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Phase Equation for Patterns of Orientation Selectivity in a Neural Field Model
of Visual Cortex∗

Samuel R. Carroll† and Paul C. Bressloff†

Abstract. In this paper we consider a neural field equation on LR2 × S
1, which models the activity of pop-

ulations of spatially organized, orientation selective neurons. In particular, we show how spatially
organized patterns of orientation tuning can emerge due to the presence of weak, long-range horizon-
tal connections and how such patterns can be analyzed in terms of a reduced phase equation. The
latter is formally identical to the phase equation obtained in the study of weakly coupled oscillators,
except that now the spatially distributed phase represents the peak of an orientation tuning curve
(stationary pulse or bump on S1) of neural populations at different locations in R

2. We then carry
out a detailed analysis of the existence and stability of various solutions to the phase equation and
show that the resulting spatially structured phase patterns are consistent with numerical simula-
tions of the full neural field equations. In contrast to previous studies of neural field models of visual
cortex, we work in the strongly nonlinear regime.
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1. Introduction. One of the striking characteristics of the early visual system is that
the visual world is mapped onto the cortical surface in a topographic manner. This means
that neighboring points in a visual image evoke activity in neighboring regions of primary
visual cortex (V1). Superimposed upon the retinotopic map are additional maps reflecting
the fact that neurons respond preferentially to stimuli with particular features [38]. Neurons
in the retina, lateral geniculate nucleus, and primary visual cortex respond to light stimuli in
restricted regions of the visual field called their classical receptive fields (RFs). Patterns of
illumination outside the RF of a given neuron cannot generate a response directly, although
they can significantly modulate responses to stimuli within the RF via long-range cortical
interactions (see below). The RF is divided into distinct ON and OFF regions. In an ON
(OFF) region illumination that is higher (lower) than the background light intensity enhances
firing. The spatial arrangement of these regions determines the selectivity of the neuron to
different stimuli. For example, one finds that the RFs of most V1 cells are elongated so that the
cells respond preferentially to stimuli with certain preferred orientations. Similarly, the width
of the ON and OFF regions within the RF determines the optimal spacing of alternating light
and dark bars to elicit a response, that is, the cell’s spatial frequency preference. Considerable
information has been obtained about the spatial distribution of orientation selective cells in
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PHASE EQUATION FOR ORIENTATION SELECTIVE PATTERNS 61

superficial layers 2/3 of V1 using a combination of microelectrode recordings [22] and optical
imaging [6, 7, 5]. In particular, one finds that orientation preferences tend to rotate smoothly
over the surface of cat and primate V1 (excluding orientation singularities or pinwheels),
such that approximately every 300μm the same preference reappears. These experimental
observations suggest that there is an underlying periodicity in the microstructure of V1. The
fundamental domain of this approximate periodic (or quasi-periodic) tiling of the cortical
plane is the so-called hypercolumn [27, 28, 29].

At least two distinct cortical circuits have been identified within superficial layers that
correlate with the underlying feature preference maps. The first is a local circuit operating at
submillimeter dimensions, in which cells make connections with most of their neighbors in a
roughly isotropic fashion. It has been hypothesized that such circuitry provides a substrate for
the recurrent amplification and sharpening of the tuned response of cells to local visual stimuli,
as exemplified by the so-called ring model of orientation tuning [37, 4]. The other circuit
operates between hypercolumns, connecting cells separated by several millimeters of cortical
tissue, such that local populations of cells are reciprocally connected in a patchy fashion
to other cell populations [32, 24]. Optical imaging combined with labeling techniques has
generated considerable information concerning the pattern of these connections in superficial
layers of V1 [30, 41, 8]. In particular, one finds that the patchy horizontal connections tend
to link cells with similar feature preferences. Moreover, in certain animals such as tree shrew
and cat there is a pronounced anisotropy in the distribution of patchy connections, with
differing isoi-orientation patches preferentially connecting to neighboring patches in such a
way as to form continuous contours following the topography of the retinotopic map [8].
There is also a clear anisotropy in the patchy connections of primates [36, 2]. However, in
these cases most of the anisotropy can be accounted for by the fact that V1 is expanded in the
direction orthogonal to ocular dominance columns [2]. Nevertheless, it is possible that when
this expansion is factored out, there remains a weak anisotropy correlated with orientation
selectivity. Moreover, patchy feedback connections from higher-order visual areas in primates
are strongly anisotropic [2]. Stimulation of a hypercolumn via lateral connections modulates
rather than initiates spiking activity [26], suggesting that the long-range interactions provide
local cortical processes with contextual information about the global nature of stimuli. As a
consequence horizontal and feedback connections have been invoked to explain a wide variety
of context-dependent visual processing phenomena [23, 2].

One of the challenges in the mathematical and computational modeling of V1 cortical
dynamics is developing recurrent networks models that incorporate details regarding the func-
tional architecture of V1 [10]. This requires keeping track of neural activity with respect to
both retinotopic and feature-based degrees of freedom such as orientation selectivity. (Anal-
ogous challenges hold for modeling other cortical areas.) In principle, one could construct a
two-dimensional (20) neural field model of a superficial layer, in which neurons are simply
labeled by retinocortical coordinates r = (x, y) in the plane R

2. However, one then has to
specify the nontrivial structure of the feature preference maps. An alternative approach was
developed by Bressloff et al. [15, 14] within the context of geometric hallucinations, whereby
the cortex is treated more abstractly as the product space R

2 × S
1 with (coarse-grained)

retinotopic coordinates (x, y) ∈ R
2 and an independent orientation preference coordinate

θ ∈ S
1, where S

1 is the circle. The R
2 × S

1 product structure of V1 superficial layers can beD
ow

nl
oa

de
d 

01
/2

8/
16

 to
 1

55
.1

01
.9

7.
26

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

62 SAMUEL R. CARROLL AND PAUL C. BRESSLOFF

incorporated into a continuum neural field model of the following form [15, 10]:

τ∂tv(r, θ, t) = −v(r, θ, t) +
∫
R2

∫ π/2

−π/2
w(r, θ|r′, θ′)f(v(r′, θ′, t))dθ′dr′ + I(r, θ),(1.1)

where v(r, θ, t) is the population activity at time t of neurons having orientation preference θ
within the hypercolumn at retinotopic position r. Here w(r, θ|r′, θ′) represents the synaptic
weight distribution from neurons at (r′, θ′) to neurons at (r, θ), I(r, θ) is an external input,
and f is a sigmoidal rate function of the form

(1.2) f(v) =
1

1 + e−η(v−κ)
,

where η is the gain and κ is the threshold. We fix the units of time by setting τ = 1 (typical
physical values of τ are 1–10 ms). Following Bressloff et al. [15], the intracortical connections
are decomposed into local connections within a hypercolumn and long-range patchy horizontal
connections between hypercolumns:

w(r, θ|r′, θ′) = wloc(θ − θ′)δ(r− r′) + εwA(r− r′, θ)whoz(θ − θ′),(1.3a)

wA(r, θ) = ws(r)A(arg(r− r′)− θ)(1.3b)

with wloc, whoz and A even π-periodic functions of θ. We have introduced the small non-
dimensional parameter ε, 0 < ε � 1, in order to reflect the fact that horizontal connections
are weak and play a modulatory role. The local weight function wloc is taken to be positive
for small |θ| (neurons with similar orientation preferences excite each other) and negative for
large |θ| (neurons with dissimilar orientation preferences inhibit each other). The θ-dependent
part of the horizontal connections, whoz, is taken to be positive and narrowly peaked around
zero so that only neurons with similar orientation preferences excite each other. The function
A describes the anisotropy in the horizontal connections so that populations excite each other
when the orientation preference at one location is in the same direction as the line connecting
the two locations. The function arg(r) is the argument of the vector r, or the angle between
the vector and the x-axis. Finally, ws, determines the strength of connections between two
populations dependent only on the spatial separation of the populations. In this paper, we will
assume that the horizontal connections are purely excitatory. However, our analysis applies
to more general distributions.

Finally, we decompose the external input as

I(r, θ) = I0(r) + εI1(θ − θ0(r)),

where I1(θ) is a symmetric function with peak at θ = 0 and θ0(r) denotes the orientation of
the input at location r and hence I1(θ − θ0(r)) is peaked at the orientation of the stimulus.
I0(r) represents background luminance or contrast at location r. This particular form of
the input reflects that the orientation component of the input to the network is weak and
modulatory, whereas the orientation independent component is the main source of drive to
cause the network to fire. Substituting the particular decomposition of w into (1.1) yields

τ∂tv(r, θ, t) = −v(r, θ, t) + wloc(θ) ∗ f(v(r, θ, t)) + εwA(r, θ) ◦ whoz(θ) ∗ f(v(r, θ, t))
+ I0(r) + εI1(θ − θ0(r)),(1.4)D
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PHASE EQUATION FOR ORIENTATION SELECTIVE PATTERNS 63

where

g(r) ◦ h(r, t) =
∫
R2

g(r− r′)h(r′, t)dr′, g(θ) ∗ h(r, θ, t) =
∫ π/2

−π/2
g(θ − θ′)h(r, θ′, t)dθ′

and

g(r, θ) ◦ h(θ) ∗ f(r, θ, t) =
∫
R2

∫ π/2

−π/2
g(r − r′, θ)h(θ − θ′)f(r′, θ′, t)dθ′dr′.

The R
2 × S

1 neural field model (1.4), also known as a coupled ring model, has been used
to study geometric visual hallucinations [15, 14], stimulus-driven contextual effects in visual
processing [13, 35], and various geometric-based approaches to vision [31, 3, 34]. Extensions
to incorporate other feature preference maps such as ocular dominance and spatial frequency
[9] or variables associated with texture processing [17] have also been developed. Most of
these studies assume that the neural field operates in a weakly nonlinear regime so that
methods from bifurcation theory [20, 19, 10] can be used to analyze the formation of orientation
selectivity patterns [15, 14, 13]. An alternative approach, which was originally introduced by
Amari for 1D neural fields [1], is to assume that the neural field operates in a strongly nonlinear
regime and to consider the high-gain limit of the sigmoidal rate function:

f(v) → H(v − κ),

where H(v) is the Heaviside function. In a recent paper, we used this method to study insta-
bilities of stationary bumps and traveling fronts in a neural field with the product structure
R × S

1 [11]. In this paper we further develop the theory by analyzing solutions of the more
realistic neural field model on R

2 × S
1 given by (1.4). In particular we show how spatially

organized patterns of orientation selectivity can emerge due to the presence of weak long-
range horizontal connections and how such patterns can be analyzed in terms of a reduced
phase equation. The latter is formally identical to the phase equation obtained in the study of
weakly coupled oscillators [21, 39, 25], except that in our case the phase represents the peak
of an orientation tuning curve. We begin in section 2 by considering stationary solutions of
(1.4) in the absence of horizontal connections and orientation-dependent inputs (ε = 0). We
identify parameter regimes whereby an orientation-independent input drives the spontaneous
formation of orientation bumps, but the peaks of the bumps are highly uncorrelated in space.
In section 3 we derive the phase equation that determines spatial correlations between the
peaks of orientation bumps in the presence of weak, anisotropic horizontal connections. We
then carry out a detailed analysis of the existence and stability of solutions to these phase
equations in section 4 for particular choices of the weight functions and show in section 5
that the resulting spatially structured patterns of orientation selectivity are consistent with
numerical simulations of the full neural field equations. Finally, in the discussion (section 6)
we briefly discuss extensions to the case of orientation-dependent inputs.

2. Stationary solutions without horizontal connections. In the absence of horizontal
connections and orientation-dependent inputs, ε = 0, (1.4) reduces to a system of uncoupled
ring networks labeled by r. For each r and a Heaviside rate function, stationary solutions
satisfy the equation

V (r, θ) = wloc(θ) ∗H(V (r, θ)− κ) + I0(r).(2.1)D
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64 SAMUEL R. CARROLL AND PAUL C. BRESSLOFF

For simplicity we consider inputs to the network which are either on or off in certain regions.
Therefore let U ⊂ R

2 be the support of the input I0(r) and take I0(r) = γIU (r), where

IU (r) =

{
1, r ∈ U,

0, r /∈ U,

is the indicator function for the set U . It follows that

(2.2) V (r, θ) = V +(θ)IU (r) + V −(θ)[1− IU (r)]

with

V −(θ) = wloc(θ) ∗H(V −(θ)− κ),(2.3a)

V +(θ) = wloc(θ) ∗H(V +(θ)− κ) + γ.(2.3b)

We would like to consider a parameter regime where the presence of a localized input induces
the formation of a stable orientation bump (stationary unimodal function of θ) in the region
U , whereas the complementary region U c remains quiescent due to the absence of an input.
In order to determine an appropriate parameter regime, it is necessary to consider the Amari-
based analysis of the ring model. We focus on (2.3b), since (2.3a) simply corresponds to the
special case γ = 0.

Let us first consider θ-independent fixed point solutions of (2.3b). For the moment we
drop the + superscript. If γ < κ, then the only fixed point is the subthreshold (down) state
V (θ) = v̄(γ) = γ, whereas if κ− w0 < γ, then the only fixed point is the superthreshold (up)
state V (θ) = v̄(γ) = w0 + γ, where

w0 =

∫ π/2

−π/2
wloc(θ)dθ.

In both cases the fixed point is stable. Now consider a bump solution V0(θ) that crosses a
threshold at two points θ±, V0(θ±) = κ. From translational and reflection symmetry around
the ring, we can set θ± = ±Δ so that V0(Δ) = V0(−Δ) = κ, where Δ < π/2 is the bump
half-width. It follows from substitution that

(2.4) V0(θ) =W (θ +Δ)−W (θ −Δ) + γ

with

W (θ) =

∫ θ

0
wloc(θ

′)dθ′.

Imposing the threshold conditions then yields the following equation for Δ:

(2.5) 0 = −κ+W (2Δ) + γ.

Suppose that wloc has the property that there exists a unique θ∗ ∈ (0, π/2) such that wloc(θ) ≥
0 for |θ| ≤ θ∗ and wloc(θ) < 0 for θ∗ < |θ| ≤ π/2; see Figure 1(a). Such a weight function
reflects short-range excitation and long-range inhibition. It is then clear that W (θ) has aD
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bump/up state

bump/down state

bump state only

no bump state

Figure 1. Existence of bumps in the ring model. (a) Plot of Mexican hat local connections, wloc =
(−1 + 8 cos (2θ))/π. (b) Plot of W (2θ). The intercepts of W (2θ) with the horizontal line y = κ− γ determine
the bump solutions in the presence of a constant input γ. Stable solutions are indicated by a solid circle and
unstable solutions by a hollow circle. In this parameter regime, κ > Wmax so that the zero state exists without
a bump state and Wmin < κ − γ < 0 so that the bump state coexists with the up state and without the zero
state. Red indicates invalid parameter regime.

unique local maximum, say, Wmax, at θ = θ∗ and a unique local minimum, say, Wmin, at
θ = π−θ∗. This follows from the fact thatW ′(θ∗) = wloc(θ

∗) = 0 = wloc(π−θ∗) =W ′(π−θ∗),
andW ′′(θ∗) = w′

loc(θ
∗) < 0 whileW ′′(π−θ∗) = w′

loc(π−θ∗) > 0. Hence, a sufficient condition
for the existence of a bump solution is Wmin < κ − γ < Wmax, which follows from the
intermediate value theorem, which states that if a continuous function f with an interval [a, b]
as its domain takes values f(a) and f(b) at each end of the interval, then it also takes any value
between f(a) and f(b) at some point within the interval. Although there may be more than
one bump solution, there is only one stable solution (modulo translations) — the stability
criterion is W ′(2Δ) < 0. Therefore the condition Wmin < κ − γ < Wmax is necessary for
stability. If we also impose the conditions w0 < 0 and κ < γ < κ+ |w0|, then the bump does
not coexist with an up or down state, i.e., there is no bistability. A graphical illustration of
the various conditions is shown in Figure 1(b).

The location of the peak of the bump denotes the tuned orientation of a population in
response to a stimulus. Therefore we require that a bump solution V0(θ) has its maximum
at θ = 0 and therefore any translated bump V (θ − θ0) has its max at θ = θ0. It is clear
that a sufficient condition on wloc is that it is an even function monotonically decreasing and
one-to-one on the interval [0, π/2]. To see this, note that

V ′
0(θ) = wloc(θ +Δ)− wloc(θ −Δ).

Hence V is a max at θm only if

wloc(θm +Δ) = wloc(θm −Δ).

Furthermore, since wloc is π-periodic this can be rewritten as

wloc(θm +Δ+ nπ) = wloc(θm −Δ), n ∈ Z.

But since wloc is even and monotonic this occurs only when

θm +Δ+ nπ = −(θm −Δ) =⇒ θm =
nπ

2
.
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Hence the extrema are located only at θ = 0,±π
2 in the interval [−π/2, π/2]. By construction

V0(0) > V0(±π/2) and therefore the unique max is at θ = 0. Furthermore it follows that
the bump is monotonic when the weight function is monotonic, which is consistent with
biologically realistic tuning curves.

Let us now apply these results to equations (2.3). We require that the only stable solution
of (2.3a) is the zero solution V −(θ) = 0 and the only stable solution of (2.3b) is an orientation
bump V0(θ−φ0) with φ0 arbitrary. The condition κ > Wmax ensures that (2.3a) does not have
a bump solution, whereas the condition κ > γ = 0 means that the zero solution exists and is
stable. Therefore if κ > Wmax > 0, the zero state is the only fixed point to (2.3a). Turning
to (2.3b), if Wmin < κ − γ < 0 < κ − γ − w0 and κ − γ < Wmax, then there are no uniform
steady state solutions, but there exists a unique stable bump solution. Note that Wmin < 0 is
trivially satisfied by the assumption w0 < 0. Hence, in this range the bump state is the only
steady state solution to (2.3b). In conclusion, setting V−(θ) = 0 and V+(θ) = V0(θ − φ(r)) in
(2.2) we obtain the solution

(2.6) V (r, θ) = VU (r, θ − φ(r)) ≡ V0(θ − φ(r))IU (r)

with φ(r) arbitrary. That is, in the active regions, neurons are tuned to an orientation at each
corresponding position r; however, the orientation structure is entirely uncorrelated. In the
inactive regions, neurons are quiescent.

3. Horizontal connections and the phase equation. The incoherent structure for the
phase of the bumps is an artifact of the lack of spatial structure in the local connections.
We now show how weak long-range connections serve to correlate the bumps. We proceed
by returning to the original system (1.4) with 0 < ε � 1 and tracking the dynamics on two
different timescales. Based on the fact that there is no time-varying phase when ε = 0, we
expect that for 0 < ε � 1 the phase will vary slowly. Furthermore we work in a parameter
regime such that the bump solutions in the region U are stable and the zero state does not
exist, while the zero state is stable outside of U and the bump state does not exist. Thus
when we consider perturbed solutions for ε > 0 we are assured that there are no growth or
decay of solutions due to instabilities inside U , as well as assured that the activity outside
U remains below threshold. We therefore introduce the slow timescale τ = εt and write the
ansatz

(3.1) v(r, θ, t, τ) = VU (r, θ − φ(r, τ)) + εv1(r, θ − φ(r, τ), t) +O(ε2),

where the function v1 serves as a corrective term in the perturbative expansion. Plugging this
ansatz into (1.4) we obtain up to first order in ε (with τ = 1)

ε [∂tv1(r, θ − φ(r, τ), t) − ∂τφ(r, τ)∂θVU (r, θ − φ(r, τ))]

= −VU (r, θ − φ(r, τ)) + wloc(θ) ∗H(VU (r, θ − φ(r, τ)) − κ) + εLUv1(r, θ − φ(r, τ), t)

+ εwA(r, θ) ◦ whoz(θ) ∗H(VU (r, θ − φ(r, τ)) − κ) + γIU (r) + εI1(θ − θ0(r)),

where

(3.2) LUv(r, θ, t) = −v(r, θ, t) + IU (r)wloc(θ) ∗ (H ′(V0(θ)− κ)v(r, θ, t)).D
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(Note that since all Heaviside functions appear inside convolution integrals, we can formally
carry out a perturbation analysis using distribution theory.) The O(1) equation is given by
(2.3) and is automatically satisfied by the bump solution V0. After letting θ → θ + φ(r, τ),
the O(ε) equation takes the form

∂tv1(r, θ, t)−LUv1(r, θ, t) = ∂τφ(r, τ)V
′
0(θ)IU (r) + I1(θ + φ(r, τ)− θ0(r))

+

∫
U
wA(r− r′, θ + φ(r, τ))Vhoz(θ + φ(r, τ) − φ(r′, τ))dr′,

where

(3.3) Vhoz(θ) =Whoz(θ +Δ)−Whoz(θ −Δ), Whoz(θ) =

∫ θ

0
whoz(θ

′)dθ′,

where Δ is the bump width for V0. We can then consider the dynamics outside and inside U
separately:

∂tv1(r, θ, t) + v1(r, θ, t) = I1(θ + φ(r, τ) − θ0(r))

+

∫
U
wA(r− r′, θ + φ(r, τ))Vhoz(θ + φ(r, τ)− φ(r′, τ))dr′(3.4)

for r /∈ U and

∂tv1(r, θ, t)− Lθv1(r, θ, t) = ∂τφ(r, τ)V
′
0(θ) + I1(θ + φ(r, τ) − θ0(r))

+

∫
U
wA(r− r′, θ + φ(r, τ))Vhoz(θ + φ(r, τ)− φ(r′, τ))dr′(3.5)

for r ∈ U , where

(3.6) Lθv(r, θ, t) = −v(r, θ, t) + wloc(θ) ∗ (H ′(V0(θ)− κ)v(r, θ, t))

is the linear operator Lθ acting on π-periodic functions of θ (for fixed (r, t)). We are primarily
concerned with (3.5) since we wish to track the phase of the bumps only in the active regions.
Note that the phase of the bump doesn’t really make sense in the inactive region, since there
are no bumps in this region. On the other hand (3.4) suggests that subthreshold activity
is determined by the phase of the superthreshold activity. Furthermore, (3.5) is completely
independent of (3.4) so that we can work solely with the former.

The linear operator Lθ has a one-dimensional null space spanned by V ′
0(θ) [10]. Let ψ

†(θ)
be an element of the null space of the adjoint operator L†

θ. Then it must satisfy

(3.7) L†
θψ

† ≡ −ψ† +H ′(V0(θ)− κ)(wloc(θ) ∗ ψ†(θ)) = 0,

where the adjoint is defined with respect to the inner product

〈a, b〉 =
∫ π/2

−π/2
a(θ)b(θ)dθ.
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We can then immediately see that if ψ(θ) is an element of the null space of Lθ, then

ψ†(θ) = H ′(V0(θ)− κ)ψ(θ)

is an element of the null space of L†
θ. Thus the element of the adjoint null space is defined in

the weak sense; that is, ψ† is an adjoint null vector if

〈Ψ,L†
θψ

†(θ)〉 = 0

for all test functions Ψ(θ). Using the fact that

H ′(V0(θ)− κ) =
δ(θ −Δ) + δ(θ +Δ)

|V ′
0(Δ)| ,

we find that the distribution

(3.8) ψ†(θ) = [δ(θ −Δ) + δ(θ +Δ)]V ′
0(θ)

spans the null space of L†. Existence of a bounded solution, v1, to (3.5) requires that the
right-hand side is orthogonal to all adjoint null vectors. Therefore, taking the inner product
of (3.5) with ψ† and setting it to zero by applying the Fredholm alternative theorem implies
that the phase, φ(r, τ), has to satisfy the equation

∂τφ(r, τ) = − 1

〈ψ†, V ′
0〉
[ ∫

U
〈ψ†, wA(r− r′, θ + φ(r, τ)Vhoz(θ + φ(r, τ)− φ(r′, τ))〉dr′

〈ψ†, I1(θ + φ(r, τ)− θ0(r))〉
]
.

Using (3.8) for the adjoint null vector, we have

〈ψ†, V ′
0〉 = 2|V ′

0(Δ)|2,
〈ψ†, I1〉 = 2|V ′

0(Δ)|2IO(φ(r, τ) − θ0(r)),

and

〈ψ†, ws(|r− r′|)A(arg(r′ − r)− θ − φ(r, τ))Vhoz(θ + φ(r, τ) − φ(r′, τ))〉
= 2|V ′

0(Δ)|2ws(|r− r′|)[AE(arg(r
′ − r)− φ(r, τ))PO(φ(r, τ) − φ(r′, τ))

−AO(arg(r
′ − r)− φ(r, τ))PE(φ(r, τ) − φ(r′, τ))

]
,

where we have defined the functions

PO(θ) = Vhoz(θ −Δ)− Vhoz(θ +Δ), PE(θ) = Vhoz(θ −Δ) + Vhoz(θ +Δ),

AE(θ) =
A(θ +Δ) +A(θ −Δ)

4|V ′
0(Δ)| , AO(θ) =

A(θ −Δ)−A(θ +Δ)

4|V ′
0(Δ)| ,

IO(θ) =
I1(θ −Δ)− I1(θ +Δ)

2|V ′
0(Δ)| .
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PHASE EQUATION FOR ORIENTATION SELECTIVE PATTERNS 69

Figure 2. Geometric interpretation of different forms of phase interactions in (3.9). See text for details.

The final phase equation is thus given by

∂τφ(r, τ) =− IO(φ(r, τ) − θ0(r))

−
∫
U
ws(|r− r′|)[AE(arg(r

′ − r)− φ(r, τ))PO(φ(r, τ) − φ(r′, τ))

−AO(arg(r
′ − r)− φ(r, τ))PE(φ(r, τ) − φ(r′, τ))

]
(3.9)

for all r ∈ U .
The terms in the phase equation have an intuitive interpretation. Since IO is a continuous

odd function with I ′0(0) ≥ 0, then when φ(r, τ) ≷ θ0(r) we have that ∂τφ(r, τ) ≶ 0. Hence
the phase moves toward the phase of the input, θ0(r). When φ(r, τ) = φ(r′, τ) = arg(r′ − r),
then PO = AO = 0, and the right-hand side of (3.9) is zero. When φ(r, τ) ≷ φ(r′, τ) and
φ(r, τ) = arg(r′ − r), then AO = 0 and PO ≷ 0. Thus ∂τφ(r, τ) ≶ 0, so that the phase tends
toward φ(r, τ). When φ(r, τ) = φ(r′, τ) and φ(r, τ) ≷ arg(r′ − r), then PO = 0 and AO ≷ 0.
Thus ∂τφ(r, τ) ≶ 0 and the phase moves toward arg(r′ − r). Hence, the first term, AEPO,
represents responses to phase differences between two points when one of the phases has the
same angle as the line connecting them. The second term, AOPE , represents responses to
differences between the phase and the angle of the line when the phases at the two points are
the same. The input term represents responses to differences between the solution and the
phase of the stimulus. For a graphic illustration refer to Figure 2.

4. Analysis of the phase equation. We now analyze the existence and stability of some
specific solutions to the phase equations in the case of no orientation-dependent inputs (IO =
0). In section 5 we then compare our analytical results against numerical simulations of the
full neural field equation and show good agreement between the two. Note that the existence
of the phase solutions can be established under the quite general conditions on the weight
kernels given in the introduction. We use only specific kernels in order to carry out the
stability analysis.D
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4.1. Stationary solutions of the isotropic phase equation. Setting A ≡ 1 in (3.9) leads
to the simplified phase equation

(4.1) ∂τφ(r, τ) = −
∫
R2

ws(|r− r′|)PO(φ(r, τ) − φ(r′, τ))dr′.

Recall that Vhoz defined by (3.3) is an even π-periodic function and therefore PO is an odd
function with

P ′
O(0) = 2 (whoz(0) − whoz(2Δ)) > 0.

Thus (4.1) is identical in form to the phase equation describing the phase of coupled neural
oscillators considered in [21, 39, 25]. The only mathematical difference between the equations
is that PO is π-periodic, whereas the phase interaction function in coupled neural oscillators
is taken to be 2π-periodic. This is merely due to the fact that rotation by π yields the same
orientation, whereas the phase of oscillators takes any distinct value in [0, 2π]. A class of
stationary solutions that have previously been studied within the context of weakly coupled
phase oscillators is [21, 39, 25]

φs(r) = k · r+ φ0 ∀k ∈ R
2, ∀φ0 ∈ R

with k = 0 corresponding to the synchronous solution φ(r) = φ0. To see this we simply show
that ∫

R2

ws(|r− r′|)PO(φs(r, τ)− φs(r
′, τ))dr′ =

∫
R2

ws(|r− r′|)PO(k · (r− r′))dr′

= −
∫
R2

ws(|r′|)PO(k · r′)dr′ = 0

since ws is even and PO odd. Although the existence of stationary solutions of the form
φs(r) = k · r + φ0 is well-known, it turns out that the stability analysis of such solution has
not been carried out fully in previous work. Therefore, it is useful to present the full analysis
here.

Consider perturbations of the stationary solution given by

φ(r, τ) = φs(r) + εψ(r)eλτ +O(ε2).

Substituting this solution into (4.1) and Taylor expanding PO to first order in ε yields the
eigenvalue equation

λψ(r) = −
∫
R2

ws(|r− r′|)P ′
O(k · (r− r′))(ψ(r) − ψ(r′))dr′,

where we have neglected constants that don’t contribute to stability. The eigenfunctions are
of the form

(4.2) ψ(r) = eiq·r, q = q(cos θq, sin θq)

and the corresponding eigenvalues are given by

(4.3) λ(q) = −
∫
R2

ws(|r′|)P ′
O(k · r′)

(
1− eiq·r

′)
dr′
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Introducing the Fourier series

whoz(θ) =
1

π

[
whoz,0 + 2

∞∑
n=1

whoz,2n cos (2nθ)

]

we find that

P ′
O(k · r′) = 16

π

∞∑
n=1

sin2 (nΔ)whoz,2n cos (2nk · r′).

In order to evaluate the eigenvalue λ(q) we recall some basic results in 2D Fourier trans-
forms. Let F [ws](q) denote the 2D Fourier transform of ws(r):

F [ws](q) =

∫
R2

ws(|r′|)eiq·r′dr′ =
∫ ∞

0

∫ 2π

0
ws(ρ)e

iqρ cos θdθ ρdρ.

Using the Jacobi–Anger expansion

(4.4) eiz cos θ = J0(z) + 2

∞∑
n=1

inJn(z) cos (nθ),

where Jn(z) is the nth order Bessel function of the first kind, yields

F [ws](q) = 2π

∫ ∞

0
ws(ρ)J0(ρq)ρdρ = 2πH0[ws](q),

where Hn[ws] is the nth order Hankel transform of ws. It follows that

λ(q) =

∞∑
n=1

sin2 (nΔ)whoz,2n[H0[ws](|q+ 2nk|) +H0[ws](|q− 2nk|)− 2H0[ws](2nk)],(4.5)

where we have dropped a factor of 16. Convergence of the series follows from assuming that
whoz has a convergent Fourier series. Note that

|q± 2nk|2 = q2 + 4n2k2 ± 4nkq cos (θq − θk),

and thus there is only a relative dependence on the direction of the solution, θk. The stability
is then independent of the direction of k reflecting the rotational invariance of the system;
however, it is still dependent on the magnitude k and the direction of perturbation, θq. Note
that this is similar to the expression obtained in [25, 39]. However, [25] assumes that the 2D
dynamics can be reduced to one dimension, which is not necessarily true, while [39] deals with
dynamics on a ring. Therefore, in both cases they obtain an expression involving the Fourier
transform of the corresponding 1D function ws, rather than the Hankel transform of ws of the
full 2D model, which is simply the 2D Fourier transform of radially symmetric functions.

For the sake of illustration, consider the weight kernels

(4.6) whoz(θ) =
1

π
[2 + 2 cos (2θ)] , ws(|r|) = 1

2πσ2
e−|r|2/2σ2

.
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i
A B

Figure 3. Plot of eigenvalues for linear phase solution as given by (4.7b) with σ = 0.5 so that kc = 1. (a)
Eigenvalues for k = 0.8 (k < kc). (b) Eigenvalues for k = 1.2 (k > kc).

The eigenvalues then become

λ(q) = sin2 (Δ)
[
e−σ2|q+2k|2/2 + e−σ2|q−2k|2/2 − 2e−σ2(2k)2/2

]
.

It can be shown that eigenvalues assume their minimum and maximum values along the
directions, k and k⊥. We therefore look at the eigenvalues at q = αk⊥ and q = αk, neglecting
the sin2 (Δ) term,

λ(αk⊥) = 2e−σ2(2k)2/2
(
e−σ2α2k2/2 − 1

)
,(4.7a)

λ(αk) = e−σ2(2k)2(α/2+1)2/2 + e−σ2(2k)2(α/2−1)2/2 − 2e−σ2(2k)2/2.(4.7b)

Clearly λ(αk⊥) < 0 for all α �= 0 and therefore the linear solution is always stable to pertur-
bations in the orthogonal direction. The second case, q = αk, is equivalent to reducing to one
dimension and is analogous to the scenario in [25, 39]. As pointed out in [39], there are two
qualitatively different behaviors for the eigenvalues for k < kc and k > kc where kc is some
critical value. If k < kc, then λ(αk) ≤ 0 with equality only at α = 0 and is a monotonically
decreasing function of α. For k > kc, λ(αk) ≥ 0 in the interval [−α∗, α∗], with equality only
at α = 0,±α∗, and λ(αk) < 0 on the interval R \ [−α∗, α∗]. Hence, for intermediate values
of α the eigenvalue is positive, whereas for large values of α the eigenvalue is negative. For
the Gaussian it can be shown that k−1

c = 4σ. Therefore if k < 1/4σ, then the linear phase
solution is stable, whereas if k > 1/4σ, then it is unstable. The physical interpretation of this
is if the wavelength ν = k−1 is greater than the range of the long-range connections then the
solution is stable, while if it’s less than the range it is unstable. For a graphical illustration
of the eigenvalues in these two different regimes, see Figure 3.

4.2. Traveling wave solutions. To briefly consider an example of a phase equation with
spatiotemporal dynamics, we introduce a shift asymmetry in the spatial part of the horizontal
connections according to

ws(|r− r′|) → ws(|r− r′ − r0|).
Shift asymmetries in spatial connections have been used to study direction selectivity in neural
populations responding to moving stimuli [40, 16]. We find that traveling phase waves of theD
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Figure 4. Plot of numerical simulations of the full neural field equation (1.4) showing the propagation of a
linear phase wave. In order to illustrate the variation in the peak of orientation bumps as a function of spatial
position, we discretely sample a set of orientations and draw a short bar of a given orientation at the spatial
locations where the corresponding peaks occur. We also use a color code to emphasize the regions of constant
orientation. The wavevector k of the phase wave is orthogonal to these regions.

form φ(r, τ) = k · r− cτ are solutions to (3.9) with A ≡ 1. That is,

c(r0) = −
∫
R2

ws(|r− r′ − r0|)PO(k · (r− r′))dr′ =
∫
R2

ws(|r′|)PO(k · (r′ − r0))dr
′,

and therefore the wavespeed, c, is determined explicitly by the integral on the right-hand side
and is dependent on the shift, r0. Note that if r0 = k⊥, then

c(k⊥) =
∫
R2

ws(|r′|)PO(k · (r′ − k⊥))dr′ =
∫
R2

ws(|r′|)PO(k · r′)dr′ = 0

and that c(−r0) = −c(r0). Thus, if the shift r0 is in the direction along which the solution
is constant for fixed τ , r0 = k⊥, then there is no wave propagation, and the solution reverses
its direction of propagation under the transformation r0 → −r0. It then appears that the
direction of the asymmetry controls the direction of propagation. The existence of a phase
solution in the full system can be confirmed by numerically solving the neural field equation
(1.4). In Figure 4 we plot snapshots of the time evolution of such a solution which clearly
illustrates the propagation of a linear phase wave as predicted by the phase equation.

4.3. Synchronous solution of the anisotropic phase equation. Stationary solutions to
the anisotropic phase equation (3.9) satisfy the equation

0 =

∫
R2

ws(|r− r′|)[AE(arg(r
′ − r)− φs(r))PO(φs(r)− φs(r

′))

−AO(arg(r
′ − r)− φs(r))PE(φs(r)− φs(r

′))
]
dr′.(4.8)D
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It is straightforward to establish the existence of the synchronous solution φs(r) = φ0. That
is, the first term in the integral then trivially vanishes since PO(0) = 0, whereas the second
term in the integral becomes∫

R2

ws(|r− r′|)AO(arg(r
′ − r)− φs(r))PE(φs(r)− φs(r

′))dr′

= PE(0)

∫
R2

ws(|r− r′|)AO(arg(r
′ − r)− φ0)dr

′

= PE(0)

∫ ∞

0
ρ′ws(ρ

′)
∫ 2π

0
AO(θ

′ − φ0)dθ
′dρ′ = 0

since AO is odd and π-periodic.
Proceeding along similar lines to the isotropic case, we set φ(r, τ) = φ0 + εψ(r)eλτ and

Taylor expand each term in (3.9) to first order in ε. This yields the eigenvalue problem

(4.9) λψ(r) = −P ′
O(0)

∫
R2

ws(|r− r′|)AE(arg(r
′ − r)− φ0)[ψ(r) − ψ(r′)]dr.′

We have used the fact that P ′
E(0) = 0, PO(0) = 0, and∫

R2

ws(|r′|)A′
O(arg(r

′)− φ0)dr
′ =

∫ ∞

0
ρws(ρ)dρ

∫ 2π

0
A′

O(θ − φ0)dθ = 0

since AO is continuous and π-periodic. Again the eigenfunctions are given by (4.2). Substi-
tuting into the eigenvalue equation, introducing polar coordinates, and using∫

R2

ws(|r′|)AE(arg(r
′)− φ0)dr

′ =
∫ 2π

0
AE(θ − φ0)dθ

∫ ∞

0
ρws(ρ)dρ ≡ 2AE,0ws,0,

we have

λ(q, θq) = −P ′
O(0)

(
2ws,0AE,0 −

∫ ∞

0

∫ 2π

0
ρ′ws(ρ

′)AE(θ
′)eiqρ

′ cos (θ+φ0−θq)dθ′dρ′
)
.

The Jacobi–Anger expansion (4.4) then yields

λ(q, θq) = −2P ′
O(0)AE,0

[
ws,0 −

∫ ∞

0
ρws(ρ)J0(ρq)dρ

]

+ 2P ′
O(0)

∞∑
n=1

in
∫ ∞

0
ρws(ρ)Jn(ρq)dρ

∫ 2π

0
AE(θ) cos (n(θ + φ0 − θq))dθ.

Introducing the Fourier series for the π-periodic function

A(θ) =
1

π

[
A0 + 2

∞∑
m=0

A2m cos (2mθ)

]

and using the trigonometric identity

cos (n(θ + φ0 − θq)) = cos (nθ) cos (n(φ0 − θq))− sin (nθ) sin (n(φ0 − θq))D
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we find that∫ 2π

0
AE(θ) cos (n(θ + φ0 − θq))dθ =

cos (nΔ)

|V ′
0(Δ)| An cos (n(φ0 − θq))δn,2m

for any nonzero integer integer m. Finally, noting that∫ ∞

0
ρws(ρ)Jn(qρ)dρ = Hn[ws](q),

the eigenvalues reduce to

λ(q, θq) = A0(H0[ws](q)−H0[ws](0))︸ ︷︷ ︸
isotropic part

+ 2
∞∑
n=1

(−1)nA2n cos (2nΔ)H2n[ws](q) cos (2n(φ0 − θq))︸ ︷︷ ︸
anisotropic part

,(4.10)

where, for notational clarity, we have neglected P ′
O(0)/|V ′

0 (Δ)| since P ′
O(0) > 0 and the

magnitude does not contribute to stability. Note that convergence of the series follows from
the fact

|H2n[ws](q)| ≤ H0[ws](0)

for all n ≥ 0, and assuming that A has a convergent Fourier series, hence so does AE, easily
shows absolute convergence. Since H2n[ws](0) = 0 for n ≥ 1, we have that λ = 0 when
q = 0 corresponding to the shift-twist invariance of the system. For isotropic connections the
eigenvalues are simply

λ(q, θq) = A0(H0[ws](q)−H0[ws](0)).

If ws is positive (excitatory) and monotonically decreasing sufficiently fast, we have that
H0[ws](q) > 0 for all q > 0. An example of a function is the Gaussian,

H0

[
e−(x2+y2)/2σ2

]
= σ2e−q2σ2/2.

Therefore, since |H0[ws](q)| < H0[ws](0) we have that λ(q, θq) < 0 for all q > 0 and θq ∈
[0, 2π). Hence, in the case of isotropic connections and excitatory ws, the synchronous solution
is stable.

An interesting question is whether the synchronous state can be destabilized by anisotropic
connections. Here we show that stability persists in the presence of anisotropy of the par-
ticular form A(θ) = [1 + cos (2θ)] /π. This is chosen for mathematical convenience but can
be interpreted as an example of relatively weak anisotropy. Furthermore, we take ws to be a
Gaussian; see (4.6). The eigenvalues are then given by

λ(q,Δθ) = H0[ws](q)−H0[ws](0) −H2[ws](q) cos (2Δ) cos (2Δθ), Δθ = φ0 − θq.

In the case of a Gaussian for ws, we have that H2[ws](q) > 0 and therefore an upper bound
for λ is given by

λ+(q) ≡ H0[ws](q)−H0[ws](0) +H2[ws](q) ≥ λ(q,Δθ).D
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We can explicitly compute the Hankel transforms for the Gaussian as

H0[ws](q) =
1

2π
e−q2σ2/2, H2[ws](q) =

2− e−q2σ2/2(2 + σ2q2)

2πq2σ2
,

and we obtain

λ+(q) =
2− 2e−q2σ2/2 − σ2q2

2πσ2q2
.

which is easy to show is negative for all q > 0. Hence, the synchronous solution is stable in
the presence of the given form of anisotropy.

4.4. Angular solution. In all the examples so far we have taken the active region to be
U = R

2. As our final example we establish the existence of the angular solution

φs(r) =

{
arg(r), r �= 0,

0, r = 0,

on any annular domain U = {R1 ≤ |r| ≤ R2}. Note that there is no way to define this
continuously at r = 0, so we therefore define φs(0) = 0 for convenience; however, this choice
is arbitrary. Let Γ(r) denote the right-hand side of (4.8). First note that arg(κxr) = − arg(r)
for all r �= 0, where κx is the reflection, (x, y) �→ (−x, y). We then have that Γ(κxr) = −Γ(r)
for all r ∈ R

2 since∫
U
ws(|κxr− r′|)AE(arg (r

′ − κxr)− arg (κxr))PO(arg(κxr)− arg(r′))

=

∫
κxU

ws(|κx(r− r′)|)AE(arg(κx(r
′ − r)) + arg(r))PO(− arg(r)− arg(κxr

′))dr′

=

∫
U
ws(|r− r′|)AE(− arg(r′ − r) + arg(r))PO(− arg(r) + arg(r′))dr′

= −
∫
U
ws(|r− r′|)AE(arg(r

′ − r)− arg(r))PO(arg(r)− arg(r′))dr′,

where we have used the fact that κxU = U and the change in sign is due to the fact that PO

is odd while AE is even. Similarly∫
U
ws(|κxr− r′|)AO(arg(r

′ − κxr)− arg(κxr))PE(arg(κxr)− arg(r′))dr′

= −
∫
U
ws(|r− r′|)AO(arg(r

′ − r)− arg(r))PE(arg(r)− arg(r′))dr′

since AO is odd and PE is even. On the other hand, since arg(Rθr) = arg(r)+θ and RθU = U
we have that Γ(Rθr) = Γ(r) for any θ ∈ [0, 2π) and r ∈ R

2. However, for θ = −2 arg r we have
that Γ(r) = Γ(R−2 arg rr) = Γ(κxr) = −Γ(r) since reflection is the same as clockwise rotation
by twice the angle. Thus it must be true that Γ(r) = 0 for all r and hence φs(r) = arg(r) is a
solution. It also follows that φs(r) = arg(r)± π/2 is a solution since

Ai

(
θ +

π

2

)
= Ai

(
θ − π

2

)
, i = E,O.
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5. Numerical simulations of full neural field equation. We now present results from
numerical simulations of the full neural field equation in (1.4) in order to show consistency
with the analysis of the phase equation. Note we are assuming that in the absence of horizontal
connections bump solutions are stable. We therefore expect that any instabilities that occur
in the full neural field equations are due to the long-range connections. Furthermore, since
the long-range connections are weak, we don’t expect them to cause any instabilities in the
amplitude of the bumps but rather in the phase of the bumps. It is then reasonable to assume
that stability results for the phase equation obtained in section 5 will translate to stability for
the full system when restricting to phase changing perturbations.

The numerical methods we use are as follows. Integration in time is computed using
Euler’s method with step sizes Δt = 0.01. We discretize space and orientation on a 300 ×
300 × 200 grid. The spatially independent convolution integral in (1.4) is computed using a
trapezoidal rule. The space-orientation integral is computed by first using a trapezoidal rule
to integrate along the orientation direction at each point in space, and then the remaining
spatial convolution is computed using fast Fourier transforms. We take initial conditions
v(r, θ, 0) = V0(θ − φ(r) − ψ(r)), where V0 is defined in section 3, φ(r) is a stationary phase
solution described in section 5, and ψ(r) is the perturbation. Recall that our stability analysis
of solutions to the phase equation implicitly considers perturbations in the phase of the bump,
and we therefore only consider phase changing perturbations in our numerical simulations.
We compute V0 by numerically solving the threshold equation, κ− γ =W (2Δ) for the bump
width Δ. To generate the figures we numerically simulate the full neural field equations to
obtain a solution v(r, θ, t), and at each time step and point in space we find the orientation at
which v is a maximum, indicating the orientation of the bump peak. Defining ϕ(r, t) such that

v(r, ϕ(r, t), t) = max
θ∈[0,2π)

v(r, θ, t)

we give a density plot for ϕ(r, t) and superimpose this with a vector field

x(r, t) = cosϕ(r, t), y(r, t) = sinϕ(r, t)

to illustrate the fact that ϕ(r, t) indicates the orientation of local contours at point r and time t.

In Figures 5–7 we show simulations of the linear phase solution φs(r) = k ·r+φ0. We first
let k = (1, 1), which, according to our stability analysis, is most unstable to perturbations
along k, q = αk. Since we set σ = 0.5, then we have that |k| > 1/2σ, and therefore our
analysis predicts that the linear phase solution will be unstable. In Figure 5(a) we perturb
the linear phase solution with q = 2k and see that the solution destabilizes and settles at
approximately the synchronous solution, verifying the stability analysis. In Figure 5(b) we
perturb the solution with q = 2k⊥ and see that the solution tends back toward the linear phase
solution, indicating stability with respect to orthogonally directed perturbations as predicted
by our analysis. Next, in Figure 6(a)–(b) we perturb the solution with q = 10k and q = 10k⊥.
We see that, in both cases, the solution tends back toward the linear phase solution, again in
agreement with our stability analysis. Finally we set k = (1/2, 1/2) so that |k| < 1/2σ and
we are in a regime where the linear phase solution is stable to perturbations in all directions
and magnitudes. In Figure 7(a)–(b) we show perturbations with q = 2k and q = 2k⊥ andD
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A

B

Figure 5. Numerical simulation of the linear phase solutions using the original neural field equation. Initial
conditions are given by (2.6) with φ(r) = k · r+ ψ(r), where ψ(r) is the perturbation. Here we take k = (1, 1).
(a) Perturbation in the direction of linear phase solution, q = 2k. (b) Perturbation in the orthogonal direction,
q = 2k⊥. Parameter values are given by ε = 0.3, σ = 0.5, (whoz)0 = π, κ = 2, γ = 2.5, (whoz)2 = π/2.

A

B

Figure 6. Numerical simulation of the linear phase solutions using the original neural field equation. Initial
conditions are given by (2.6) with φ(r) = k · r+ ψ(r), where ψ(r) is the perturbation. Here we take k = (1, 1).
(a) Perturbation in the direction of linear phase solution, q = 10k. (b) Perturbation in the orthogonal direction,
q = 10k⊥. Parameter values are given by ε = 0.3, σ = .05, κ = 2, γ = 2.5, (whoz)0 = π, (whoz)2 = π/2.

we see that the solution is now stable to perturbations that destabilized the solution in the
previous case.D
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A

B

Figure 7. Numerical simulation of the linear phase solutions using the original neural field equation.
Initial conditions are given by (2.6) with φ(r) = k · r + ψ(r), where ψ(r) is the perturbation. Here we take
k = (1/2, 1/2). (a) Perturbation in the direction of linear phase solution, q = 2k. (b) Perturbation in the
orthogonal direction, q = 2k⊥. Parameter values are given by ε = 0.3, σ = 0.5, κ = 2, γ = 2.5, (whoz)0 = π,
(whoz)2 = π/2.

Finally we simulate the angular phase solutions,

φs(r) = arg(r) and φs(r) = arg(r) +
π

2
,

in the region U = {r ∈ R
2|2 ≤ |r| ≤ 4}. Since we have not provided a stability analysis for

this solution we arbitrarily add random noise to the initial condition to check, numerically,
that the angular phase is a solution to the original neural field equation. In Figure 8 we show
a simulation for both of these solutions and see that the solution indeed does tend toward the
angular phase described above.

6. Discussion. In this paper we explored the affects of excitatory, long-range horizontal
connections on spatially organized patterns of orientation selectivity in the strongly nonlinear
regime using the constructive approach of Amari [1]. In particular, we derived a phase equation
that determines the spatiotemporal dynamics of the phase of orientation tuning curves. In
essence, the phase equation reduces the dimension of the full neural field equation when
considering a certain class of solutions. The main benefit of this reduced equation is that
it is much simpler in form than the original neural field equation and allows us to show the
existence of some complex solutions with relatively little effort. Showing existence of these
solutions in the original neural field equation would be a very arduous, if not impossible, task.
Moreover, we expect that the simplicity of the phase equation will lead to greater analytical
insights to visual perceptual phenomenon in general.

One obvious extension of our analysis is to include orientation-dependent inputs. Here we
briefly point out one interesting observation. Suppose that φs(r) is some natural stationaryD
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A

B

Figure 8. Numerical simulation of the angular phase solutions using the original neural field equation.
Initial conditions are given by (2.6) with φ(r) = k ·r+ψ(r), where ψ(r) is the perturbation. (A) Radial angular
solution φ(r) = arg(r) plus random noise. (B) Tangential angular solution φ(r) = arg(r) + π/2 plus random
noise. Parameter values are given by ε = .3, σ = .5, κ = 2, γ = 2.5, (whoz)0 = A0 = π, (whoz)2 = A2 = π/2.

solution to (3.9) with IO = 0. If the orientation of the external input is given exactly by the
stationary solution, θ0(r) = φs(r), then we have that IO(φs(r) − θ0(r)) = IO(0) = 0. Hence
φs(r) is also a stationary solution to the phase equation with nonzero input. Furthermore,
perturbing the stationary solution, φ(r, τ) = θ0(r) + εψ(r)eλτ , and linearizing IO yields

IO(φ(r, τ) − θ0(r)) = IO(0) + εI ′O(0)ψ(r)e
λτ = − εI ′1(Δ)

|V ′
0(Δ)|ψ(r)e

λτ .

Hence if λ0 is an eigenvalue with respect to solutions without input, then

λI =
I ′1(Δ)

|V ′
0(Δ)| + λ0

is an eigenvalue with respect to solutions with input. In particular, if I1 is a monotonically
decreasing function, then I ′1(Δ) ≤ 0, in which case the presence of an input at most only
decreases the eigenvalues and therefore can only make the solutions more stable. In general,
if I1 is not monotonically decreasing, then the bump width Δ may have an affect on the
stability of stationary solutions. In future work, we hope to explore in more detail existence
and stability of stationary solutions when θ0(r) is not a natural stationary solution.D

ow
nl

oa
de

d 
01

/2
8/

16
 to

 1
55

.1
01

.9
7.

26
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

PHASE EQUATION FOR ORIENTATION SELECTIVE PATTERNS 81

The inclusion of orientation-dependent inputs would then allow us to use the phase equa-
tion to study various visual processing phenomena such as contextual effects, perceptual com-
pletion, and perceptual grouping, to name a few. Perceptual completion and grouping have
been studied using geometric approaches in [33] and a combination of geometry and neural
fields in [18]. Specifically, in [33] the authors show that perceptual grouping can be understood
by looking at the dominant eigenmodes of the corresponding affinity matrix. That is, if the
network is presented with a stimulus which contains both randomly oriented line segments
and a coherent perceptual unit, the dominant eigenmodes isolate the coherent part of the
stimulus from the noisy part. One can construct a similar setup using the phase equation
where U is now a collection of disjoint sets, determined by the segmented input, and study
how the phase correlates among the different regions. The phase along a coherent perceptual
unit should be more highly correlated than the phase along randomly oriented regions. Ap-
plying our analysis to contextual effects will also require allowing for inhibitory long-range
connections. For although such connections are mediated by axonal projections from exci-
tatory pyramidal neurons, these projections innervate both pyramidal cells and feedforward
inhibitory neurons. Hence, physiologically speaking, horizontal connections can be excitatory
or inhibitory, depending on stimulus conditions [2].

Another application of our analysis is to revisit the theory of geometric visual hallucina-
tions along the lines of [15] and to see if there are analogous results within the context of the
phase equation in the strongly nonlinear regime. In order to generate hallucinatory patterns
in the coupled ring model (1.4), Bressloff et al. [15] assumed that the spatial distribution of
horizontal connections consisted of short-range excitation and long-range inhibition, that is,
the weight function ws was taken to be a Mexican hat function. However, it is more likely
that such a structure occurs at the local level within a single hypercolumn, that is, within
S
1. Therefore, we also aim to extend the coupled ring model to take into account the laminar

structure of V1, with the idea that a local Mexican hat function in an orientation-independent
deep cortical layer generates a spatially periodic pattern via a Turing-like instability, which
then provides a spatially structured input to an orientation-dependent superficial layer de-
scribed by the coupled ring model (1.4). We have recently constructed such a model to study
propagating waves of orientation selectivity in V1 [12].

REFERENCES

[1] S. Amari, Dynamics of pattern formation in lateral inhibition type neural fields, Biol. Cybern et., 27
(1977), pp. 77–87.

[2] A. Angelucci, J. B. Levitt, E. J. S. Walton, J.-M. Hupe, J. Bullier, and J. S. Lund, Circuits
for local and global signal integration in primary visual cortex, J. Neurosci., 22 (2002), pp. 8633–8646.

[3] O. Ben-Shahar and S. W. Zucker, Geometrical computations explain projection patterns of long range
horizontal connections in visual cortex, Neural Comput., 16 (2004), pp. 445–476.

[4] R. Ben-Yishai, R. Lev Bar-Or, and H. Sompolinsky, Theory of orientation tuning in visual cortex,
Proc. Natl. Acad. Sci. USA, 92 (1995), pp. 3844–3848.

[5] G. G. Blasdel, Orientation selectivity, preference, and continuity in monkey striate cortex, J. Neurosci.,
12 (1992), pp. 3139–3161.

[6] G. G. Blasdel and G. Salama, Voltage-sensitive dyes reveal a modular organization in monkey striate
cortex, Nature, 321 (1986), pp. 579–585.

D
ow

nl
oa

de
d 

01
/2

8/
16

 to
 1

55
.1

01
.9

7.
26

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

82 SAMUEL R. CARROLL AND PAUL C. BRESSLOFF

[7] T. Bonhoeffer and A. Grinvald, Orientation columns in cat are organized in pinwheel like patterns,
Nature, 364 (1991), pp. 166–146.

[8] W. H. Bosking, Y. Zhang, B. Schofield, and D. Fitzpatrick, Orientation selectivity and the ar-
rangement of horizontal connections in tree shrew striate cortex, J. Neurosci., 17 (1997), pp. 2112–
2127.

[9] P. C. Bressloff, Spatially periodic modulation of cortical patterns by long-range horizontal connections,
Phys. D, 185 (2003), pp. 131–157.

[10] P. C. Bressloff, Spatiotemporal dynamics of continuum neural fields: Invited topical review, J. Phys.
A, 45 (2012), 033001.

[11] P. C. Bressloff and S. R. Carroll., Spatio-temporal dynamics of neural fields on product spaces,
SIAM J. Appl. Dyn. Syst., 13 (2014), pp. 1620–1653.

[12] P. C. Bressloff and S. R. Carroll, Laminar neural field model of laterally propagating waves of
orientation selectivity, PLoS Comput. Biol., 11 (2015), e1004545.

[13] P. C. Bressloff and J. D. Cowan, Amplitude equation approach to contextual effects in visual cortex,
Neural Comput., 14 (2002), pp. 493–525.

[14] P. C. Bressloff, J. D. Cowan, M. Golubitsky, and P. J. Thomas, Scalar and pseudoscalar bifur-
cations: Pattern formation on the visual cortex, Nonlinearity, 14 (2001), pp. 739–775.

[15] P. C. Bressloff, J. D. Cowan, M. Golubitsky, P. J. Thomas, and M. Wiener, Geometric visual
hallucinations, euclidean symmetry and the functional architecture of striate cortex, Philos. Trans.
Roy. Soc. Lond. Ser. B, 356 (2001), pp. 299–330.

[16] S. R. Carroll and P. C. Bressloff, Binocular rivalry waves in directionally selective neural field
models, Phys. D, 285 (2014), pp. 8–17.

[17] P. Chossat, G. Faye, and O. Faugeras, Bifurcation of hyperbolic planforms, J Nonlinear Sci. 21
(2011), pp. 465–498.

[18] G. Citti and A. Sarti, A cortical based model of perceptual completion in the roto-translation space, J.
Math. Imaging Vision, 24 (2006), pp. 307–326.

[19] G. B. Ermentrout, Neural networks as spatio-temporal pattern-forming systems, Rep. Progr. Phys., 61
(1998), pp. 353–430.

[20] G. B. Ermentrout and J. Cowan, A mathematical theory of visual hallucination patterns, Biol. Cybern
et., 34 (1979), pp. 137–150.

[21] G. B. Ermentrout and D. Kleinfeld, Traveling electrical waves in cortex: Insights from phase dy-
namics and speculation on a computational role, Neuron, 29 (2001), pp. 33–44.

[22] C. D. Gilbert, Horizontal integration and cortical dynamics, Neuron, 9 (1992), pp. 1–13.
[23] C. D. Gilbert, A. Das, M. Ito, M. Kapadia, and G. Westheimer, Spatial integration and cortical

dynamics., Proc. Natl. Acad. Sci. USA, 93 (1996), pp. 615–622.
[24] C. D. Gilbert and T. N. Wiesel, Clustered intrinsic connections in cat visual cortex, J. Neurosci., 3

(1983), pp. 1116–1133.
[25] S. Heitmann, P. Gong, and M. Breakspear, A computational role for bistability and traveling waves

in motor cortex, Front. Comput. Neurosci., 6 (2012), pp. 1–15.
[26] J. D. Hirsch and C. D. Gilbert, Synaptic physiology of horizontal connections in the cat’s visual cortex,

J. Physiol. Lond., 160 (1991), pp. 106–154.
[27] D. H. Hubel and T. N. Wiesel, Sequence regularity and geometry of orientation columns in the monkey

striate cortex, J. Comput. Neurol., 158 (1974), pp. 267–294.
[28] D. H. Hubel and T. N. Wiesel, Uniformity of monkey striate cortex: A parallel relationship between

field size, scatter, and magnification factor, J. Comput. Neurol., 158 (1974), pp. 295–306.
[29] S. LeVay and S. B. Nelson, Columnar organization of the visual cortex, in The Neural Basis of Visual

Function, A. G. Leventhal, ed., CRC Press, Boca Raton, FL, 1991, pp. 266–315.
[30] R. Malach, Y. Amirand, M. Harel, and A. Grinvald, Relationship between intrinsic connections and

functional architecture revealed by optical imaging and in vivo targeted biocytin injections in primate
striate cortex, Proc. Natl. Acad. Sci. USA, 90 (1993), pp. 0469–10473.

[31] J. Petitot, The neurogeometry of pinwheels as a sub-Riemannian contact structure, J. Physiol. Paris,
97 (2003), pp. 265–309.

[32] K. S. Rockland and J. Lund, Intrinsic laminar lattice connections in primate visual cortex, J. Comput.
Neurol., 216 (1983), pp. 303–318.

D
ow

nl
oa

de
d 

01
/2

8/
16

 to
 1

55
.1

01
.9

7.
26

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

PHASE EQUATION FOR ORIENTATION SELECTIVE PATTERNS 83

[33] A. Sarti and G. Citti, The constitution of visual perceptual units in the function architecture of v1, J.
Comp. Neurosci., 38 (2014), pp. 285–300.

[34] A. Sarti, G. Citti, and J. Petitot, The symplectic structure of the primary visual cortex, Biol. Cybern
et., (2008), pp. 33–48.

[35] L. Schwabe, K. Obermayer, A. Angelucci, and P. C. Bressloff, The role of feedback in shaping the
extra-classical receptive field of cortical neurons: A recurrent network model, J. Neurosci., 26 (2006),
pp. 9117–9129.

[36] L. C. Sincich and G. G. Blasdel, Oriented axon projections in primary visual cortex of the monkey,
J. Neurosci., 21 (2001), pp. 4416–4426.

[37] D. C. Somers, S. Nelson, and M. Sur, An emergent model of orientation selectivity in cat visual
cortical simple cells, J. Neurosci., 15 (1995), pp. 5448–5465.

[38] N. V. Swindale, The development of topography in the visual cortex: A review of models, Network, 7
(1996), pp. 161–274.

[39] D. A. Wiley, S. H. Strogatz, and M. Girvan, The size of the sync basin, Chaos, 16 (2006), 015103.
[40] X. Xie and M. Giese, Nonlinear dynamics of direction-selective recurrent neural media, Phys. Rev. E,

65 (2002), 051904.
[41] T. Yoshioka, G. G. Blasdel, J. B. Levitt, and J. S. Lund, Relation between patterns of intrinsic

lateral connectivity, ocular dominance, and cytochrome oxidase–reactive regions in macaque monkey
striate cortex, Cerebral Cortex, 6 (1996), pp. 297–310.

D
ow

nl
oa

de
d 

01
/2

8/
16

 to
 1

55
.1

01
.9

7.
26

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


