = L before x = 0 by introducing
mm(y) = I, (y, 0). Since

Ol (y, 1)

6t = _]m()/)o):())

=0
for y € (0, L), we see that 7, satisfies the steady-state
equations

0
0= v+aL —a_[ry—7_],  (3.4a)
0= v I oy — ] b
= —V_ a)/ Q4 | T4 m_ (34 )

with boundary conditions 7_ (0) = Oand 74 (L) = 1.
Summing equations (3.3a) and (3.30) we have

0= ;y (::m(y) - V_W—(Y)> ’

which implies

Solving for m_ (y)

T (4 () — 7 (0)),

T(y) =

and substituting into (3.3a) yields

or «
37+ +ymy = 57 (0), (3.5)

with boundary condition 7 (L) = 1. This has the
general solution

+
E(l — ew) (36)

T (y) =7 (0)e |1 -
In particular,
et

L—ap[1—et /vy

H Kim and P C Bressloff

It also follows that the conditional probability of the
vesicle hitting x = L after finite time ¢ without reaching
Zero, is

Plt < Tw(y)| Tm(y) < o0] = g:((ié))

Thus the conditional MFPT satisfies

Ly, 1) dt

win(y) = E[Tu(y)|Tm(y) < o0] = /OOO IL,u(y, 0)

by integrating by parts. Integrating (3.3a) and (3.30)
with respect to t then gives

omiw
Ty =Vy Wg L —a_[mwp —7m_w ], (3.80)
y
om_w_
M- == Sl +aq[rywy —Tow-], (3.8D)

with  boundary  conditions 7_(0)w_(0) =
4 (L)wy (L) = 0.

Note that a similar analysis can be carried out
for exit through the source end at x = 0. We denote
the corresponding splitting probability and con-
ditional MFPT by 7,,(y) and @, (y), respectively.
Their explicit solutions for the various splitting
probabilities and conditional MFPTs are in [14]. In
particular, we have the following probability con-

servation

Tm(y) +Tm(y) = 1. (3.9)

3.2. MFPT with nucleation and multiple targets

We now consider the full FPT problem involving
multiple cytonemes of different lengths Ly, see figure 3.
We will simply add a superscript to the above splitting
probabilities and MFPTs: 7% (y), wk (), 7 (), @ (),
indicating that L = L;. We also now include the sticky
boundary at x =0 and impose the sticky boundary
condition (2.5), see figure 4(b). Consider the set of
FPTs

T = inf{t > 0;X(t) = L, N(t) = +,K(t) = k},

T =inf{t > 0;X(t) = 0,N(t) = —, K(t) = k},

T =inf{t > 0;X(t) = 0,N(t) = -}

Ri = inf{t > ;X(T +t) = L, N(T +1t) =+ K(T +1t) =k},

fork =1,---, K, where we have suppressed that the
morphogen vesicle is initially positioned at the source
cell. Next we introduce the sets

U ={Tk<oo}, Ti={Tk=T <o}, I'={T <oo}.

In other words, €Y is the set of all events for which the
motor cargo eventually delivers the morphogen vesicle
to the kth target cell mediated by the kth cytoneme. It

immediately follows that

QAL = {T < T = ool
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That is, 4\ is the set of all events for which the
motor cargo delivers the morphogen vesicle to the kth
target cell without any nucleation. Moreover, since
T = infp Ty, then QNI are mutually disjoint
with respect to k’. Thus we have

kaF:UkaFk/:U{Tk’27<ﬁ<m}-
K Kk’

This means that ; N T" is decomposed as the union
of O N I'y/, which is the set of all events for which the
motor cargo is initially injected to the k’th cytoneme
and then eventually delivers the morphogen vesicle to
the kth target cell.

In order to deal with the nucleation effect connect-
ing multiple cytonemes, we will proceed along similar
lines to [5] by using the strong Markov property. First,
the splitting probability p, of delivery into the kth tar-
get cell, starting at the source cell, can be decomposed
as

P[] = P\ + P N T
:9k 7T+( )+P[Qkﬁ1—‘]

)+ ) PN Ty,
kl

(3.10)

Moreover,
P[Qk n Fkr] = P[Fk/] : P[Rk < OO]
= 61— 74 (0)] -

The strong Markov property yields that

P[Rk < OO]

P[kark/] :pk'ek’[l —ﬂ'ﬁi(O)], (311)

according to the probability conservation (3.9).
Substituting (3.11) into (3.10) and rearranging we
have

Hkﬂﬁ_ (0)
pr= it (3.12)
Zk’ Gknrﬁ_ (0)
Next, we introduce the MFPT z; := E[T;1q,),

which decomposed as
= E[Tiloar] + E[Tilo,nr]

= Gkﬂi(o) . {710 + wi(O)} +E[(T + Ri)lonr]
= ekﬂ'i(o) . |:710 + wﬁr (0):| + ZE[?}AQ]( N Fk/]]P[Qk N Fk/]
K

+ E['Rklgkmr].

Again involving the strong Markov property gives that

the conditional MFPT to be captured by the kth target

cellis . / pr. Thus we have

2 = O (0) - [% + wﬁ(o)] +> [% + w;(o)] ok [1 — 75 (0)]
k,

+ 2 Y bl = ).
Pk "

Rearranging the above equation and using (3.12) we
therefore find that the conditional MFPT is

H Kimand P C Bressloff

|

(3.13)

z % (0) T
TkEp—’; +w+ +Zpk O){ @ (0)

4. Impulsive signaling by periodically
generated vesicles

In sections 2 and 3 we focused on the transport of a
single vesicle along cytonemes, without specifying
what happens after a vesicle is captured by a target cell.
Once a vesicle is captured by a target cell, it delivers a
certain amount of morphogen to the target cell. We
will refer to this as a morphogen ‘burst’ so that the
discrete nature of vesicular transport can be treated as
an impulsive signal. The transport of multiple vesicles
generated by the source cell thus results in multiple
impulsive signals that ultimately form a morphogen
gradient. For simplicity, we assume that the source
cell produces a morphogen vesicle with constant
frequency v. We also take the amount of morphogen
transported by a vesicle to be of fixed size A. (Note that
Q := vAistheaverage morphogen production rate in
the source cell.)

Following section 3, if a vesicle is produced by the
source cell, then the probability that a single impulsive
signal reaches the kth target cell is p; and the condi-
tional MFPT for the event is 7. The other K7 — 1 tar-
get cells do not receive any morphogen. Now suppose
that the source cell generates an impulsive signal peri-
odically. Leti = 1, 2, - - - label the ordered sequence of
vesicles produced by the source cell, and denote the
target cell that receives the ith vesicle by k;. If B; is the
bursting or capture time of the ith vesicle, then

B = %(i— )+ T (4.1)

We also denote the random identity of the cell that
captures the vesicle by KC.

Consider a specific target cell k = k. This cell
receives a morphogen burst of size A at time B; if
ki = k, otherwise it receives nothing. Furthermore,
suppose that morphogen delivered to the target cell
degrades at a rate K. We would like to determine the
steady-state amount of morphogen within the target
cell in the long time limit. We will proceed by reform-
ulating the multiple impulsive signaling model as a
queuing process, see figure 5, analogous to the study
of search-and-capture model of morphogen gradient
formation in vertebrates [5].

Queuing theory concerns the mathematical analy-
sis of waiting lines formed by customers randomly
arriving at some service station and staying in the sys-
tem until they receive service from a group of servers.
Different types of queuing process are defined in terms
of (i) the stochastic process underlying the arrival of
customers, (ii) the distribution of the number of cus-
tomers (batches) in each arrival, (iii) the stochastic
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(a) (i) queue
(i) arriving . . . ‘ (iii) exiting
customers customers
server
(b)
4 N

S (i) morphogen bursts/

is analogous to an infinite-server queuing model.

Figure 5. Queuing theory and impulsive signaling transport. (a) Example of a single-server queue. (b) Impulsive signals.
Periodically formed morphogen vesicles in the source cell generate a random sequence of impulsive signals within a target cell. This

(iii) degradation

(i) accumulation of
morphogen in cell

process underlying the departure of customers (ser-
vice-time distribution), and (iv) the number of serv-
ers. Our impulsive signaling transport model can be
matched into a queuing process as follows: individual
vesicles are analogous to customers, morphogen bursts
correspond to customers arriving in batches, and the
degradation of morphogens is the analog of custom-
ers exiting the system after service. It follows that the
waiting time distribution of morphogen degradation
corresponds to the service time distribution. Since
the morphogens are degraded independently of each
other, the effective number of servers in the corre-
sponding queuing model is infinite.

In previous work, we mapped a search-and-cap-
ture model of cytoneme-based morphogenesis in
vertebrates to a G/M /oo queue [5] . Here the symbol
G denotes a general interarrival time, the symbol M
stands for a Markovian (or exponential) service time
distribution E(t) = 1 — e~ for morphogen degra-
dation, and oo denotes infinite servers. However, in
our current model there is no guarantee that a vesicle
produced earlier arrives at a target cell before a vesi-
cle produced later. That is, the condition B; < B; for
i < jneed not hold. Thus, one cannot define a positive
interarrival time in our impulsive signaling transport
model. We solve this issue by introducing an arrival
time, instead of an interarrival time, and finding the
iterative structure that allows us to use queuing theory.
In order to proceed, we need to define the arrival time
distribution F(t,k) related to the quantities in sec-
tion 3. We can write

F(t,k) =PB<t,K =k =PB < t|K=4k -PK =K

:mAﬁMW
(4.2)

where fi(y) is the density for the conditional MFPT of
a single impulsive signaling event that ends at the kth
cell. In particular, we have

/'mw@:m (4.3)

0

with 7 given by equation (3.13).

Let N(t) be the number of waiting customers at
time t. This corresponds to the number of morphogens
in the labeled target cell k that have not yet degraded.
In terms of the sequence of arrival times (morphogen
bursting times) B3; and cell identities k;, one can write

N(t) = > xX(t = Bj)o i

. (4.4)
ZL(-1)/v<Bi<t
where
A
X(t=B)=> I(t—B;Sa)  (45)
d=1
for

0 ift—Bj<0
I(t—B]’, de> =<1 ifog t—Bj < S (4.6)
0 ift—Bj>S]'d

Here Sig, d =1,...,A, is the service time of the
dth member of a burst delivered to the cell k. We
will assume that the system is empty at time t =0
(N(0) =0).

The moments of the queuing process can be deter-
mined using generating functions and Laplace trans-
forms. Since the analysis is quite involved, we leave the
details to appendix. Here we simply write down the
expressions for the steady-state mean and variance,
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30 80

(@) |—e—vy=020 (b) |—e—v.=0.20

20 —A—v,; =025 6 —A—yv_=0.25

—~ v4=0.15 v.=0.15
40

\
20
0 =——0—0

case (7 > 0) with various v4and v_ = 0.1 yms~!

s L1 =0.055",Kr =10,k = 0.055s",Q=5s"".

3.24
(d)
3.23
% 1W—C—H_'ﬂ
=
Z0.995 0.9995
0.9 ©) 0999[ (f)
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Figure 6. Steady-state mean and variance of N(#) for various transport speed values. (a) First moments of anterograde-dominant
.(b) First moments of retrograde-dominant case (v < 0) withvy = 0.1 yms
and various v_. (c) and (d) Corresponding plots of the Fano factor when A = 10and v = 0.5s7!. (e) and (f) Corresponding plots

of the Fano factor when A = 1and v = 55~ ! Injection probability 6y is uniformly distributed. Parameters are as follows: . = 0.1

—1

under the assumption that all moments of F(y, k) are
finite. In particular,

o~ —

A f(sk)  wvA

f —1 -_— = 7
= Ep%’
and
3+A
o - 7 = ) [FE2 - pmon), s
where

Ti(w) = / / FO) R+ )y (4.9)

The corresponding Fano factor (FF) is
(N?) — (N)? A—1
- =1 — — iz (K)A],
<N> + 4 Pk k(K’)
(4.10)

which is independent of the vesicle production rate v.
Since py < land 7y < 1/2 (see below), it follows that
forall k

FFy =

3—A A+3
<FRy < 22
4 4

(4.11)

Recall that the Fano factor of a Poisson process is
FFpoiss = 1 so that FFy < FFpys when A = 1. We
also find that FFy is only weakly dependent on k,
which means that relative fluctuations are particularly
significant for distal target cells. Note that one can
reduce the relative size of fluctuations for fixed A

and ~ by increasing the production rate v, as FFy is
independent of v.

We now explore in more detail how the mean (N)
and Fano factor FFy vary with distance Ly of the target
cell from the source cell. For the moment, assume that
the probability of allocating a vesicle to a particular
cytoneme is uniform, ; = 1/Ky. Numerical results in
figures 6(a) and (b) show that the behavior of steady-
state mean (N) is determined by the sign of ¥, which is
the average transport speed

ot o

V=vy —v_ .
oy +oa_ ap +o_

If the transport is dominated by the anterograde
state (¥ > 0), then the asymptotic value converges to
a non-zero value so that the morphogen gradient is
almost flat with respect to the distance of target cell.
On the other hand, if the transport is dominated by
the retrograde state (v < 0), then the asymptotic
value decays to zero. We thus recover the results of our
previous work on a ‘fluid” model [4]. Figures 6(c) and
(d) illustrates the additional features of our stochastic
model, namely, that the Fano factor can be greater than
one (non-Poissonian) and is approximately constant
along the length of the array of target cells. That is,
relative fluctuations are particularly significant in the
case of distal target cellsand ¥ < 0.

Following along similar lines to our previous deter-
ministic model [4], we can also investigate the affects
of non-uniform resource allocation. In particular, we
consider three different injection distributions:
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Figure7. Moments of steady-state distribution of N(¢) for three different injection distributions: a uniform distribution ¢, a
monotone increasing distribution ¢ and a monotone decreasing distribution 6. (a) First moments of anterograde-dominant
case (v > 0) withv4 = 0.2 ums 'andv_ = 0.1 yms~! for various injection distributions. (b) Corresponding first moments of
retrograde-dominant case (¥ < 0) withv4 = 0.1 yms~'andv_ = 0.2 ums™. (c) and (d) Corresponding plots of the Fano factor
when A = 10and v = 0.5 s™". Other parameters are the same as in figure 6.

/4 L el

1 I ak_T’
D

T 0 = 7
Ky TN
k: 1)2)"' )KT)

oy =

which represents a uniform distribution, a monotone
increasing distribution, and a monotone decreasing
distribution, respectively. Here A p are normalization
constants. Numerical results in figure 7 show that the
anterograde-dominant distribution of (N) is more
sensitive to the choice of the injection distribution.
The numerics are obtained by using the splitting
probability (3.12) and the MFPT (3.13) of a single
particle and the numerical results for Z (see below).
The k-dependence of FFy is determined by the
splitting probability p; and the dimensionless func-
tion Z;(k). It turns out that the latter is only weakly
dependent on the target cell index k, and can be
bounded. In order to non-dimensionalize the integral
variables, we substitute y = 7€ and ¥ = 7

(R = T _ [eS) [eS) e
i(R) = Ii(w) /0 /0 ™" g(& + m)g(n)dedn,

(4.12)
where & = k7 and g(§) = Tfi () so that

| s@as=1 [ egoa=
0 0
Sincel — &€ < e~ "€ < 1,then one can bound

Jo — 6T S Li(R) < o

where

Jo = /0 h /O N (& + m)g(n)dédn,
T = /0 h /0 h £8(& +n)g(n)dédn.

After integration, we have

o0 oo 1 o0
Gi= [ st [ st@acan=—3 [
0 n 0
d [ [> ? 1
oo | st an=3.
Another change of variables and integration gives

a- [ N / (6~ g©)gtn)dgdn = 2 / N

| est@rstmdsin—1 < 1.

(4.13)

(4.14)

Together with (4.13) and (4.14) it follows that

% > T (k) >max{% —/%,0}, (4.15)
in accordance with the positivity of Zi(k). In
particular, if & < 1 so that 7 < é, which means that
the degradation time is much slower than the arrival
time from the source cell to the kth target cell, then
Zi(k) ~ 1/2. On the other hand, if 1 < &, then
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Figure8. Dimensionless function Z;(#) for various k when the transport is anterograde-dominant (v > 0). Parameters as figure 6.
Similar results hold when v < 0.

limg 00 Z5(A) = 0. Numerical results in figure 8
confirm the asymptotic behavior of Z; and the analytic
result that the dimensionless function is bounded by
the inequality (4.15). The numerics are obtained by
carrying out a Monte Carlo integration of (4.12) and
generating samples of the conditional distribution g
using the Gillespie algorithm. The weak dependence
on the index k is clearly seen.

One final observation regarding the steady-state
distribution is that the first moment (N) in (4.7) does
not explicitly depend on the conditional MFPT 7. For
the search-and-capture model in [5], the mean steady-
state distribution of morphogens in a cell depends on
the conditional MFPT because the interarrival time is
determined by the FPTs. However, in the present case,
the interarrival time is

i

1
Bi-i—l —Bi - ; +77<,-+1 _77<-

which expectation is the vesicle production time 1/v.
Therefore, the first moment of the impulsive signaling
transport depends on the vesicle production rate v,
rather than the MFPTs.

5. Differential version of impulsive
signaling transport

In this section we relate our impulsive signaling model
with the ‘fluid’ transport model of [4, 10]. We proceed
by constructing a differential version of the former
model, and then deriving the ‘fluid’ transport model
by homogeniziation.

Consider the ith vesicle injected into a single
cytoneme of length L. Let p,(x,t,i) be the probabil-
ity density that the vesicle is positioned at x in state
n € {4, —} at time . This satisfies the same differ-
ential CK equations (2.1a) and (2.1b) with the bound-
ary conditions (2.2). Here Py(1,i) is the probability that
the vesicle is located in the source cell at time f, which
evolves according to

TP i) = 8t — (i — 1)) + v_p_ (0, 1,d) — roPo (1, ),

dt
(5.1)
where 0(¢) is the Dirac delta function. Once the vesicle
reaches the right-hand end at x = L, morphogens in

the vesicle burst into the target cell and subsequently
degrade. Let Q(t,i) be the probability that the dth
morphogen is in the target cell, which satisfies

dQq(t, 1)
dt

d=12,---,A.
(5.2)
Introducing the mean number of morphogen in the
target cell,

= V+p+ (L, t, l) — HQd(t; 1))

oo A
Ci(t) == Z Z Qu(t,0),

and summing equations (5.1) and (5.2) with respect
to i, dyields

dCy

- = Qt) +v_u_(L,t) — roCo(t), (5.3a)

dc,

I (5.3b)

= V+u+(L, t) — liCl(t),

where

o0

Q) =AY 5t~ (i-1/w)  (54)

i=1
and uy(x,t) satisfies the following equations over
(0,1)

ou ou

8t+ = —v+8—; —o_uy +aqu_, (5.5a)
ou_ Ou_

W = Vfﬁ + oO_Uy — oy U, (SSb)

together with the boundary conditions
viup(0,8) = rCo(t), u_(L,t) =0. (5.6)

Once can interpret Q(t) as the average time-dependent
production rate. In particular, when x < v, which
means that the production period is much shorter
than the average degradation time, the production rate
can homogenized as

qwzQA St— )l =Q. (5)

This homogenized model is exactly same asthe ‘fluid’
transport model in [4, 10], which means that the
model is an asymptotic model of impulsive signaling

10
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Figure9. ‘Fluid’ model (solid and red) gives the average dynamics of the impulsive signaling model. (a) Sample paths of the
impulsive signaling model of a single cytoneme when v = 10k. (b) Corresponding plot when v = &. (c) Corresponding plot when
v = 0.1k. Parameters are the same as figure 6 with s = 0.05s ' and fixed Q = 557!,

model when the production rate is faster than the
degradation model.

One can extend the above result for multiple
cytonemes. In the same fashion, one determines the
average number of morphogen in the kth target cell
Ci(t) satistying

dc =
= (1) — nColt) +v- 1;1 ul (L, 1)(5.84)
B vl (L)~ wClr), (58D)

where u]:‘t (x, ) satisfies (5.5a) and (5.5b) over (0,Li)
with boundary conditions

viuh (0,1) = rgfCo(t),

One major result from the fluid model is the steady-
state concentration of morphogen in a target cell. For
the kth target cell, the steady-state concentration takes
the form of

uk (L, t) = 0. (5.9)

L Q  Ow(ly)
G=—"c=x , (5.10)
w5 ey Oew(Li)
where
_ e vy Qv
wlx) = 1+ ay[l —e]/yv_’ = vivo ’
(5.11)

Comparing with the steady-state mean number of
morphogen derived by the impulsive signaling model
(4.7), they are identical if

4 (0) = w(Ly).

Comparing with equation (3.7) for L = Li,we see
that 7% (0) = w(Ly). This proves that the steady-state
solution of the fluid model and the steady-state mean
of the impulsive signaling model are the same, which
can be confirmed numerically as illustrated in figure 9.

6. Discussion

In this paper we developed a stochastic model of
cytoneme-based morphogenesis, where individual
vesicles of morphogen are bidirectionally transported
along cytonemes linking a source cell to one or more
target cells. We calculated the splitting probabilities
and the conditional MFPTs of a single vesicle delivering
a morphogen burst to a target cell, and then used
queuing theory to determined the steady-state mean
and variance of the morphogen gradient, assuming
that morphogen vesicles are periodically generated by
the source cell. We also developed a differential version
of the queuing model and showed that the continuum
model of cytoneme-based morphogenesis [4, 10] is
the asymptotic mean dynamics of the queuing model
when the degradation rate is faster than the vesicle
production rate.

One of the major results of our stochastic model
is that the burst-like nature of morphogen transport
can lead to a Fano factor that is greater than unity
(non-Poissonian), analogous to protein bursting in

11
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gene networks [13]. Moreover, the Fano factor is only
weakly-dependent on distance between the source
and target cells, which means that relative fluctuations
could be particularly significant in the case of target
cells distal to the source cells. On way to mitigate the
affects of fluctuations is to increase the production rate
relative to the degradation rate.

One simplifying assumption of our stochastic
model is that vesicles are periodically produced in the
source cell at a constant rate v and contain the same
amount of morphogen. However, fluctuations in the
production rate and size of vesicles could be an addi-
tional source of stochasticity, resulting in a queuing
model with random customer batch sizes and more
complicated waiting time distributions. Another
assumption is that the injection probability 6y is time-
independent. However, this probability depends on
the relative number of cytonemes connecting to each
target cell. Recent experimental studies of gradient for-
mation of a FGF family protein, Branchless (Bnl), in
Drosophila have shown that the number of cytonemes
can be time-dependent [6, 20]. In Drosophila, Bnl is
the primary signal that guides the branching morpho-
genesis of tracheal epithelial tubes in the wing imaginal
disc. Activation of its cognate receptor Breathless (Btl)
in tracheoblast cells induces migration and remode-
ling of the tracheoblasts to form a new tubular branch,
the Air-Sac-Primordium (ASP). ASP cells extend Btl-
containing cytonemes to contact the basal surface of
the wing disc source and directly receive Bnl. The latter
regulates Btl synthesis and cytoneme production via
a feedback loop that helps sculpt the morphogen gra-
dient. Thus the number of cytoneme contacts, which
determines 6y, is itself a dynamical variable.
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Appendix

In this appendix, we use generating functions and
Laplace transforms to derive expressions for the
steady-state mean and variance of the modified
G/M/oo queuing model. First, we define the binomial
moments

> Il
B (A.1)
Introducing the generating function
Gz t) = > ZP[N(t) =1, (A2)
1=0
we have
1 d'G(zt)
(1) =5 — _ (A.3)

H Kimand P C Bressloff

Assuming that the system is empty at time t = 0, we
will derive an integral equation for the generating
function G(z, t). Rearranging (4.4) we have
N(t) = x(t = B1)é, z + H(t — 1/v)N*(t — 1/v),
(A4)
where N*(#) has the same distribution as N(¢). Note
that x(t —Bi1)d, ¢ and H(t—1/v)N*(t —1/v)
are independent. Conditioning the first arrival time
Bi = Tx, = y and cellidentity k; = k, one has
gzt k) = B2V |By =y, ki = K]
= E[ZH(FI/V)N*(tfl/V)}]E[Zx(t—y),ék;‘Bl =y,k =K.

Moreover,

PU(t = y,81a) =1 = [1 = E(t = y)]é11 + E(t = y)d10,

so it follows that

Z ZPI(t—y,S14) =1 =z + (1 — 2)E(t — ),
1=0,1

wheret — y > 0.Since I(t — y,514) ford = 1,2,--- , A
are independent and identically distributed, the total
expectation theorem yields

Go(z 1) = E[X(~50%5) = B [B[XOB0%s|B, = by = K|

A
-F {H B[z (=381)]

d=1

-/ et (1 - E(t— Y dE(,R) + JAECEED o

Ktk
According to (A.5), another application of the total
expectation theorem gives
G(zt) = B[NY] = E[g(z, 1,5, k)]
= B[N (-] | [E[zwﬁ%“k,x\sl - k}]
= Gi(z,t — 1/v) X Gy(z, 1), (A.6)

where

1 ifr<1/v
Gi(z,t —1/v) = {G(Z,t 1/v) ift>1/v.

One can now obtain an iterative equation for bino-
mial moments by differentiating equation (A.6) with
respect to zand using equation (A.3. Since

1

e+ (- 280y

_ ol —Et=y)] A=
i 0 ifA<I’

we obtain the integral equation
r—1
B0 = (3o 4 =10 Y ()bt 1ty
= (A7)

where Hy(t) = land

t
Hl@:/ D AE (R R), = 1,2,
0

In order to obtain the steady-state binomial moments,
we Laplace transform equation (A.7) after making the

12
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substitution dF(y,k) = pifi(y)dy. In particular, for
r = 1,wehave

~

Bl(s) = e_s/ygl(s) + Kjﬁ 5}—;_‘(5)-

Solving for B, (s) gives
3= Dk
Bi(s) = RS
1(s) K+s 1—es/v

Using the fact that lim, o Bi(t) = limyy sﬁl(s)
and using 1’Hospital’s rule, we obtain the expression
for steady-state first moment B} = (N) given in

equation (4.7), assuming that all moments of F(y, k)
are finite.

Notethatif r > 2 then one cannot perform Laplace
transforms directly to find an iterative equation for the
steady-state binomial moments. Thisis due to the pres-
ence of terms involving products of time-dependent
functions. Therefore, in order to determine the steady-
state second binomial moment, we introduce an itera-
tive expression for the moment generating function:

t) = l:IGz(z,t—j/V), i—1<

j=0

tv <i. (A.8)

Differentiating with respect to z we have

i—1

dG 1 dG,
E(z,t)_c(z t)ZGz e

zt—j/v
Again taking derivatives with respect to z

i—1

1 £G, 1 [dG,]?
3o q e

G
2t

dziG( t)* dﬁ ’
PR A P

and setting z = 1yields

+(5 )ZHZt—J/V 2 S

1
By(t) = E32

One can write the second moment as

By(t) = % [Bf(t) 4 (?)Ml(t) —AMy(1)], (A9)

with the iterative functions satisfying

M (t) = H(t = 1/v)M(t — 1/v) + Ha(t),  (A.10)
and
My(t) = H(t — 1/v)My(t — 1/v) + H2(t).  (A.11)

After Laplace transforming equations (A.10) and
(A.11) along similar lines to the first moment, we
obtain the steady states

lim M, (f) = zlpk, lim M,(t) = vH2(0). (A.12)

t—0o0 K t—00

Performing the integration

2
Hils) = 2li+$/ /

KON ARGy R)E(y, ),
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settings = 0,and changlng variables gives

B0 =250, T = [

/0 fi) iy +y')dydy".

This then generates the steady-state second binomial
moment

y 1 . A\ v vA?
B = - {Blz + ( )p%_ Tp%ﬁ(fi) . (A.13)

2 2) 2K
Using the fact that
(N?) = (N)*> = 2B; + B] — B}’

we thus obtain the steady-state variance (4.8).
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