
Calculus III
Practice Problems 8: Answers

1. What is themassof thelaminaboundedby thecurvesy � 3x andy � 6x � x 2 wherethedensityfunction
is δ
�
x � y � � xy?

Answer. Let R representtheregion coveredby thelamina.

PSfragreplacements
x � 3

Fromthefigure we seethatR is a type1 domain, boundedabove by y � 6x � x 2 andbelow by y � 3x over
therange0 � x � 3. (To seethat,solve6x � x2 � 3x for x). Thusthemassis
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which is
�
81� 2� � 21� 20� � 42� 525.

2. A laminafilled with a homogeneousmaterial(thedensityis identicalyequalto 1) is in theshapeof the
region 0 � x � π � 0 � y � sinx. Find its centerof mass.

Solution.
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Now, by symmetry, thex-coordinateof thecenterof massis x̄ � π � 2. To find ȳ, we calculate
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Thys ȳ � π � 8 andthecenterof massis
�
π � 4 � π � 8� .



3. ThesurfaceH, givenin cylindrical coordinatesby z � 2θ is a helicoid. Whatis thevolumeof theregion
R boundedabove by H � 0 � θ � 2π , below by theplanez � 0 andlying over thediscr � 1?

Answer. Hereweusepolarcoordinates.Thevolumeis���
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4. A beachB is shapedin theformof acrescent.Wemodel thisontheareabetweenthecircleof radius1,cen-
teredat theorigin, andthecircleof radius3/4centeredat thepoint (3/4,0),wheretheunitsarein miles.Sup-
posethatthehumandensityσ decreasesaswemove from thebeachaccording to σ

�
x � y � � 1000

�
x 2 � y2 � � 2

people persquaremile.Whatis thepopulationonthatbeach?

Answer. We move to polarcoordinates
�
r� θ � Thenthecrescentis thedomainboundedby thecirclesr � 1

andr � � 3� 2� cosθ . Thesecurvesintersectwhencosθ � 2� 3, let � α representthoseangles.ThenB is given
by therelations� α � θ � α � 1 � r � � 3� 2� cosθ , andthepopulationis theintegral of thepopulationdensity
on thisbeach:
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Sincecosα � 2� 3� tanα � 2��� 5, andthepopulationis 397.5 people.

5. The curve z � � x � 1� 2 � 0 � z � 1 is rotatedabout the z-axis, enclosing, together with the xy-plane,a
3-dimensionalregion R. R is filled with a substancewhosedensityis inverselyproportional to thedistance
from thez-axis.Find thetotalmassof this object.

Answer. Theregion is thatunderthecurve (usingpolarcoordinates)z � � r � 1� 2 above thediscR ��� 0 �
r � 1 � on thexy-plane.Thedensityis δ � k � r. Thus,themassis�
�
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6. As
�
u � v � runs through theregion u2 � v2 � 1, thevector function

X
�
u � v � � � u2 � v2 � I � � u2 � v2 � J � uvK

describesa surfaceS in threespace.Write down the double integral which mustbe calculatedto find the
surfaceareaof S.

Answer. We haveto integratedS ���Xu  Xv
� dudv:

Xu
� 2uI � 2uJ � vK � Xv

� 2vI � 2vJ � uK �
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whereR is theunit disc.We now switchto polarcoordinates:u2 � v2 � r2 � cos2 θ � sin2 θ � � r2 cos2θ , so
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7. Find the volumeof the region lying above the disc x 2 � y2 � 1 in the xy-plane, andbelow the surface
z � sin

�
π $ x2 � y2 � 2� .

Answer. Switchingto polarcoordinates,this is thevolumeboundedaboveby thesurfacez � sin
�
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above thediscr � 1. Thus
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8. Findthemassof thelaminaof theregion R lying betweentheellipsesx 2 � 4y2 � 1 andx2 � 4y2 � 4,where
thedensityfunction is δ

�
x � y � � x2 � y2.

Answer. Make the change of coordinatesu � x � v � 2y. ThenR correspondsto the region S in uv-space
boundedby thecirclesof radius1 and2. Writing x andy in termsof u andv by x � u � y � v � 2, we calculate
theJacobian:
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Thus
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Now, we switchto polarcoordinatesin u � v space,obtaining
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Integratingfirst with respectto θ , since� 2π
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we finally obtain
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We notethatwe couldhavemadejust onecoordinatechange,directly from x � y to r� θ :

x � r cosθ y � r sinθ
2

�
but doingit in two stepsis conceptuallyclearerandcomputationallyeasier.

9. Findtheareaof theregion R in thefirstquadrantboundedby thecurvesy 2 � 2x � y2 � 5x � x2 � 4y � x2 � 10y.

Answer. Make thechangeof coordinates
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x
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sothatR correspondsto theregion S in uv-spacegivenby theinequalities2 � u � 5 � 4 � v � 10. Then
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To calculatetheJacobian,we have to solve for x � y in termsof u � v. After a little bit of algebra,we find
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Finally
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