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Model of Growth Cone Membrane Polarization via Microtubule Length
Regulation
Bin Xu1 and Paul C. Bressloff1,*
1Mathematics, University of Utah, Salt Lake City, Utah
ABSTRACT We present a mathematical model of membrane polarization in growth cones. We proceed by coupling an active
transport model of cytosolic proteins along a two-dimensional microtubule (MT) network with a modified Dogterom-Leibler model
of MT growth. In particular, we consider a Rac1-stathmin-MT pathway in which the growth and catastrophe rates of MTs are
regulated by cytosolic stathmin, while the stathmin is regulated by Rac1 at the membrane. We use regular perturbation theory
and numerical simulations to determine the steady-state stathmin concentration, the mean MT length distribution, and the re-
sulting distribution of membrane-bound proteins. We thus show how a nonuniform Rac1 distribution on the membrane generates
a polarized distribution of membrane proteins. The mean MT length distribution and hence the degree of membrane polarization
are sensitive to the precise form of the Rac1 distribution and parameters such as the catastrophe-promoting constant and tubulin
association rate. This is a consequence of the fact that the lateral diffusion of stathmin tends to weaken the effects of Rac1 on the
distribution of mean MT lengths.
INTRODUCTION
During neural development, the growth cone of an axon has
to respond accurately to extracellular chemical gradients that
direct and steer its growth. Chemoattractants (chemorepel-
lents) are detected by receptors in the growth cone mem-
brane, which trigger signaling cascades that lead to the
restructuring of the cytoskeleton and growth toward (away
from) the stimulus. The growth cone cytoskeleton consists
of microtubules (MTs) within a central (C) domain and actin
filaments within the peripheral (P) domain (1) (Fig. 1). The
MTs provide the structural backbone of the axonal shaft
and a substrate for intracellular transport to the growth
cone. They polymerize with their growing ends pointed to-
ward the leading edge of the growth cone. Actin filaments
within the P-domain form the filopodia and lamellipodia
that shape and direct the motility of the growth cone. In
both structures, the actin filaments face with their barbed
(growing) ends toward the plasmamembrane. Polymerization
of actin filaments toward the leading edge causes the exten-
sion and protrusion of the growth cone. This creates a force
that pushes the actin network and the tightly linked plasma
membrane backward (retrograde flow), and hinders the inva-
sion of theMTs into the P-domain. The retrograde flow is also
enhanced by the action of myosin molecular motors, which
drag the actin cytoskeleton back toward the C-domain where
actin filaments depolymerize at their pointed ends. If there is a
balance between actin polymerization in the P-domain and
retrograde flow, then there is no elongation. However, signals
Submitted August 11, 2015, and accepted for publication September 21,

2015.

*Correspondence: bressloff@math.utah.edu

Editor: Leah Edelstein-Keshet.

� 2015 by the Biophysical Society

0006-3495/15/11/2203/12
from surface adhesion receptors bound to a substrate can sup-
press the retrograde flow of actin filaments, shifting the bal-
ance toward polymerization-driven forward motion that
involves both actin filaments and microtubules.

It used to be thought that the actin cytoskeleton was the
main driver of changes in cell shape during neuronalmorpho-
genesis, with MTs playing a secondary role. However, in
recent years it has become clear thatMTs also actively partic-
ipate in the restructuring of cell shape (2-4). The latter occurs
via the regulation ofMT lengths by a variety of signaling pro-
teins. Some of these proteins act directly on the MTs,
affecting their rates of growth, whereas others indirectly con-
trol MT lengths by sequestering tubulin. To understand the
potential targets of regulatory proteins, we briefly review
some properties of MTs. During assembly, heterodimers of
a-tubulin and b-tubulin bind head-to-tail to form polarized
protofilaments with different rates of polymerization at the
two ends: a faster growing plus-end capped by b-subunits
and a slower minus-end capped by a-subunits. It has been
observed experimentally that MTs undergo a process of dy-
namic instability, in which they randomly switch between
growing and shrinking phases (5). Such an instability can
be characterized in terms of the rate of polymerization and
depolymerization, and the frequencies of catastrophes (tran-
sitions from polymerization to depolymerization) and res-
cues (transitions from depolymerization to polymerization)
(6). All of these processes depend on tubulin-bound GTP hy-
drolysis that occurs during microtubule assembly and desta-
bilizes the growing filament after polymerization.

One important family of soluble phosphoproteins found
in growth cones that can regulate MT growth is stathmin
(7-9). It is known that stathmin can indirectly inhibit MT
http://dx.doi.org/10.1016/j.bpj.2015.09.019
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FIGURE 1 Sketch of the Rac1-stathmin-MT pathway. Rac1 proteins

(circles) are located at the leading edge of the growth cone in active (solid

circles) or inactive form (open circles). The active region of Rac1 generates

a gradient in stathmin phosphorylation such that the concentration of active

stathmin increases with distance from the active Rac1 domain. Active stath-

min inhibits the growth of MTs. There is also a potential feedback pathway

involving the interaction between Rac1 and MT tips, which we neglect in

our model.
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growth by sequestering tubulin, thus lowering the local
tubulin concentration, reducing the MT growth velocity,
and increasing the catastrophe rate (10,11). There is also
experimental evidence of an alternative mechanism for
reducing the MT growth rate, which occurs at high pH
values, in which stathmin increases the MT catastrophe
rate, but not the growth velocity, by direct interaction with
the MT filaments (12). Stathmin itself can be regulated
through a Rac1-Pak pathway (11) (Fig. 1). The signaling
molecule Rac1 is a GTPase of the Rho family that is found
to be active (phosphorylated) when membrane-bound at the
leading edge of the growth cone (13). Active Rac1 can deac-
tivate stathmin via the intermediate protein Pak (14). More-
over, because the active form of Rac1 is located at the
leading edge of the growth cone, it can induce a spatial
gradient of stathmin phosphorylation and thus stathmin
MT/tubulin interactions (15). Finally, because the distribu-
tion of active Rac1 within the leading edge can be modified
by extracellular guidance cues (16), it follows that the Rac1-
stathmin-MT pathway provides one possible mechanism for
growth cone steering via MT polarization.

The above mechanism has been explored in a computa-
tional model of a two-dimensional (2D) growth cone by
Mahajan and Athale (17). These authors consider a reac-
tion-diffusion model of receptor-driven activation (dephos-
phorylation) and inactivation (phosphorylation) of stathmin,
andmodulate theMT dynamics by increasing the local catas-
trophe rate according to the local stathmin concentration.
(They also take into account forces arising from the retro-
grade pushing of MTs by actin.) One major conclusion of
their study is that the stathmin-based regulation of MT dy-
Biophysical Journal 109(10) 2203–2214
namics is sufficient to generate growth-cone turning, without
the need for amplification from positive feedback in which
MT tips promote the inactivation of stathmin. Indeed, their
modeling study suggests that the feedback from MTs can
amplify noise and generate spurious polarization in the
absence of external cues. Recently, Zeitz and Kierfeld (18)
have analyzed a more biophysically detailed model of MT
regulation based on the signaling proteins Rac1 and stathmin.
In contrast to the 2D growth cone model of Mahajan and
Athale (17), they consider a one-dimensional (1D) model
consisting of an ensemble of parallel MTs growing within a
1D concentration gradient of stathmin. The latter is generated
by the Rac1-based dephosphorylation of stathmin at one end
of the domain. Zeitz andKierfeld (18) consider both catastro-
phe-promoting and tubulin-sequestering mechanisms of
stathmin regulation, and find that the latter exhibits a stronger
dependence on the level of active Rac1. Moreover, the inclu-
sionof feedbackbetweenMT tips and activationofRac1has a
much more significant effect on the tubulin-sequestering
mechanism, resulting in bistability between a state of high
Rac1 activation and a state of low Rac1 activation.

In this article, we consider a different aspect of growth
cone steering via MT polarization, namely, how a nonuni-
form distribution ofMT lengths generated by the Rac1-stath-
min-MT pathway can support membrane polarization in the
leading edge of the growth cone. Under the assumption that
all MTs are nucleated from the same source, a variation in
MT length translates into a variation in the distance of MT
plus-ends from the trailing edge of the growth cone. The
latter causes a corresponding nonuniformity in the active
transport of signaling proteins (or lipids) along the MT fila-
ment tracks, resulting in a nonuniform distribution of mem-
brane-associated molecules. The latter result is of course not
surprising—the point of our modeling study is to determine
whether the mechanism of MT regulation considered by pre-
vious authors is sufficient to generate a significant variation
in the concentration of membrane-bound molecules. To
compare the tubulin-sequestering and catastrophe-promot-
ing mechanisms of stathmin-based MT regulation, we adopt
the model of Zeitz and Kierfeld (18). A major result of our
modeling study is to establish that only the tubulin-seques-
tering mechanism appears to support a significant variation
in membrane-bound proteins, and this is sensitive to the pre-
cise form of the Rac1 distribution and parameters such as the
tubulin association rate. This is partly due to the fact that the
lateral diffusion of stathmin within the growth cone reduces
the spatial variation ofMT lengths compared to the results of
the 1D model considered by Zeitz and Kierfeld (18).

Note that our model differs from previous studies of the
role of active transport in cell polarization, which consider
spatial inhomogeneities in the density of MTs in axons
(19,20) or actin filaments in budding yeast (21-24). That
is, all filaments are assumed to reach the membrane surface.
In the case of budding yeast, the actin filaments actually
nucleate from the membrane, and the density of filaments
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is regulated by the active, membrane-bound form of the Rho
GTPase Cdc42. Because Cdc42 is itself actively transported
by myosin motors along the actin network, there is a positive
feedback loop that can reinforce spatial asymmetries, result-
ing in spontaneous cell polarization (21). However, the
mechanism in growth cones appears to be different, because
MTs nucleate in the cell body, and it is asymmetries in the
degree of penetration of MTs into the peripheral zone that
contributes to cell polarization.
FIGURE 2 A simplified 2D model of a growth cone with a nonuniform
MATERIALS AND METHODS

In this section, we present the various components of the model. Note that

the novel component, to our knowledge, is the active transport model,

which we then couple to a 2D version of the stathmin-MT model of Zeitz

and Kierfeld (18). A list of parameters and their values used in our numer-

ical results is provided in Table 1, where we also give references to the sup-

porting literature. The parameter values for the stathmin-MT components

are basically as in Zeitz and Kierfeld (18).

distribution of MT lengths as specified by the interface z ¼ f(x). The

boundary z ¼ R represents the membrane at the leading edge of the growth

cone. When a protein is bound to a MT via a molecular motor, it moves at

speed v0 toward the leading edge. For simplicity, we do not explicitly model

the vesicular nature of active motor transport. A cytosolic protein diffuses

when unbound from a MT with diffusivity D, and can bind/unbind to the

leading edge at a rate k5. Membrane-bound protein undergoes lateral diffu-
Active transport model

Our model treats the growth cone as a rectangular 2D domain {(x,z); 0 %
x % L, 0 % z % R} with the leading edge of the growth cone at z ¼ R and

the MTs parallel to the z axis (Fig. 2) Based on experimental measurements
TABLE 1 Parameter values used for simulations

Description Parameter Value (Reference)

Time step Dt 0.01 s

Spatial step Dx 0.1 mm

Growth cone

Width L 10 mm

Depth R 10 mm

Cell edge region d 0.02 mm

Active-transport model

Diffusion coefficient D 0.1 mm2/s (19)

Diffusion

coefficient(membrane)

Dm 0.01 mm2/s (19)

Advection coefficient v0 1 mm/s

Detachment rate k� 0.1/s (19)

Attachment rate kþ 1 mm/s (19)

Microtubule

Tubulin concentration [T0] 19.4 mM

Effective dimer length d 0.6 nm

Tubulin associate rate uon ¼ kon[T0] 143/s (25)

Dissociation velocity koffd 3.6 nm/s (26)

Growth velocity (Son ¼ 0) vþ 0.06 mm/s (25-28)

Shrinkage velocity v� 0.18 mm/s (25,27,28)

Rescue rate ur 0.18/s (25,29,30)

Catastrophe rate (Son ¼ 0) uc 0.0007/s

Catastrophe rate

(uc ¼ 1/(a þ bvþ))
a 20 s

b 1.38 � 1010 s2/m (31)

Stathmin

Activation rate kon 1/s (15)

Deactivation rate koff 300/s

Diffusion coefficient Ds 15 mm2/s (15)

Sequestering equilibrium

constant

K0 25/mM2 (10,15,32-34)

Catastrophe promotion

constant

kc 0.005 s�1 mM�1 (35)

sion with diffusivity Dm.
of growth cones of cultured neurons, we take L ¼ R ¼ 10 mm (36). We as-

sume that the MTs form a uniformly distributed bundle of filaments orthog-

onal to the leading edge. Let f(x) denote the mean distance of the plus-ends

of the local MT population at x from the leading edge—the corresponding

mean length is f(x). (The resulting interface z ¼ f(x) need not be contin-

uous.) Suppose that a given configuration of MTs acts as a system of fila-

ment tracks for the active transport of some signaling protein that is

targeted for delivery to the leading edge of the growth cone. (In this article,

we leave the identity of the actively transported cytosolic molecules open,

but candidates are signaling proteins such as Cdc42 and Rac1 or membrane

lipids; see the Discussion.) Let c(x,z,t) denote the concentration of the

signaling protein within the cytosol of the growth cone and u(x,t) denote

the concentration at the leading edge. The protein molecules in the cytosol

undergo alternating sequences of diffusion and active transport by molecu-

lar motors along microtubules while molecules at the membrane undergo

diffusion along the membrane. At the leading edge z ¼ R, molecules can

attach and detach from the membrane with rates kþ and k�, respectively.
The concentrations c(x,z,t) and u(x,t) evolve according to the advection-

diffusion equations (note that the use of advection-diffusion equations to

model active intracellular transport can be justified from first-principles un-

der certain assumptions regarding the rates of switching between different

motile states of a motor-cargo complex (37-40)):

vcðx; z; tÞ
vt

¼ �vðx; zÞ vcðx; z; tÞ
vz

þ D
v2cðx; z; tÞ

vx2

þ D
v2cðx; z; tÞ

vz2
; (1a)

vuðx; tÞ v2uðx; tÞ

vt

¼ Dm
vx2

þ kþcðx;R; tÞ � k�uðx; tÞ; (1b)

where
Biophysical Journal 109(10) 2203–2214
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vðx; zÞ ¼
�
v0; if 0< z<fðxÞ;
0; if fðxÞ< z<R:

(2)

Here the velocity v(x,z) has a jump discontinuity at the interface G ¼
{(x,z), z ¼ f(x)}. Equations 1a and 1b are supplemented by the reflecting

boundary conditions at x ¼ 0, L and z ¼ 0,

vc

vx
ð0; z; tÞ ¼ vc

vx
ðL; z; tÞ ¼ 0;

vu

vx
ð0; tÞ ¼ vu

vx
ðL; tÞ ¼ 0;

(3)

vc
FIGURE 3 2D stathmin-regulated MT growth model. Active Rac1 in the

leading edge (z ¼ R) generates a gradient of phosphorylated stathmin. As z

decreases, the concentration of active (dephosphorylated) stathmin becomes

larger, thus increasing the likelihood that an MT undergoes catastrophe.
D
vz

ðx; 0; tÞ � v0cðx; 0; tÞ ¼ 0;

0< x <L;

(4)

and a flux conservation condition at z ¼ R

�D
vc

vz
ðx;R; tÞ ¼ kþcðx;R; tÞ � k�uðx; tÞ;

0< x <L:

(5)

At the interface G ¼ {(x,z), z ¼ f(x)}, we impose continuity of c(x,z,t)

and the corresponding flux, which leads to the jump conditions

cðx; z; tÞ
���z¼fþðxÞ

z¼f�ðxÞ
¼ 0;

�
vðx; zÞcðx; z; tÞ � D

vcðx; z; tÞ
vz

����z¼fþðxÞ

z¼f�ðxÞ
¼ 0;

(6)

where f5 ¼ lim½f5e�
e/0

; e> 0.

One simplification of the above model is that it ignores the vesicular na-

ture of active transport (see also Hawkins et al. (19), Bressloff and Xu (20),

and Marco et al. (22)). That is, we effectively model transport in terms of a

continuous flux of molecules. However, as highlighted by Layton et al. (23),

vesicular transport of signaling proteins makes cell polarization more diffi-

cult to sustain. To begin, it is clear that if the concentration of signaling mol-

ecules within a vesicle is the same as a local region of membrane, then

fusion of the vesicle releases both signaling molecules and additional lipid

membrane so the concentration does not change, in contrast to a continuous

flux of signaling molecules alone. This implies that exocytic vesicles need

to have higher concentrations of the signaling molecule than the polariza-

tion site to enhance the concentration. A dynamic equilibrium of recycling

can only be maintained if endocytic vesicles also have an enhanced concen-

tration of signaling molecules. There are various active mechanisms for

enhancing the concentration of proteins within vesicular membranes,

such as the interactions of soluble n-ethylmaleimide-sensitive factor attach-

ment protein receptors (41), and we will assume that this occurs in the

growth cone. (Although evidence for such processes within the context of

growth cone polarization is lacking as of this writing, it has recently been

observed that vesicles deliver Cdc42 to sites of polarized growth in yeast

(42).) Finally, note that this issue does not apply to the transport of plasma

membrane itself. Indeed, there is growing evidence that a shift in the bal-

ance between endocytosis and exocytosis for membrane trafficking contrib-

utes to growth cone steering, by increasing (decreasing) the local amount of

plasma membrane in the vicinity of a chemoattractant (chemorepellent)

(43). Such a process depends on an asymmetric elevation of cytosolic

Ca2þ across the growth cone.
Biophysical Journal 109(10) 2203–2214
Stathmin-regulated MT growth model

The main aim of our article is to calculate the steady-state concentration of

membrane-bound signaling proteins for an interface G determined by a

stathmin-based model of MT polarization. We proceed by constructing a

2D version of the reaction-diffusion model of Zeitz and Kierfeld (18), in

which there is a fixed distribution of Rac1 in the leading edge of the growth

cone, and feedback interactions between Rac1 and MT tips that reach the

membrane are ignored. The basic assumptions of the stathmin-regulated

MT growth model are thus as follows (see Fig. 3):

1) The concentration of active Rac1 in the leading edge is given by the pre-

scribed function ron(x), 0 % X % L.

2) Stathmins in both the active (dephosphorylated) and inactive (phosphor-

ylated) states diffuse in the cytosol with the same diffusion coefficientD.

Activation of stathmin takes place in the cytosol with a constant rate kon
while deactivation only occurs at the leading edge under the regulation

of the active Rac1 at a rate koff.

3) MTs stochastically switch between a growth state and a shrinkage state

at a catastrophe rate uc and a rescue rate ur. MTs polymerize in the pos-

itive z direction at an average velocity vþ in the growth state and depo-

lymerize at an average velocity �v� in the shrinkage state with v5 > 0.

4) The growth of MTs is regulated by the local stathmin concentration

either by directly increasing the catastrophe rate or by sequestering

tubulin (see below).
MT catastrophe model

Let p5(x,z,t) denote the density of MTs at lateral position x at time t with

length z and in the growth (þ) or shrinkage (�) phase. Here length is deter-

mined by the vertical distance z of an MT’s plus-end from the trailing edge

of the growth cone at z ¼ 0. The densities p5 evolve according to the

extended Dogterom-Leibler model (6),

vpþ
vt

ðx; z; tÞ ¼ �v½vþðx; z; tÞpþðx; z; tÞ�
vz

� ucðx; z; tÞpþðx; z; tÞ þ urp�ðx; z; tÞ; (7a)

vp� ðx; z; tÞ ¼ v
vp�ðx; z; tÞ þ u ðx; z; tÞp ðx; z; tÞ
vt
�

vz
c þ

� urp�ðx; z; tÞ; (7b)
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where the space-time dependence of the catastrophe rate uc and growth ve-

locity vþ arises from their dependence on the stathmin concentration, see

below. We impose reflecting boundary conditions at x ¼ 0, L,

vp5

vx
ðx; z; tÞ

���
x¼ 0;L

¼ 0; (8)

and at z ¼ 0,R,

vþðx; 0Þpþðx; 0; tÞ � v�p�ðx; 0; tÞ
¼ vþðx;RÞpþðx;R; tÞ � v�p�ðx;R; tÞ ¼ 0: (9)

Stathmin model

Let Son(x,z,t) and Soff(x,z,t) denote the concentration of active and inactive

stathmin, respectively, at position (x,z) at time t. The stathmin concentra-

tions are taken to satisfy the reaction-diffusion equations

vSoff
vt

ðx; z; tÞ ¼ DsV
2Soffðx; z; tÞ � konSoffðx; z; tÞ; (10a)

vSoff ðx;R; tÞ ¼ �Ds vSoff �� � k S ðx;R; tÞ

vt d vz z¼R on off

þ ronðxÞkoffSonðx;R; tÞ; (10b)

and
vSon
vt

ðx; z; tÞ ¼ DsV
2Sonðx; z; tÞ þ konSoffðx; z; tÞ; (11a)

vSon ðx;R; tÞ ¼ �Ds vSon �� þ k S ðx;R; tÞ

vt d vz z¼R on off

� ronðxÞkoffSonðx;R; tÞ: (11b)

(Note thatmodels for a spatially separatedkinase/phosphatase cycle similar to

the stathmin model have been developed by a number of authors; see, for
example,BrownandKholodenko (44) andLipkowandOdde (45).) Following

Zeitz and Kierfeld (18), we are assuming that there exists a boundary layer of

width d at the leading edge z¼R, withinwhich stathminmolecules deactivate

(phosphorylate) at a rate ron(x)koff and activate (dephosphorylate) at a rate kon.

Outside this boundary layer, only dephosphorylation occurs. Eqs. 10 and 11

are supplemented by the following boundary conditions at x¼ 0, L and z¼ 0:

vSoff;on
vx

���
x¼ 0;L

¼ 0;

vSoff;on
vz

��
z¼ 0

¼ 0:

(12)

The stathmin model is coupled to the MT growth model by taking the ca-

tastrophe rate, and possibly, the growth velocity, to depend on the local con-

centration of active stathmin. We consider two forms of coupling (18):

1) One suggested pathway for stathmin to suppress MT growth is by direct

interaction with an MT filament, resulting in an increase in the catastro-

phe rate. Experimental data suggests a linear increase of the catastrophe

rate with the concentration of active stathmin, so we take

ucðx; z; tÞ ¼ u0
c þ kcSonðx; z; tÞ; (13)

with kc ¼ 0.005 s�1 mM�1 and uc
0 ¼ 7 � 10�4 s�1 (35).
2) Another possible pathway is via sequestering of tubulin. It turns out that

a single active stathmin protein sequesters two tubulin proteins (35),

2T þ S#ST2:

If this is combined with the kinetics of activation/deactivation of stath-

min, then at chemical equilibrium, the normalized concentration of free

tubulin t h [T]/[T0], where [T0] is the total tubulin concentration, can be

expressed as a nonlinear function of the normalized active stathmin concen-

tration son ¼ Son/[T0] (18),

tðsonÞ ¼ 1

3

"
1� 2son þ kð1� 2sonÞ2 � 3

kaðsonÞ þ aðsonÞ
#
;

with k h K0[T0]
2, where K0 is the equilibrium constant for the stathmin

activation reaction,

aðsÞ ¼
�
ð1� 2sÞ3 þ 9

k
ð1þ sÞ þ bðsÞ

�1=3
;

and

bðsÞ ¼ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

k3
�
1þ k2ð1� 2sÞ3 þ kð2þ 10s� s2Þ�

r
:

Because the MT growth velocity vþ depends on the local tubulin concen-

tration, it follows that a spatial variation in active stathmin concentration

leads to a spatial variation in the growth velocity. That is, [T](x,z) ¼ [T0]

t(son(x,z)) and

vþðx; zÞ ¼ 	
kon½T�ðx; zÞ � koff



d; (14)

where d z 0.6 nm is the effective tubulin dimer size and kon, koff are bind-

ing and unbinding rates, respectively. Following Zeitz and Kierfeld (18), we

take uon h kon[T0] ¼ 143 s�1 , koffd ¼ 3.6 nm s�1. Note that the growth

velocity is effectively a function of the stathmin concentration under the

assumption that the tubulin-stathmin reactions are fast relative to other rele-

vant processes. Experimentally one finds that the average time spent in the

growing state, htþi ¼ 1/uc, is a linear function of the growth velocity so that

the catastrophe rate also becomes space-dependent,

ucðx; zÞ ¼ 1

aþ bvþðx; zÞ; (15)

for constant coefficients a ¼ 20 s and b ¼ 1.38 � 1010 s2 m�1 (31).
Coupling between active transport andMT growth
models

The last component of our model is specifying how we couple the stathmin-

regulated MT growth model with the active transport model. Suppose that

the MT length distributions p5 have reached a steady state before the active

transport of membrane-bound signaling molecules. We will assume that the

total number N of MTs is fixed and that they are uniformly distributed in the

interval x ˛ [0,L]. Setting p(x,z) ¼ pþ (x,z) þ p� (x,z), we haveZ R

0

pðx; zÞdz ¼ N

L
; (16)

and the average MT length at x is
Biophysical Journal 109(10) 2203–2214
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zðxÞ ¼ L

N

Z R

0

zpðx; zÞdz: (17)

We then make the identification fðxÞ ¼ zðxÞ for all 0 % x % L.

Finally, there are a few assumptions of the Zeitz-Kierfeld model (18) that

need to be highlighted with regard to its incorporation into our active trans-

port model. These authors consider a 1Dmodel consisting of an ensemble of

parallel MTs aligned along the z axis, and determine the distribution of MT

lengths in response to a Rac1-induced stathmin concentration gradient S(z).

In our continuum 2Dmodel, we are assuming that at each point x there is an

ensemble ofMTs along the lines of Zeitz andKierfeld (18), which sample the

local concentration gradient S(x,z) for the given x. We consider a continuum

model, because we can then use analytical and numerical methods from the

theory of partial differential equations. However, the validity of a continuum

model is based on the assumption that the number of MTs is sufficiently

large. In the case of relatively fewMTs onewould need to consider a stochas-

tic model, in which one keeps track of the growth and shrinkage of individual

MTs (see also Mahajan and Athale (17)). One would also have to consider a

stochastic version of the active transport model. Another assumption of the

Zeitz-Kierfeld model is that the tubulin concentration is either uniform or

is regulated by the stathmin concentration via fast tubulin-sequestering.

Thus it ignores possible changes in the tubulin concentration due to the

polymerization/depolymerization of the MTs; the latter would introduce

an effective interaction between the MTs (6). For simplicity, we assume

that tubulin-sequestering is the dominant process. A third major assumption

is that both the stathmin concentration and MT length distribution have suf-

ficient time to reach steady state before significant turning of the growth cone

and consequent changes in the Rac1 distribution along the leading edge. This

is reasonable given the fast diffusivity of stathmin (15) and the experimental

observation that MT dynamical instabilities are at least an order-of-magni-

tude faster than translocation speeds of a growth cone (46).
RESULTS

We use a combination of steady-state analysis, perturbation
methods (see the Supporting Material), and numerical sim-
ulations of the model outlined in Materials and Methods to
investigate whether the stathmin-based regulation of MT
growth provides a plausible mechanism for establishing a
nonuniform concentration of membrane-bound signaling
proteins via active transport along the MTs. See the Sup-
porting Material for details of our numerical schemes. Re-
sults are based on parameter values listed in Table 1
unless specified otherwise.
Active transport along a polarized MT network
generates a polarized concentration of membrane
signaling molecules

Suppose that the MTs have the same length x so that f(x) ¼
x > 0. The corresponding velocity function is then v(x,z) ¼
v0H(x � z), where H is the Heaviside function. The steady-
state solutions c(x,z) and u(x) satisfy Eqs. 1a and 1b with
all time derivatives set to zero, and the jump conditions
reduce to

c
	
x; xþ


 ¼ c
	
x; x�



;

D
vc

vz

	
x; x�


� v0c
	
x; x�


 ¼ D
vc

vz

	
x; xþ



;

(18)
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where x5 ¼ lim½x5e�
e/0

; e> 0. After imposing the various

boundary conditions, we obtain the x-independent solutions

cðzÞ ¼
(
c0e

�v0
D ðR�zÞ; if 0< z< x;

c0e
�v0
D ðR�xÞ; if x< z<R

(19)

and

u ¼ kþ
k�

cðRÞ ¼ c0
kþ
k�
e�

v0
D ðR�xÞ: (20)

The coefficient c0 is determined by the conservation
equation Z L

0

uðxÞdx þ
Z R

0

Z L

0

cðx; zÞdxdz ¼ M; (21)

where M is the total number of proteins. Hence,

c0 ¼ M=L

e�v0ðR�xÞ=Dðkþ=k� þ R� xþ D=v0Þ � ðD=v0Þe�
v0
D R
:

Let us now consider steady-state solutions of the active
transport model given by Eqs. 1a and 1b with a nonuniform
distribution of MT lengths as specified by an interface func-
tion of the form

fðxÞ ¼ z0½1þ scosðpx=LÞ�: (22)

When s is small, we can use regular perturbation theory
to obtain an approximate solution of the steady-state mem-
brane concentration (see the Supporting Material),

uðxÞ ¼ kþc0
k�

e�
v0
D zR þ su1 cosðpx=LÞ þ O

	
s2


; (23)

where zR ¼ R – z0,

u1 ¼ A1ð1þ C1Þkþc0
k� þ Dmp2=L2

e�
v0
D zR

and
A1 ¼ v0z0
D

1

1þ ffiffiffiffiffi
l1

p �
r1e

ffiffiffi
l1

p
zR þ C1

	
1� ffiffiffiffiffi

l1
p �

r1


e�

ffiffiffi
l1

p
zR
;

ffiffiffiffiffip kþDml1
C1 ¼
D l1 �

k� þ Dml1

D
ffiffiffiffiffi
l1

p þ kþDml1

k� þ Dml1

:

Here

l1 ¼
�p
L


2

;

r1 ¼
�v0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v20 þ 4D2p2

�
L2

q
2D

:
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In Fig. 4, we compare the approximate perturbative solu-
tion with a numerical solution of the full equations for s ¼
0.1, 0.05. It can be seen that there is good agreement, but the
amplitude of the inhomogeneity is small. However, the same
type of behavior is obtained as the amplitude s of the inho-
mogeneity is increased. This is illustrated in Fig. 5.
c d

FIGURE 5 Numerical solutions of Eqs. 1a and 1b. (a) Interface function

f(x) ¼ 5(1 þ s cos(px/L)) for various s. (b) Corresponding steady-state

membrane concentration u(x). (c and d) Surface plots of cytosolic concen-

tration c(x,z) for s ¼ 0.0 and s ¼ 0.1, respectively. Other parameters as in

Fig. 4.
A nonuniform distribution of active Rac1
generates a nonuniform distribution of MT
lengths

Next we turn to steady-state solutions of the 2D MT/stath-
min model given by Eqs. 7, 10, and 11. We first consider
the case of a uniform Rac1 distribution, ron(x) ¼ r0, for
which we can directly apply the steady-state analysis of
Zeitz and Kierfeld (18). Setting uc ¼ uc(z) and vþ ¼
vþ(z), adding Eqs. 7a and 7b, and setting time-derivatives
to zero yields the x-independent steady-state equation vz
[vþ(z)pþ (z) � v�p�(z)] ¼ 0. This implies that

vþðzÞpþðzÞ � v�p�ðzÞhJ:

The boundary condition at z ¼ 0, R requires that J ¼ 0. It
follows that

p�ðzÞ ¼ vþðzÞ
v�

pþðzÞ: (24)

Substituting Eq. 24 into Eq. 7a gives

vvþðzÞpþðzÞ
vz

þ
�
ur

v�
� ucðzÞ

vþðzÞ
�
vþðzÞpþðzÞ ¼ 0:

Hence

vþðzÞpþðzÞ ¼ vþð0Þpþð0Þexp
0
@Z z

0

lðz0Þdz0
1
A;

where
lðzÞ ¼ ur

v�
� ucðzÞ

vþðzÞ: (25)
a

10
7.1

7.2

7.3

7.4

7.5 b

7

7.2

7.4

7.6 Numerical solution
Asymptotic solution

location x

m
em

br
an

e 
co

nc
. u

(x
)

m
em

br
an

e 
co

nc
. u

(x
)

0 2 4 6 8 10
location x

0 2 4 6 8

Numerical solution
Asymptotic solution

FIGURE 4 Numerical solutions of Eqs. 1a and 1b versus perturbative so-

lutions for (a) s ¼ 0.05 and (b) s ¼ 0.1. Other model parameters are as fol-

lows: R ¼ 10 mm, L ¼ 10 mm, D ¼ 0.1 mm2 s�1, Dm ¼ 0.01 mm2 s�1, k� ¼
0.1 s�1, kþ ¼ 1 mm s�1, v0 ¼ 1 mm s�1, and z0 ¼ R/2.
It follows that the total density of MTs with length z is

pðzÞhpþðzÞ þ p�ðzÞ ¼
�
1þ vþðzÞ

v�

�
pþðzÞ

¼ N
�
1þ v�

vþðzÞ
�
exp

0
@Z z

0

lðz0Þdz0
1
A:

(26)

The normalization factor N is determined by Eq. 16,
which gives

N ¼ N

L

2
4Z R

0

�
1þ v�

vþðzÞ
�
exp

0
@Z z

0

lðz0Þdz0
1
Adz

3
5

�1

:

(27)

It remains for us to determine the z dependence of the
functions vþ(z) and uc(z) by finding the steady-state solution
of the expressions in Eqs.10a and 10b for stathmin. In the
case of a uniform Rac1 concentration, there exists an x inde-
pendent steady-state solution for Soff of the form

SoffðzÞ ¼ L0coshðn0zÞ;

n0 ¼
ffiffiffiffiffiffi
kon
Ds

r
:

(28)

The coefficient L0 depends on the steady-state boundary
condition at the leading edge (z ¼ R), where deactivation of
stathmin takes place:

Ds

d

vSoff
vz

��
z¼R

¼ koffronSonðRÞ � konSoffðRÞ: (29)
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FIGURE 6 Steady-state solutions for the average MT length z as a func-

tion of the normalized stathmin concentration s¼ Stot/[T0], where [T0] is the

total tubulin concentration, and the active Rac1 concentration for fixed s.

(a and c) Tubulin-sequestering stathmin. (b and d) Catastrophe-promoting

stathmin. For sufficiently large s, the model acts like a switch, jumping

from a small z in the absence of active Rac1 (r0 ¼ 0) to a large z for consti-

tutively active Rac1 (r0 ¼ 1). In our 2D model, we expect a spatial variation

in active Rac1 concentration, r(x) to result in a spatial variation in the mean

length z ¼ zðxÞ and, hence, a spatially varying interface function

fðxÞ ¼ zðxÞ. Parameters values are taken from Zeitz and Kierfeld (18),

where one can find a table listing the various parameters and references

to the supporting experimental literature: vþ ¼ 0.06 mm s�1, v� ¼
0.18 mm s�1, ur ¼ 0.18 s�1, kc ¼ 0.005 s�1 mM s�1, Ds ¼ 15 mm2 s�1,

kon ¼ 1 s�1, koff ¼ 300 s�1, and d ¼ 0.02 mm.
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Let S(z)¼ Son(z)þ Soff(z) be the total stathmin concentra-
tion at z. Because S(z) evolves according to the 1D steady-
state diffusion equation with reflecting boundaries, it
follows that S(z) ¼ Stot ¼ constant. Hence

SonðzÞ ¼ Stot � SoffðzÞ ¼ Stot �L0 coshðn0zÞ: (30)

Substituting Eq. 30 into the boundary condition Eq. 29
gives

L0 ¼ Stotkoffr0

ðDs=dÞn0 sinhðn0RÞ þ
	
r0koff þ kon



coshðn0RÞ

: (31)

Finally, one can determine the average MT length by
substituting for Son into either model of stathmin-MT
coupling: Eq. 13 (direct interactions) or Eqs. 14 and 15 (in-
direct interactions via tubulin-sequestering). For example,
in the former case, we have

ucðzÞ ¼ u0
c þ kc½Stot �L0coshðn0zÞ�: (32)

Substituting Eq. 32 into the steady-state density of MT
lengths, Eq. 26, and using Eq. 25, gives

pðzÞ ¼ N
�
1þ vþ

v�

�
exp

�
gzþ kc

vþ

L0

n0
sinhðn0zÞ

�
; (33)

where

g ¼ ur

v�
� u0

c þ kcStot
vþ

(34)

and

N
�
1þ vþ

v�

�
¼ N

L

2
4Z R

0

exp

�
gzþ kc

vþ

L0

n0
sinhðn0zÞ

�
dz

3
5

�1

:

We conclude that for a uniform distribution of active
Rac1 within the membrane, the profile of MT lengths in
Fig. 3 is fðxÞ ¼ z with

z ¼ L

N

Z R

0

zpðzÞdz:

In Fig. 6 we plot the meanMT length distribution z ¼ x as
a function of Stot for both forms of MT-stathmin interac-
tions, recovering previous results in Zeitz and Kierfeld
(18). Note that we use very similar parameter values to those
of Zeitz and Kierfeld (18) (see Table 1). Fig. 6 suggests that
in the full 2D model, a spatial variation in active Rac1 con-
centration, r(x), will result in a spatial variation in the mean
length z ¼ zðxÞ and, hence a spatially varying interface
function fðxÞ ¼ zðxÞ for the active transport model.
Biophysical Journal 109(10) 2203–2214
Now suppose we have a nonuniform Rac1 concentration
given by

ronðxÞ ¼ r0 þ r1 cosðpx=LÞ:

When r1 is small, we can again use perturbation theory to
obtain an approximate solution of the steady-state stathmin
concentration in the cytosol (see the Supporting Material),

Sonðx; zÞ ¼ Stot �L0 coshðn0zÞ � eL1 cosðm1xÞcoshðn1zÞ;

with L0 given by Eq. 31, nn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kon=Ds þ ðnp=LÞ2

q
, and
L1 ¼
�
Stot � Soffð0Þ

�
koff

ðDs=dÞn1 sinhðn1RÞ þ
�
kon þ r0koff

�
coshðn1RÞ

:

For catastrophe-promoting stathmin, the numerical solu-
tion of the mean length of MTs agrees well with the asymp-
totic expansion solution we have derived in the Supporting
Material (and see Fig. 7). Because of the strongly nonlinear
dependence of the MT growth velocity on the active stath-
min, it is difficult to find an asymptotic expansion solution
of the mean MT length for tubulin-sequestering stathmin.

The numerical solutions of the mean MT length for both
tubulin-sequestering stathmin and catastrophe-promoting
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Other parameters are as in Fig. 6.
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stathmin are plotted in Fig. 8 for a wider range of r1 values.
In the case of the sinusoidal Rac1 distribution ron(x) ¼ r0 þ
r1 cos(px/L), the corresponding MT length distribution ex-
hibits only a weak spatial variation even for large-amplitude
Rac1 inhomogeneities. This holds for both tubulin-seques-
tering stathmin and catastrophe-promoting stathmin, and is
mainly due to the lateral diffusion of the stathmin in the
2D growth cone. A more significant spatial variation in
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centration profiles. (a) Plot of Rac1 distribution ron(x) ¼ 0.5þ r1 cos(px/L)

for different values of r1. (b and c) Corresponding MT length distributions

for tubulin-sequestering and catastrophe-promoting stathmin, respectively.
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respectively. The normalized stathmin concentration s¼ Stot/[T0]¼ 0.46 for

tubulin-sequestering stathmin and s¼ 0.71 for catastrophe-promoting stath-

min. Other parameters are as in Fig. 5.
MT lengths is obtained using a piecewise Rac1 distribution,
ron(x) ¼ H(3 – x), where H is the Heaviside function. More-
over, the mean MT length changes more dramatically when
it is regulated by the tubulin-sequestering mechanism rather
than the catastrophe-promoting mechanism. This is consis-
tent with the results of the 1D model in Zeitz and Kierfeld
(18); see also Fig. 6. However, due to the diffusion of stath-
min in the 2D growth cone, the regulation of MT length by
Rac1 is weakened compared to the 1D model. As the active
Rac1 concentration ron decreases from 1 to 0, the mean MT
length decreases with an upper bound smaller than the MT
mean length with ron ¼ 1 and a lower bound larger than the
MT mean length with ron ¼ 0.
A nonuniform distribution of active Rac1
generates a polarized concentration of membrane
signaling molecules

Recall that the main goal of our modeling study is to inves-
tigate to what extent stathmin-regulated MT polarization
provides a possible substrate for membrane polarization
via the active transport of signaling molecules along the
polarized MT network. This can now be investigated by
coupling the Rac1-stathmin model of MT length regulation
given by Eqs. 7, 10, and 11 with the active transport model
of Eqs. 1a and b, and 2–6. This is achieved by setting the
interface function fðzÞ ¼ zðxÞ with zðxÞ defined according
to Eq. 17. For the sake of illustration, we consider the
piecewise Rac1 distribution. The numerical solution of
the resulting steady-state mean MT length distribution is
shown in Fig. 9 a and the corresponding membrane con-
centration u(x) is shown in Fig. 9 b for tubulin-sequestering
stathmin (solid curves) and catastrophe-promoting stathmin
(shaded curves). In both cases, there exists a stable inho-
mogeneous distribution of the membrane concentration
u(x). However, tubulin-sequestering stathmin generates a
significantly larger spatial variation in the membrane con-
centration u(x).
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(Shaded curves) Membrane polarization for MTs regulated by catastro-
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In Fig. 10, we show plots of u(x) with different parameters
for tubulin-sequestering stathmin and catastrophe-promot-
ing stathmin, respectively. For tubulin-sequestering stath-
min, increasing the shrinkage velocity v� or reducing the
rescue rate ur reduces the membrane concentration as
well as its spatial variation. We explore how the membrane
concentration changes with respect to the growth velocity
vþ by changing the tubulin association rate uon ¼ kon[T0];
see Eq. 14. As the tubulin association rate increases, the
growth velocity of MTs increases and thus the average
MT length also increases, resulting in an increase in mem-
brane concentration. For the catastrophe-promoting stath-
min, the membrane concentration is sensitive to the choice
of shrinkage velocity, rescue rate ur, and catastrophe-pro-
moting constant kc. It is less sensitive to the catastrophe
rate uc

0¼ Son¼ 0. Unlike the tubulin-sequestering stathmin
mechanism, the degree of spatial variation of u(x) is rela-
tively insensitive to the choice of parameters.
DISCUSSION

In this article, we studied an advection-diffusion model for
the active transport of cytosolic signaling proteins along a
2D MT network in a growth cone. The model was coupled
to a modified Dogterom-Leibler model of MT growth, with
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the growth rate and catastrophe rate regulated by stathmin
and Rac1 as proposed in Zeitz and Kierfeld (18). The active
Rac1 located in the membrane inhibits active stathmin near
the membrane, while stathmin in the active state inhibits
the growth of MTs via two possible pathways, tubulin-
sequestering and catastrophe-promoting. Our model differs
from previous studies of the role of active transport in cell
polarization, which consider spatial inhomogeneities in the
density of MTs in axons (19,20) or actin filaments in
budding yeast (21-24). The mechanism in growth cones ap-
pears to be different, because MTs nucleate in the cell
body, and it is asymmetries in the degree of penetration
of MTs into the peripheral zone that contribute to cell
polarization.

We first showed that a nonuniform MT network results
in a spatially varying concentration of signaling molecules
on the membrane. We then explored the MT length distri-
bution under the regulation of stathmin for different
choices of the Rac1 distribution on the membrane. For a
nonuniform Rac1 distribution, we showed that the MTs
grow toward the location with a higher Rac1 concentration
for both tubulin-sequestering and catastrophe-promoting
stathmin, thus resulting in a polarized distribution of mem-
brane proteins. The spatial variation of the distribution of
membrane-bound proteins in the leading edge of the
growth cone (degree of membrane polarization) depends
on the precise form of the Rac1 distribution and parameters
such as the catastrophe-promoting constant and the tubulin
association rate. For a piecewise constant Rac1 distribu-
tion, tubulin-sequestering stathmin generates more signifi-
cant membrane polarization than catastrophe-promoting
stathmin. However, due to the lateral diffusion of the stath-
min in the 2D domain, the spatial variation is smaller than
would be expected from the MT length distributions of the
1D model considered by Zeitz and Kierfeld (18). Which of
the two stathmin-based regulatory mechanism dominates
appears to depend on the pH level, suggesting that perhaps
there is some form of pH regulation of stathmin in the
growth cone.

One possible extension of our work would be to consider
the closed feedback loop of Rac1-Stathmin-MTas proposed
in Zeitz and Kierfeld (18), whereby MTs that reach the
membrane surface activate Rac1—in particular, to deter-
mine whether or not such a feedback mechanism can
enhance the inhomogeneity of MT growth, and thus the de-
gree of membrane polarization by counteracting the effects
of the lateral diffusion of stathmin. Preliminary simulations
(not shown) suggest that this form of feedback does not
significantly amplify cell polarization. Another possibility
is that the actively transported membrane protein itself pro-
vides a source of positive feedback along analogous lines to
Cdc42 in budding yeast (21,22). Indeed, Cdc42 could be a
candidate signaling molecule.

As highlighted at the end of Methods and Materials, we
have assumed that the number of MTs is sufficiently large
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so that one can use a deterministic continuum model. In
future work we will explore to what extent our results persist
when the number of MTs is small. We will then have to
consider a stochastic model that keeps track of the growth
and shrinkage of individual MTs, as well as the resulting
stochastic transport of signaling proteins along the MTs.
One possible effect of the noise is that it could counteract
the smoothing effects of lateral diffusion, thus allowing
more significant membrane polarization.

It would also be interesting to explore how the role of
Rac1 in microtubule growth relates to another well-known
signaling pathway for growth-cone steering, namely Ca2þ

(47-49). It is known that extracellular guidance cues cause
an asymmetric elevation of Ca2þ across the growth cone,
which then mediates an imbalance in exocytosis-endocy-
tosis. This in turn redirects lipids, adhesion molecules, and
cytoskeletal elements asymmetrically across the growth
cone resulting in growth-cone steering. In the case of an
attractive (repulsive) cue, Ca2þ enhances exocytosis (endo-
cytosis) at the leading edge of the growth cone, resulting in
turning the growth cone toward (away from) the extracel-
lular signal. The downstream effects of Ca2þ appear to
depend on the amplitude of the Ca2þ signal. There is also
experimental evidence that Rac1 modulates the stimulus-
evoked release of Ca2þ in growth cones. This occurs via
two parallel mechanisms (50): 1) enhancing MT assembly
along the lines outlined in our article, which subsequently
promotes the spread of the endoplasmic reticulum-based
Ca2þ release machinery into the growth cone; and 2)
increasing so-called reactive oxygen species production,
which facilitates inositol 1,4,5-triphosphate (IP3)-dependent
Ca2þ release.

Finally, our coupling of protein concentration gradients
and MT polarization with active transport could have appli-
cations to other related problems in cell biology. In partic-
ular, within the context of cell mitosis, spindle MTs are
regulated by a concentration gradient of Ran GTPase
emanating from the chromosomes (51). This is hypothe-
sized to provide a mechanism for accelerating the search-
and-capture of chromosomes by kinetochores.
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