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Abstract
Age-structured processes are well-established in population biology, where
birth and death rates often depend on the age of the underlying populations.
Recently, however, different examples of age-structured processes have been
considered in the context of cell motility or certain types of stochastically
gated ion channels, where the state of the system is determined by a switching
process with age-dependent transition rates. In this paper we consider the
particular problem of diffusion on a finite interval, with randomly switching
boundary conditions due to the presence of an age-structured stochastic gate
at one end of the interval. When the gate is closed the particles are reflected,
whereas when it is open the domain is in contact with a particle bath. We use a
moments method to derive a partial differential equation for the expectations
of the stochastic concentration, conditioned on the state of the gate. We then
use transform methods to eliminate the residence time of the age-structured
switching, resulting in non-Markovian equations for the expectations, and
determine the effective steady-state concentration gradient. Our analytical
results are shown to match those obtained using Monte Carlo simulations.

Keywords: age-structured, diffusion, stochastic gating, random environment,
characteristics

(Some figures may appear in colour only in the online journal)

1. Introduction

This paper is a continuation of a sequence of recent mathematical studies of diffusion pro-
cesses in randomly switching environments [3-5, 18, 20]. The environment is taken to be a
bounded domain with either randomly switching exterior boundary conditions or stochasti-
cally-gated internal barriers such as gap junctions. The stochastic switching is modeled by a
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Markov chain whose transition rates are independent of the population density. The fact that
the diffusing particles are all subject to the same fluctuating environment means that statistical
correlations arise at the population level. That is, solving the diffusion equation for a particular
realization of the stochastically switching boundary conditions yields a population density
that depends on the particular realization. Hence, the density is a random field whose moments
evolve according to a hierarchy of deterministic partial differential equations (PDEs) [3, 20].
This new type of model has applications to a variety of problem domains in biology and bio-
physics, including diffusion-limited reactions [6], insect physiology [8], stochastically-gated
signaling between cells [7, 9], and volume neurotransmission [19, 21].

Probably the simplest example of the above type of process is the one-dimensional diffu-
sion equation on a bounded interval [3, 18]. Suppose that the left-hand end satisfies a Dirichlet
boundary condition, whereas the right-hand end switches between inhomogeneous Dirichlet
and Neumann boundary conditions. The switching is represented by a two-state Markov
chain. One finds that the solution of the stochastic diffusion equation converges in distribution
to a random concentration whose expectation satisfies a deterministic system of partial differ-
ential equations PDEs. The solution of the latter is a linear function of x, with the underlying
stochastic process reflected by the non-trivial dependence of the concentration gradient on
model parameters.

In this paper we extend the one-dimensional problem to the case of age-structured switch-
ing. Age-structured processes are well known in population biology, where birth and death
rates often depend on the age of the underlying population element [10, 15], which could be a
cell undergoing differentiation or proliferation [23, 24, 26], or a whole organism undergoing
reproduction [17]. Recently, however, a different example of an age-structured process has been
considered within the context of cell motility [11-13]. The latter authors develop a stochastic
two-state velocity jump model of cell motility, in which the switching rate depends upon the
residence or running time the cell has spent moving in one direction. (This time is reset to
zero each time a reversal of direction occurs.) If the switching rate is taken to be a decreasing
function of the residence time, then one obtains a power law for the velocity switching time
distribution. In particular, the cell undergoes a persistent random walk, whereby the longer the
cell moves in a particular direction, the smaller the switching probability for reversing direc-
tion becomes. The resulting cell motility on mesoscopic time scales exhibits non-Markovian
superdiffusive behavior consistent with some recent experimental studies [1, 16].

We adapt the analysis of Fedotov et al [11-13] in order to consider an age-structured
switching process that controls the opening and closing of a stochastic gate at the right-hand
end of a bounded interval containing a population of diffusing particles. When the gate is
closed the particles are reflected, whereas when it is open the domain is in contact with a
particle bath. After formulating the model in section 2, we extend the moments method of
[3] to derive PDEs for the expectation of the stochastic concentration, conditioned on the
age-structured state of the gate (section 3). We then use transform methods to eliminate the
residence time, resulting in non-Markovian equations for the expectations, which are solved
using Fourier/Laplace transforms and the method of characteristics (section 4). Finally, in sec-
tion 5 we determine the effective steady-state concentration gradient. The logical flow of the
calculations is outlined in figure 1.

2. Piecewise deterministic diffusion equation with age-structured switching

Consider the following diffusion equation for the density u(x, f) of particles moving in a one-
dimensional bounded domain with position x € [0, L] and time 7 > 0:
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Figure 1. Outline of the steps in the calculation process for finding steady-state
solutions to the first moment of equation (2.1).

Ou 0 u

= _p=_= 2.1

3 D8x2’ x€1[0,L],t>0 (2.1
supplemented by the boundary conditions

u(0,1) =0, u(L,t) =mny > 0forn(r) =0, (2.2a)

u(0,£) =0 xOwu(L,t) + (1 — x)[u(L,t) — m] =0forn(r) =1, (2.2b)

with x = 0, 1. Here n(¢) € {0, 1} denotes the current state of a stochastic gate at the end
x = L. If n(z) = 0 then the gate is open and the domain is in contact with a particle bath of
fixed concentration 1, whereas if n(¢) = 1 then the gate is closed and particles are either par-
tially exposed to the bath (x = 0, 1 < 1) or reflected (x = 1). In previous work [3, 18], we

assumed that the state n(t) of the gate evolves according to a two-state Markov chain: ( ‘i\_o 1.

Let Py(1) = 3,,—o.1 Pln(r) = n|n(0) = m] pj), be the probability distribution for the current
state of the gate given that the initial state n(0) is distributed according to p°. We then have the
master equation

dp, (1)
5= D AwmPult) 2.3)
m=0,1
where A is the matrix generator
—Qo
A= .
{ a —CVJ 2.4)

The left nullspace of the matrix A is spanned by the vector 1) = (1, 1) T and the right nullspace
is spanned by
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_ (PO 1 aq
P (Pl) B a) + o (%) ' 25)

A simple application of the Perron—Frobenius theorem shows that the two state Markov pro-
cess is ergodic with lim,_, . P,(f) = p,. One can view a solution of equation (2.1) up to
some time 7 as determining the probability density u(x, z) conditioned on a single realization
{n(s),0 < s <t} of the stochastic gate. Thus the conditional probability density u(x, ) can
be interpreted as determining the density of multiple particles moving in the same random
environment. Each realization of the gate will typically generate a different solution u(x, )
so that u(x,7) is a random field variable. Taking expectations with respect to these different
realizations, conditioned on the current state of the gate, we define the first moments

Vn(-x’ t) - E[u(x9 t)ln(t):n]v n = 05 19 (26)

where 1,)—, denotes the indicator function on the event n(¢) = n. It can be shown using the
method outlined in section 3 that V,, evolves according to the equations [3, 18]

oV, O*V,
7: = DaTzo —agVo + oy Vi, (2.7a)
ov o'V
TII =P 8x21 +aoVo —aiVy, (2.7b)
with
Vo(0,1) = Vi(0,1) = 0, Vo(L, 1) = pono, xOxVi(L, 1) + (1 — x)[Vi(L,t) — pimi] = 0. (2.8)

If x = 0 then the resulting steady-state solution for V =V, + V; is [4, 18]
x

V(x) 7

[pomo + prm], (2.9)

whereas for y = 1

X o
Vix) == . €=V tar

= LT (/) (e0) T tanb (€D .10
In the latter case, although one has the expected linear gradient in concentration, the depend-
ence of the slope on model parameters is non-trivial. However, one recovers the classical
result in the fast switching limit & — oo:

X

V(x) = 7 -

In this paper, we replace the simple two-state Markov chain by an age-structured model. That
is, we introduce an additional time variable 7, which is the residence time between successive
switches in the state of the gate, such that 7 is reset to zero each time there is a state transition.
We further assume that the switching rates depend on 7 by setting oy = (1), ap = ap(7).
Let A,(t,7) denote the probability density that n(f) = n and the last transition was at time
t — 7. We then have the age-structured master equation

8A0(l, T) I 8A0(t, 7') .
ot or

—ap (7)Ao (1, 7), (2.11a)

6/\1(1‘, T) I 8A1(l, T)
ot or

= —al(T)Al(l,T>. (2.11b)
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This pair of equations is supplemented by the boundary conditions

Ao(2,0) = /0

and the initial conditions A,(0,7) = p,(7)d(7) with p,(7) given by equation (2.5) for 7-
dependent «,(7). Here " mean the limit as € — 0 of 7 + ¢, so that we capture the behavior
of any singularities at 7 = ¢T resulting from the initial conditions. The marginal distribution
An(2) is then obtained by integrating with respect to 7:

++ I

ar(T)A(t,T)dr,  Ai(2,0) = / ao(T)Ao(2,7)dr, (2.11¢)
0

a8

M(t) = /0 An(t, 7)dr 2.12)

One possible choice for age-dependent transition rates is (see [11-13])

2 2
() =6 aglr)=(1-0) .
for 0 < ¢ < 1. Note that equations (2.11a)—(2.11c¢) are similar to the classical McKendrik-von
Foerster equations in age-structured population dynamics [22, 25].

One question that quickly arises is what form the age-dependent rates «(7) and ap(T)
should take (we will focus on o, (1) = a(r) for now). Define the random variable T to be
the time until the next transition from n = 1 to n = 0 occurs. To investigate the relationship
between T and «(7), we note that by definition of conditional probability, T, and a(7), we
have that

P(T > 7+ Ar)

P(T>7+A7|T>71) = BT > 1)

=1—a(r)AT 4+ o(AT).

Upon rearranging this equation, we have that
P(T>74+ A7) -P(T >7)
AT N
Taking A7 — 0 then yields that the survival probability P,(7) := P(T > 7) satisfies the ordi-
nary differential equation (ODE)
P,
dr

—a(T)P(T > 7) + o(1).

—a(T)P;.
Hence,
Py(1) = N exp ( — /T oz(s)ds),
where N is such that the probability density function (pdf) of 7,
p(t) = —Pi(1) = Na(r) exp ( — /T a(s)ds)
integrates to one, [ p(7)dr = L.

It follows that, given a survival probability distribution Pg(7), we can construct the appro-
priate switching rate by

(2.13)
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As an informal example, consider the general class of transition rates given by
a(7) = p(1 + 7). The resulting survival distribution is

Py(7) = Nexp (%(1 + T)k+l) if k#—1, (2.14)

1
P(r)=N—— if k=—1. 2.15
s ( ) (1 + 7_) I ( )
Note that if K < —1, we do not have a finite mean. Since in that case on average it takes an
infinite amount of time for the system to change states, we will generally assume that our
survival distribution has a finite mean.

3. First moment equations

We now extend our previous work on diffusion in switching environments to derive moment
equations for the piecewise deterministic diffusion equation [3]. The first step is to spatially
discretize the equation (2.1) using a finite-difference scheme. Introduce the lattice spacing a
such that (N + 1)a = L for integer N, and let u; = u(aj) for j =0,...,N + 1. We then obtain
the piecewise deterministic ODE

N
dui n n .
i E Afuj + Mpdin, i=1,....,N, n=0,1, 3.1
Jj=1
with
. D D
T = 770725;1,0 + nlizfsn,l-
a a

Away from the boundaries (i # 1, N), Al is given by the discrete Laplacian
. D
Aij: ;[(5M+1 +5l}i*1 —25[J]. (3.2a)

On the left-hand absorbing boundary we have uy = 0, whereas on the right-hand boundary
we have

Un+1 = Mo forn = 0, X(MN+1 — uNfl) + (] — X)[MN+1 = 771] =0forn=1.

These can be implemented by taking

D
Ay = 5102 = 20.l, (3.2b)
D
AR’] = ;[6]\/,12/' — 26NJ], (320)
2D D
All\’j = Xﬁ[‘SN—lJ — gl + (1 - X);[éN—l,j — 20n,]. (3.2d)

Letu(f) = (u1(¢), ..., uy(t)) and let 7(¢) > O be the time since the last switch
7(1) :=sup{s < t:n(t) = n(t— ') forall s’ < s}.

Introduce the probability density
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P{u(r) € (w,u+du),n(t) =n,7(t) € (1.7 + dr)} = Py(u,t,7)dudr, (3.3)

where we have dropped the explicit dependence on initial conditions. The probability density
evolves according to the following differential Chapman—Kolmogorov (CK) [2] equation for
the stochastic hybrid system (3.1):

0P ZN: ZA U + Pu(u,t,7)
8 = u; 7% nn i,N n s b (34)

— a(7)P, (utT)

Equation (3.4) is supplemented by the boundary conditions
P()(ll, 1, 0) = / al(T)P1 (ll, t, T)dT, 'Pl (ll, t, 0) = / ao(T)Po(u, t, T)dT
0 0
3.9

and the initial condition P,(w,0,7) = p,(0)6(7) f(u) with [ f(u)du = 1. Integrating equa-
tion (3.4) with respect to u and setting

An(t,T) = /Pn(u,t,T)dll

we recover (2.11a)—(2.11c¢).
Since the drift terms in the CK equation (3.4) are linear in the u;, it follows that we can
obtain a closed set of equations for the moments of P,. Introduce the first-order moments

' I

Vi (t,7) = /Pn(u, t, 7)uy(t)dudr. (3.6)

Multiplying both sides of the CK equation (3.4) by ux(f) and integrating with respect to u
gives (after integrating by parts and using that P,(u,f,7) — 0 as u — oo by the maximum
principle)

8Vnk aVnk

Z Al Vg + 1A w(8, T)O0kN — n(T) Vi (8, 7). (3.7)

If we now retake the continuum limit @ — 0, we obtain the moment equations for V, (x, ¢, 7),
namely,

OV, (x,1,7) N OV, (x,1,7) OV, (x,t,7)

= D - &p Vn ) ts . 38
o1 or ox? on(T)Valxt.7) 68
This is supplemented by the boundary conditions
Va(0,2,7) =0, Vo(L,t,7) = moho(t, 7), (3.9a)
XOVi(L,t,7) + (1 — x)[Vi(L,t,7) —mAi (2, 7)] = 0, (3.9D)
with A, evolving according to equations (2.11a) and (2.11b),
it t
Vo(x, I,O) = / Oé](T)V](x,l, T)d’l', Vl(x,t,O) = / ao(T)V()()C, t,T)dT,
0 0

(3.9¢)
and with the initial conditions
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V,(x,0,7) = VIO (x)4(7) (3.9d)

for some initial spatial distribution v ().

4. Eliminating the residence time

In the previous section we derived equations for the T-dependent first moments V,,(x, z, 7). The
next step is to derive a non-Markovian master equation for the 7-independent moments

P

M,,(x,t)z/ Vu(x, 1, 7)dr, (4.1a)
0

where we have integrated out the residence time 7. Note that we will need to be careful about
the singularity at 7 = ¢ coming from the factor of (7) in the initial conditions. At this point
it is convenient to define several additional variables. First, recall that the probability the gate
is in state n at time 7 is given by

t+
(1) = / A, (t,T)dT, (4.1b)
0
analogous to the definition of M,(x,f). Now define
l‘+
N,(x,1) = / a(T)Vp(x, 8, 7)dT, 4.1¢)
0
t+
ralt) = / an(F)An (1, 7)dr- 4.1d)
0

These new variables are integral terms describing the transfer of probability between My(x,t),
M (x,r) and \o(t), A (¢) respectively. We will proceed along analogous lines to Fedotov et al
[12]. Given the boundary conditions (2.11c¢), (3.9), and (3.9¢) we also have to be able to solve
for N, (x,1), as well as the variables A, (¢) and r,(7) through a similar process, since the marginal
distribution A,(7, 7), the T-dependent probability density that the system is currently in state
n at time ¢, is not known.

We can find the general form of the differential equation for M,,(x,f) in a fairly straight-
forward manner. Integrating (3.8) from 7 = 0 to 7 = ¢T, interchanging differentiation with
integration, and using the fundamental theorem of calculus yields

OM,,(x, 1)
ot

M, (x, !
+ Vu(x, t,14) — Vo (x,£,0) = DaT)g” — / (T)Vu(x, 2, 7)dT.
0

+
Using the boundary condition V,(x,7,0) = fot oy —n(T)Vi_n(x, 2, 7)dT = Ny _,(x, 1), and the
fact that V,,(x,7,0) = 0if 0 > ¢, we obtain

OM,,(x,1) D O*M,,(x, 1)

= — 4.1
5 o Nu(x, 1) + Ny_p(x, 1), (4.1¢)
with boundary conditions
M,(0,1) =0, Moy(L,t) = noro(t), 4.19
XMy (L. 1) + (1 = X)[My (L, 1) = mAi(1)] = 0. (4.19)

8
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In section 4.2 below, we use transform methods to rederive (4.1e) and write N, in terms of M,

We note that the initial condition V,,(x,0,7) = v (x)8(7) could be replaced by a smooth
distribution of initial residence times g, (7), with fooo gn(7)dT = 1. In this case, we integrate
7 over [0, 00) in order to eliminate the residence time. This simplifies the derivation of equa-
tion (4.1e), since there is no longer a singularity at 7 = #, so that

/°° OVyu(x,t,7)
0

or dr = —Ny_n(x,1).

For concreteness, we will use the point distribution d(7) throughout the rest of the paper.
As in our previous studies, we are ultimately interested in the steady-state solution
M (x) = limy_,00 [Mo(x, 1) + M, (x,t)], under the assumption that the following limits exist:

An = lim 2a(2). “2)
Adding the steady-state equations for My(x) and M,(x) together yields

d>M(x)
D e 0, (4.3)
which indicates that M (x) is a straight line through the origin, M(x) = Ax, with A to be deter-
mined from the boundary conditions at x = L. In the Dirichlet-Dirichlet case (y = 0), one

simply has

lim M(x,1) = 7 lim [mdo(t) +mA (1) 44

1—00

Thus, it is only necessary to calculate A,(f). The difficulty lies in the Dirichlet-Neumann
case, where M(L,t) is not known explicitly. This means that one has to solve equation (4.1e)
directly, and thus deal with the fact that the integral terms N, are currently expressed in terms
of V,, rather that M,,. In order to rewrite N, in terms of M,, and to solve the resulting equa-
tion for M,, we will make use of transform techniques. First, however, we show how to cal-
culate A, (7).

4.1. Calculation of A\n(t)

The first step is to decompose the right-hand sides of equations (4.150) and (4.1d) into two
parts, one of which contains the singularity at 7 = ¢

= '
Anlt) = / At 7)dr + / Aot 7)dr @.5)
0 t—

i+

(1) :/0 Oé,,(T)An(t,T)dT-i-/l a(T)A, (8, T)dT. (4.6)

Note that A, (¢) is simply the probability that the system is in state n at time 7. Using the method
of characteristics (see figure 2) we can write

Au(t,7) = My(t = 7,0)e™ o7 3¢ 45 7 (4.7a)

M(t,7) = Ay (0,7 — ) S gy < 7 (4.7b)
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t
characteristics
e (t)
ll-‘ o
5
® (tv)
An(0,T-t) T

Figure 2. Characteristics used to determine A,(z,7) in terms of the initial data
A, (t—7,0) fort > 7 and A, (0,7 — ) for 7 > 1.

Note that
U, (1) = e Jo ) 4.8)

is the survival probability that the system has not switched after residing in state n for time 7.
We also define
T ’ ’ \IJ
’l/)n(T) = an(7_>e— Jo an(d)dr’ _ _d n(T)’ (4.9)
dr
the pdf for the probability that the system has exited state n before reaching residence time 7.
We can then write

T

Aalt) = /’ An(t = 7,0)T, (T)dT—f—/t An(O,T—t)\Pi”(T)dT

T—1)

/A =1, 0) T (r )dT+/ﬁ pn(O)(S(T—t)\II:IJ(:_(T)t)dT
Au(1,0) % (1) 4 pa(0) W, (1)
= (rl_n * U, ) (1) 4+ pa(0)T,(2), (4.10)

where we have used equation (2.11c¢). Similarly,
T

/ An( 0)1, (T )dT+/t, an(T)A, (2, 7)dT
(F1—n * ¥a) (1) + pu(0)20n(2). (4.11)

What is convenient about these forms is that we now have either linear terms or convolu-
tions, making the Laplace transform ideal to use. Denoting £{f(#)} = f(s), after applying the
Laplace transform to both r,,(¢) and A, (), we arrive at the system of equations

() = F1—n() U, (5) + pu(0)T,,(s5) (4.12a)

Fu(8) = Fion(8)0n(5) + pa(0)0u(s). (4.12b)

10
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Solving (4.12a) for 7_,(s) gives

Xn(s) - pn(o)\in(s) )

il = \in(s)
This implies that

rs:i/;n(s)Xs 0)U,,(s 71!)(5)

n( ) \I/n(s)( n( ) Pn( ) n( )) ern( )77Z’n( ) \I/,,(s) n( )7
and therefore

N 'l/}l n(s) g

An(s) = \Ill,n(s) A= ()W (s) + pn(0) W (s)
Rewriting this as

X,,(s) — (0 1/}1 n(s )>\ s

n(S) pn(0) = ‘1]1 n() 1,,,( )’

we can subtract (0, (s) /¥, (s)) A, (s) from both sides, yielding

OGOl o By )y

T, (s) pn(0) T (o) 1-n(s) T, (s) a(s)

Using the fact that 1), (s) = —sW¥,(s) 4 1, we arrive at the equation

A — 1/11n() S—M~s:7 s) — Fu(s

sAu(s) — pa(0) = \Ill (s ))‘l—n( ) \I/,,(s))\n( ) n—1(8) = Ta(s).  (4.13)

Since L{ A, (1)} = sAu(s) — A(0) = sAy(s) — pu(0), we can convert back from the Laplace
domain to the time domain to obtain the integro-differential equation
d,(7)
dr
where we have rewritten the transition rates as

= =1, (1) + r1-u(2), (4.14)

s

ra(t) = / Kot — 7)M(r)dr 4.15)
0
with the integral kernel K,,(¢) defined by
L[ ()
K,(t) = L1 22 4, 4.16
o-cf el @16)

In the Markovian case o, (7) = o, constant, this formulation recovers the standard master equa-
tion for the two-state Markov chain. To see this, note that L{¥ (1)} = L{e" '} = (s + a,,) ",
so the integral kernel is

ol l—s\TJn(s) —r Yol =a
Kalt) = £ {imw}‘ﬁ fa} = ().

This means the rate functions are given by

1
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i+

ra(t) = /0 nd(t — T)A(T)dT = ap (1),

and the resulting system of equations is

d (1)
dr

Our next intermediate step is to find the steady-state behavior of A, (f) as t — oco. For now
we will simply assume such a limit exists, i.e. the proportion of time spent in each discrete
state approaches a constant value. Since the right hand side of (4.14) is non-autonomous, this
is a non-trivial task. The main tool we use is the final value theorem of Laplace transforms.
The idea is that, assuming lim,_, . f () exists, we can use the identity

= —au (1) + g Ai—p(t), n=0,1. (4.17)

/OO ’s’d];( )dt— sF(s) — f(0) (4.18)
0

to equate lim, o+ sF(s) — f(0) with
[ e ) df ( )
Jim [ e a */0 D4 = tim 1) - £10).

Therefore, we have

lim sF(s) = lim f(z). (4.19)

s—0t —o0

In Laplace space, we can write the transform of the differential equations given by (4.14)

as a system

Q) D) <

STRe W) <>\o(8)> _ (po(O) 4.20)
Bl ue) |\ X m(0)) ‘
\I/(](S) + \I/](&‘) I(S)

which we can use to solve for s\, (s), obtaining

- P1(s) P1(s)
(Sio(s)) . (Tee we <p0(0)> 4.21)
(s Po(s) Jo(s) 0))" )
sA1(s) s+ Yo %ES; \TI(())(S) s+ E}‘;(S) p1(0)

Taking the limit s — O™ yields the solution

lim (AO(Z)> = lim Sio(s) - “Agsz axjﬁbx (’00(0)> — tu:*sz i
o0 )\l(l) s=0F S)\](S) ax+bx  ax+bx pl(o) ax—+bx

(4.22)

where we have used po(0) + p;(0) = 1, and defined

oy = meo Gi(s) _ o i@dr _1-Wi(e0) 1 . (4.23q)

lim, o Uy (s)  Jo Wi(e)de [ Wp(n)de [T Wy (r)ds

_ limgeedols) _ Jo tol)dr 1 —Wo(oo) _
im0+ Uols)  Jo~ Wo(Ndt — [7 Wo(r)dt [ To(r)dt’

assuming the limit of each integral exists on its own. The last equalities follow from the fact
that the survival probability approaches 0 as t — 0o, assuming we have a reasonable holding

(4.23b)

12
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time distribution. Enforcing that v, (7) has a finite mean is one way of ensuring this. In the
Markovian case, we arrive at ay = «j, by = g, which results in steady-state boundary con-
ditions a, /(v + 1) = p,(0), identical to the Markovian boundary conditions one would
normally obtain.

4.2. Calculation of Nu(x,t)

We now wish to perform a similar calculation to determine the functions N,(x,f) appear-
ing in the PDE (4.1e) for M,(x,f). We will proceed by applying transform methods and the
method of characteristics to the moment equation (3.8). First, note that we can take Vj, V| and
V = Vp + V; to be in the same Fourier space by taking them to be odd, periodic functions on
the domain [—L, L]. These periodic functions will be discontinuous at x = +L. Introduce the
sine series

Mg

(X, 1, 7) nl (t,7)sin(lmx/L), n=0,1, (4.24)
I=1
with
~ 1 [F
Vau(t,7) = Z/ Va(x, ¢, 7) sin(lmx/L)dx. (4.25)
—L
Fourier transforming the moment equation (3.8) gives
OV, | 0V, 2Dk,
L S = DR+ 0n(7)] Vs + T (D)W (LatT), (426)

ot or

where k; = I /L. We have used the fact that the sine transform of second derivatives picks up
a boundary term. We also have the initial conditions

Vai(0.7) = ViP6(r), 4.27a)
f+
Vou(1,0) = / ay (T)Vi(t,7)dr = Niy(1), (4.27b)
0
t+
D0i(1,0) = / 00 (F)Vou(t, 7)dr = Nou(1). 427¢)
0

Here M,,(t) and N,,(r) denote the sine transforms of M(x,t) and N(x,t). For the moment,
leave the boundary conditions for V,,(L, #, 7) unspecified.

The method of characteristics can now be used to find a solution along analogous lines to
the analysis of A,(#, 7), see also figure 2. For t > 7, we have

Voi(t,7) = Vst — 7,000, (7)e ™47 + B, (1, 7), (4.28)
where
2Dk, T Dkt
B, (t,7) = W, (r)e PhT 2 l+‘/ - V,(Lt— ! dr. 42

13
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Similarly, for r < 7 we have

Via(t,7) = Vg (0,7 — )0, (1)e P 4 (8, 7), (4.30)
where
2kD " ek
Coa(t.7) = U, (r)e P = (1) / Va(L.t, 7 — 1+ 7)dr'. 431
1(0r) = W P ER [y =) @31)
The functions B,;(t,7) and B, ,(t,7) are specified in terms of the boundary conditions for
Vu(L,t, 7).

The next step is to decompose the right-hand sides of equations (4.1a) and (4.1c¢) into two
parts, one of which contains the singularity at 7 = ¢*. After Fourier transforming we have
o N
M, (1) = / Vuu(t, 7)dr + / Vouu(t, 7)dr (4.32a)
0 I
T

Noi(t) = / (T Vs (£, 7)dT + / 0 (T) Vi (1, 7)dr. (4.32b)
0 t

Substituting the characteristic solution into this pair of equations and using equations (4.27a)—
(4.27¢), yields

Mius(t) = (NiZng % ©,0) (1) + V@, (1) + Ry (1), (4.33a)
and
Noa(t) = Mz * 60) (1) + V) da(1) + Sua1). (4.33b)
where
~ Il
Ry(t) = / B, (t,7)dT + / C,(t,7)dr, (4.34a)
0 =
~ i+
Sna(t) = / o (7) By (8, 7)d7 + / o (7)Cpy (1, 7)d, (4.34b)
0 t—

and we have set

By s(1) = Wa(0)e P, Bit) = ()P4,

The terms R have a complicated form, but a simple interpretation. They describe the propaga-
tion of the memory of the gate at the right boundary into the interior of the domain along char-
acteristics. Laplace transforming the above equations leads to the following algebraic system:

Moui(8) = Ni—i() (s + D) + VW, (s + DKZ) + Ro(s), (4.35a)

Noa(8) = Ni—ni(8)0n(s + DKZ) + V4, (s + DKZ) + Spa(s), (4.35b)
Finally, solving (4.35a) for Nj_,,(s) gives
Mii(s) = VO, (s + D) — Ry i(s)

Ni_pils) = )
1-na(s) U, (s + Dk?)

14
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Combining this with (4.35b), we have that

~ 7 2 — ~ ~ ~
Nai(s) = m (Mos(s) = V)W, (s + DIZ) — Ros(s)) + VO (s + DK?)
+ Suils)
Un(s+ D) [ . <
" or) [M0s(5) = Rat9)] + 5uss). (436)

Equation (4.36) thus determines the Fourier—Laplace transform of N,(x,f) in terms of the
corresponding transform of M,,(x,f) and the boundary conditions at x = L.
It is also now possible to recover the PDE (4.1¢). From equation (4.35a) we have

M B (s) = Dioals + Dk
\T/l,n(s-{—Dklz)
+ Vi) Wa(s + DK?) + S1_na(5) W (s + DKD).

[Ml—n,l(s) — Ri_na(s)| Wo(s + Di})

Rewriting this as

Mo(s) = Ru(s) o)

_ i_u(s+ DK}
U,(s + D) ””

= S1_puls) = =
1-nuls) Ty, (s + DI?)

[le—n,l(s) - kl—n,l(s) >

we can subtract

(Un(s + DK}) /Uy (s + DAF)) [Mi(s) — Ras(s)]
from both sides, yielding

Moa(s) = Rusl1 = Guls + D] _
U, (s + Dk?) =V, +Si-ni(s)

U1_n(s + DK ~ = B
Uy _(s + D2 Mini(s) = Ri-ni(s)] U, (s + Dk?)

D+ D) o Rl

Using the fact that t),(s) = —sW¥,(s) 4 1, we arrive at the equation
sIMui(s) = Rus(9)] = Vi = Sinals) = —DI; [ Mua(s) = Rus(5)]
N U1—n(s + DK?) (s + D) -

@1_’1(3 D) [Mi_ni(s) — Ri—pi(s)] m[/\/ln,l(s) — Roy(s)].

Combining this with equation (4.36), we find
sMou(s) = V) = —DIZM,i(s) + Ni—ni(s) — Nia(s)
+ (DI + 5], 1(5) + Sui(s).
It is worth noting at this point that if the switching at the gate is given by an exponential dis-
tribution, which is memoryless, the dependence of the above equation on the memory terms
Ru(s) and S,,(s) disappears, as the term [Dk} + s|R,.(s) + Sy(s) cancels with the R,,(s)

terms present in AVj_,;(s) and N, (s). Finally, inverting the Fourier—Laplace transform recov-
ers equation (4.1e) with boundary conditions

(4.37)

15
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M,(0,7) =0, M,(L,t) = Fy,(¢). (4.38)
The Fourier—Laplace transform of the function F,(7) is given

2Dk ~ ~ ~

T (C)TF(s) = DA+ sJRi() + Sias): (4.39)

In order to determine the functions R,(s) and S,(s), we need to impose the explicit
boundary conditions at x = L for B,,;(t,7) and C,(z, 7). The details of these calculations can
be found in the appendix for both Dirchlet-Dirichlet (x = 0) and Dirchlet-Neumann (y = 1)
boundary conditions. In the former case, we recover from equation (4.39) the expected result
that F,(z) = n,\,(¢), which is a useful self-consistency check. The Dirchlet-Neumann
case is more involved, since Fy(7) = 19Ao(¢) but Fy(7) is unknown. The basic steps of the
calculation are as follows. First, we express the steady-state version of R, (f) in terms of
F :=1lim,_, o F,(1). Second, we express Mo, and N, ;,n = 0,1 in terms of M, ; and F}. It
then follows that equation (A.8) can be used to determine M ; in terms of the coefficients F;.
Since Fg = moAg, there is only one unknown constant F7. In the case of identical transition
rates o, (7) = oy, (7) = a(7), it is fairly straightforward to find a relatively compact form
for the Fourier coefficients M ;. In particular, after some algebra, we find that (see appendix),

T 2 T 2
Ml,l _ i -1 +1 1 \II(Dkl) F* + (1 o 1 \I](Dkl) >F*‘|

%" T(0) 1 + (D) T(0) 1+9(Dk) )

(4.40)
for Dirichlet-Neumann. Finally, the unknown constant F; = M; (L) can be found by enforc-
ing the Neumann boundary condition at x = L.

We are now in a position to determine the slope of the steady-state mean concentration
for the Dirichlet-Neumann case. In order to calculate the spatial derivative of M (x), it is
convenient to be able to differentiate the Fourier series term by term. To do this, we must first
homogenize the steady-state solution so that the values at x = L and x = —L are identical,
then find the Fourier coefficients for the homogenized solution. This can be accomplished by
simply subtracting the linear function xF7 /L from M, (x). Using linearity of Fourier series, the
Fourier coefficients of M (x) = M, (x) — xF} /L are given by

2 1 WDk 1 WDk
M’f,,:ﬁ(q)l“ = ~ L F — = =L F{| . (441)
1 W(0) 1+ 1 (Dk;) U(0) 14 1 (Dk;)
Setting
2 1 U(Dk
a= (-1 i L WDk) 1)2 , (4.42)
1 U(0) 1+ +(Dk;)
we can then write
X s * - : * - .
M (x) — ZFI =F; ;al sin(k;x) — F; ;al sin(kix). (4.43)

Taking derivatives and enforcing the Neumann boundary condition at x = L gives the follow-
ing expression for the unknown boundary value
FE; Zz](fl)lalkl ml

M(L) =F{ = k= —.
R S a1 M 449
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Now Ay = 1/2 since g = a1 Thus, setting
T 2 0 2
by = 2\I/(~Dk[) _ 2(1 w(NDk, ) , (4.45)
1+ (Dk}) Dk} (1 + ¢(Dk?))

we have that the slope of the steady state first moment M (x) simplifies to

- DY ST/

1
Mx)=—=(Ff+F)=2(1+ — ,
() = T (Fs +Fi) = o7 zgm+ww)

where ¥(0) is the mean time between switches.

5. Examples of rate functions

5.1. Markovian transition rates

The first example we will look at is the Markovian case «;,(7) = «,. This has already been
studied in [3, 18], and we will show our formulation yields the same results.
In the case of constant transition rate functions «,, it is a straightforward calculation to
show that
1 wn(Dkz) Ql—_p

E/n(l)kz) = DI n B =~ , =y, N=—
] T Qp \I/,,(Dk ) Qo + o

Define £ = /o + o and set D = 1. Substituting this into equation (A.8) yields

2 * * 2k ok
My = ag kl—L(fl)’“ [F§ + Fi] = Mg = Ros| = kiRos + 7 (—1)*'Fy
2k 2k
—on [Muy = Rigl + KRy = T (DT F + DT
6.
where we have used
2 * *
Moy = (1) [F; + Ff] — M. (5.2)
kL
After some algebra,
20
(ki + )My = "2 (=) F + F]
kL o (5.3)
— (Oz() + klz)R()J + (041 + klz)RL] + Tl(—l)l+1F6k.
Equation (A.10) implies
1 2k; .
Ry = ——5—(-1)"'F;
) (an T k12) L ( ) n (5.4)
so that
(6 + €)My = 220 (1)1 B 4 Fi] 4 (—1)*1F; (5.5)
1 1,1 le 0 1 Lk[ 1- .
From here we can find M, in terms of linear and hyperbolic functions. Enforcing 0,M;; = 0

at x = L allows us to solve for the unknown value F7. This yields
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1 — (¢L)~!tanh(£L)
Ay 4+ Af(EL)~! tanh(EL)’

with A§, A} defined according to equation (4.2).

Comparison with Monte Carlo simulations in figure 3(a), we can see that the numerical
and analytical results match. For identical transition rates ov; = oy = «, we can also plot the
slope of M(x) as a function of «. The resulting curve approaches 7)/L as a grows, matching
the result from taking a fast switching limit in (5.6), and drops exponentially to 1/2L as «
grows (see figure 3(b)). This comes from the fact that as the switching rate slows down, the
original switching system spends longer periods of time in the state n = 1, where u(x,1) =0
is an exponentially attracting steady-sate solution. The contributions to the first moment then
mainly come from the state n = 0 with a Dirichlet boundary condition u(L, f) = 7, which is
enforced half the time on average with identical switching rates.

5.2. Non-Markovian transition rates

We will illustrate the non-Markovian case using a gamma distribution

_ 1 k—1,—%
=toFE (5.7)

for both transition rate probabilities. This distribution has the advantage that both the mean,
given by kf3, and the variance, given by k/3?, can both be easily controlled. In this case, the
Laplace transform of ¢ () is given by

()

~ 1
Using the relation ¢ = 1 — s0(s), we can find the Laplace transform of ¥(7) as
~ (14 Bs)k—1
U(s) = ———F——. .
(5) s(1+ Bs)k (5.9)

For this distribution, the value ¥(0) does not exist, but lim,_,o+ ¥(s) does exist and is equal
to k[3, the first moment of the distribution (7). This is true in general for distributions with a
finite mean, and we will interpret ¥(0) as lim,_,o+ U(s) = (1) as needed.

Comparing the analytical steady state M(x) to Monte Carlo simulations using identical
transition rates, we can see that they match to a high degree of accuracy, although the rate of
convergence can be slow, see figure 4. Similar to the Markovian case, we can also see how the
slope is predicted to change based on the the scale parameter ( for fixed values of the shape
parameter k, see figure 5. Note that as k — oo the slope approaches

5.3. Sub-exponential transition rates with finite first moments

One advantage of our solution method is that it can predict what the first moment is even if the
transition probability pdf ¢)(7) does not have finite variance. In these cases, it is not computa-
tionally feasible to calculate the mean steady-state using Monte Carlo simulations. However,
from the analytical viewpoint developed in previous sections, as long as the mean time to
transition to another state is finite, the calculations for M (x) still hold and we can predict what
the mean steady-state will be.
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Figure 3. (a) Analytical and Monte Carlo steady-state solutions in the case of constant
switching rates ap = o) = o with o = 2. (b) Steady-state slope as a function of the
constant switching rate . We have set 7 = L = 1 for simplicity.

To illustrate this, consider a Pareto distribution given by

0, 0<7T<mn

with the shape parameter ~y restricted to be in the interval (1,2) so that the mean of the distri-
bution, given by y7o/(y — 1), is finite, but the variance is infinite. The Laplace transforms for
both ¢(7) and ¥(7) do not have closed forms, but can be expressed in terms of a generalized
exponential integral

E,(s) = / * i (5.11)
1

Tﬂ

or an incomplete gamma function
I'(a,s) = / % e 7dr. (5.12)

The results for the slope with various scale parameters 7y are shown in figure 6. There are
several interesting features here. the slope seems to reach a saturating value, mimicking
the behavior on the mean ~7y/(y — 1) as - approaches infinity. We also see that the curves
approach a fast switching limit as 7y approaches 0 for for fixed values of ~, but all the curves
approach 0.5 as y goes to 1. A value of «y close to 1 can be interpreted as a slow switching
limit, as the mean time for the system to switch states will be large. M(x, t) will either be near
identically 0 if n = 1, or be close to nx/L = x if n = 0 for long periods of time, nearly wip-
ing out any transitional behavior. Hence the average slope will approach 0.5 for our chosen
parameter values 7 = land L = 1.

5.4. Deterministic transition times

Our approach can also handle the case of deterministic switching times. In order for a switch
out of state n € {0, 1} to occur at a fixed deterministic residence time 7, > 0, we take the rate
functions to be delta functions, a,, = §(7 — 7,,). In this case we have U, (1) = H(7, — 7),
Un(s) = e, and U, (s) = (1 — e~*™) /s. For simplicity, let 7| = 79, so that \} = Ap=1/2.
Substituting this into (4.41) gives, after some simplification

19



J. Phys. A: Math. Theor. 51 (2018) 315001 P C Bressloff et al

09, .

08 (a) 0.01 (b)
- =T -0.02 + 1
S 07 — Monte Carlo
206 Theoretical -0.03
S 0
© 05 5 0047
T .y
*i 04 S 005}
§ 03 -0.06 |
% 02

0.1 -0.07 |

0 0.2 0.4 X 0.6 0.8 1 0 0.2 0.4 X 0.6 0.8 1
-3

08, P 5 X107

07l (c) (d)
=
% 06
S 05/ . 0
204} S
° 03 °
o 02}
@ yd

o1t~

0r : : : ‘ -1 : : : :
0 0.2 0.4 X 0.6 0.8 1 0 0.2 0.4 X 0.6 0.8 1

Figure 4. Comparison of the analytical and Monte Carlo steady-state solutions for
the gamma distribution with (a) =15 and (c) r = 1500. The corresponding error
differences are plotted as a function of x in (b) and (d), respectively. Parameters of the
gamma distribution are k = 2, § = 0.1, and we have setn = L = 1.
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Figure 5. Steady-state slope for the gamma distribution as a function of 3 for various
shape parameters: kK = 0.005, k = 0.05, k = 0.5, and k = 5.
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Figure 6. Steady-state slope for a switching rate based on a Pareto distribution with
shape parameter 7 varying from 1-4, and the scale parameter 7 set to 0.001, 0.01, 0.1,
1, and 10 (from top to bottom curves). Here we have set L =1 = 1.

2
2 | I+ 1— e—Dk, )

M -
( oDk} (1 + e~Pkim)

l’l:L_kl

[F; — F7). (5.13)

While using this to find an analytical expression for M(x), we can compare the theoretical
solution to Monte Carlo simulations (see figure 7(a)).
If we now take a fast switching limit 7y — 0, note that

1
lim Ml,l = EM], (5.14)

To—)O

so we have the solution

lim M (L) = %[Fg + lim M, (L)), (5.15)

T0—0 T0—0
so lim, .o M, (L) = F;. The solution for the first moment is then

M(x) = %x. (5.16)

This says that in the fast switching limit, the deterministic switching results in the system effec-
tively being in an open state n = 1, which matches the known result that at rapidly switching
system is equivalent to a system always in an open state. We can also see this from the plot of
the slope as a a function of 7y shown in figure 7(b). As 79 — 0, the slope approaches n/L = 1.

5.5. Comparison of different switching time distributions

Finally, we compare the four different types of switching, Markovian, deterministic, gamma,
and Pareto, by plotting the steady state slope, M’(x), against the mean switching time. As
is illustrated in figure 8(a), the deterministic and Markovian cases produce the most similar
results, while the Pareto case has a more rapid change for small mean switching times. The
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Figure 7. (a) Steady-state and Monte Carlo solution for deterministic switching
occurring at time intervals 7y = 0.1. (b) Steady-state slope as a function of switching
interval 7.
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Figure 8. (a) Theoretical steady-state slope plotted against the mean switching time
(1) for the four example distributions. For the gamma distribution and the Pareto
distribution, we fix k = 0.05 and v = 1.1 respectively. 77 and L are again set to unity. (b)
Convergence of the gamma distribution curve to the deterministic curve in the large &
limit.
most pronounced variation occurs for the gamma distribution, which takes the form of a sharp
sigmoidal-like function. Nevertheless, all four distributions share the following features: a
fast switching limit (F + F})/L = 1 as the mean switching time approaches 0, and a slow
switching limit (F§ + F7)/L = 0.5 as the mean time to transition to another state approaches
infinity. Note that in the limits k — oo and 7 — 0o, the gamma and Pareto distributions
respectively approach the deterministic switching curve. This is illustrated in figure 8(b) for
the gamma distribution. In addition, the sharper dependence on the mean switching time in
the case of the gamma distribution can be explained as follows. Since the mean and variance
of the gamma distribution are given by k3 and k/3? respectively, if we fix the mean and take k
small, since 3is inversely proportional to k, 3 must be large. The variance is dependent on 32,
so the variance increases as k= when k approaches 0, leading to much greater variance in the
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waiting times for the gate to switch states. As the support for the gamma distribution is [0, o),
this leads to longer switching times being more common. This phenomenon can be counter-
acted by taking the mean switching time to be very small, leading to the sharper dependence
seen in figure 8.

6. Discussion

In this paper we have investigated the one-dimensional diffusion equation with randomly
switching boundaries. In particular, we have extended the results of [3] for the slope of the
steady-state solution in the Neumann-Dirichlet case to situations where there is an age-based
memory to the switching rates, introduced through the residence time variable 7. Using the
discretization approach from [3], we derive a system of linear PDEs for the moment equations.
However, the introduction of age structure to the system brings with it several technicali-
ties to deal with, namely a delta singularity in the initial conditions, and non-trivial integral
boundary conditions at 7 = 0. To reformulate the problem without the residence time variable
T, we integrate out 7 to obtain a system of integro-differential equations with integral terms
depending on the 7-dependent moments V,,. To re-express these terms as function of the 7-
independent moments M,,, we utilize transformation techniques. By sine-Fourier transforming
the linear PDEs for V,, and using the method of characteristics on the resulting first-order
system, we can rewrite M,, in terms of convolutions in time. Using the Laplace transform, we
can solve the resulting algebraic system for the integral terms independent of V,, provided that
the mean time to switch between states is finite.

We carry through with the calculations in transform space to find and solve transformed
steady-state equations. Due to the switching between Neumann and Dirichlet boundary condi-
tions, there is an unknown boundary value M;(L) that must be solved for by enforcing the no-
flux boundary condition at x = L. The final results from the analysis match numerical results
from Monte Carlo simulations in all the cases that we tested.

Due to the relationship between the transition rates «, and the survival distribution ¥(7),
age structured switching can be used to model phenomena where the switching is observed
to follow a non-exponential distribution, even if the source of this age-structure is not explic-
itly known. One particularly relevant example concerns the non-exponential residence time
intervals observed in ion channel gating dynamics, see [14] and references therein. Although
a nonexponential distribution could be approximately fitted by a sum of exponentials, often
the number of required terms can be large and may change with experimental conditions. This
has motivated the development of anomalous diffusion-like models of ion-channel gating.

Finally, another natural question is whether or not our analysis can be extended to the case
where the switching rates depend on some spatial structure or on the density u. Specific cases
have been investigated already [12, 13], but a general approach seems at the very least to be
extremely technical.
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Appendix

A.1 Case x =0

As a self-consistency check, we show that equation (4.39) yields F,(f) = n,A,(f) when x = 0.
The explicit boundary conditions for V,, are V,,(L,t,7) = n,A, (¢, 7) with A,(z,7) having the
characteristic solutions (4.7a) and (4.7b). Substituting these solutions into equations (4.29)
and (4.31), respectively, gives

2k,Dn, | —e D™
Bu(t7) = Wa(r) TR () A (1 - 0. 17 (A
1
and
2ky,D B _
Coi(t,7) = %(—1)1“,)”(0)\1/"(;) (1—e Dk?f) S(r—1), Telr..
(A2)
It follows that
-
20,
/ Byt 7)dr = %(_1)’“@1_” % [0, — D)) (1),
0 1
-
20,
| aButryir = 221 x = an) 0
0 1
l+
277,, I _ni2
Cpi(t,7)dT = (= 1) p, (0)U, (1) (1 — e PR,
[ Cutemiar = 20" 000,60 )
i+
21, I+1 — Dkt
o, (17)Chy(t,7)dT = —(—1 (O, (8) (1 —e 7).
[ entmICusteriir = 1) 0, 0)0) )

We have used the fact that r;_,(¢) = A,(¢,0), which follows from (2.11¢) and (4.1d) The
Laplace transforms of equations (4.35a) and (4.35b) thus yield

Rusls) = T Fioas) + O] [Tals) = Tuls+ DL (A3)
and
5uts) = T2 1 Ficals) + pa(0)) [0(5) = (s + D)
= —sRoi(5) + DT (1) [ (5) + pu(0)] Tals + DID) Y
Again we have used 9, (s) = —sU,(s) + 1. Equations (4.12a), (A.3) and (A.4) imply that
DK+ TRas(5) + 8ua(s) = 223 (<17 [a(s) + pn(0)] Bo(s)
_ 2k

L (_1)l+1nnxn(s)'
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A.2. Case x =1

In this case we do not have an explicit formula for Fi(f), since we have to determine
Vi(L,t,7) given that 9,V (L,t,7) = 0. (The analysis for x = 0 carries over for n = 0, that is,
Fo(t) = noAo(7).) The steady-state version of equation (4.1¢) takes the form

d*M,,(x
0=D 5;2( ) Ny(x) 4 N (), (A5)
with boundary conditions
M,(0) =0, My(L) =mnry, M(L)=Fj, 0M(L)=0, (A.6)

assuming the following limits exist

N, (x) = tlir(r)loN,,(x,t), F} = lim F(2).

1—00

Adding equation (A.5) for n = 0, 1, the straight line solution for M(x) = My(x) + M (x) is
given by

M(x) = % [m0A + Fil. (A7)
In Fourier space, we have

0=—DIk; M+ Nos — Ny + 2%"’(*1)’“17;‘, (A.8)
and

My = Moy + My = 1o (<11 g + Fi). (A9)

Adapting the analysis of the x = 0 case, we require

- U, (s + Dk}
E]n(s)

- _ Likl(_l)url [Fu(s) + A1y(5)0n1]

with Fo(t) = noAo(#) and lim,_,g+ sAy,(s) = 0. The intuition here is that the method of char-
acteristics propagates information about the value of V, at the boundary directly, with infor-
mation about 9,V, being included indirectly through V,. This suggests that the form for Ry
should match the form for Ry ;. It follows that

2 . U,(s + Dk})
Ry=— (-1 Fu Ay y(8)0,4] |1 — 2
N Lkl( )7 lim [P (s) + Ara(s)oni] Tls)
_ (A.10)
— i(_l)”rl \Iji(Dkl) *
Lk, ,0) | "
Similarly, from equation (4.39)
DRy -+ S5 = T s | [DRF -+ s]Rui(s) + Sa(s)
s—0+ (A1)
_ %(—I)I—HF;, ’

and
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(s + DI?) [~ ~ ~
Noy = Tim s | Lol EDR) T35 fR,,,,(s)} + Spi(s)
=0+ | W, (s + Dk?)
b (DK
k) R+ S (A12)
U, (Dk?)
{/;n(DklZ) 2 2Dkl I+1
= L M,y — Ry — DR, + ——(—=1)"'F* A13
T,(DR) (Mo — R (Rui+——=(=1) (A.13)
b (DI 1 2Dk
= MMM - = Ry, L= F, (A.14)
W, (Dk?) U, (Dk?) L
where the last equality follows from the relation
U (DI
Uu(DK) ’2) Dk = =———.
U, (Dk;) U, (Dk;)

We now make a number of observations. First R,,; can be expressed in terms of F;. Second,
we can express Mg, and A, ;,n = 0, 1in terms of M ; and F. It follows that equation (A.8)
can be used to determine M ; in terms of the coefficients F;.. Since Fjj = 19, there is only
one unknown constant F}. The latter can be determined by imposing the remaining boundary
condition O,M; (L) = 0.
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