
Calculus III
Practice Problems 12: Answers

1. A fluid hasdensity3 andvelocity field V � 4xI
�

3zJ � zK. Find the flux of the fluid out of the ball
centeredat theorigin andof radius4 through its boundary.

Answer. For a fluid with constantdensityδ , the flux through a surfaceis δ ��� S F � NdS. We’ll usethe
divergencetheorem; first calculating� V � 4

�
3 � 1 � 6. Thus

Flux � 3 ���
S

F � NdS � 3 �	�
�
B

6dV � 44 � 6π ��
sincethevolume of theball of radius4 is � 4� 3� π � 4� 3.

2. Let P betheparabolic cupz � x2 � y2 lying over theunit discin thexy-plane.Let F � x  y  z � � yI � xJ
�

K.
Calculate ���

P
curl F � NdS �

Answer. Let C betheboundaryof P: thecirclex2 � y2 � 1  z � 1. Then,by Stokes’ theorem

���
P

curl F � NdS � �
C

F � dX � �
C

ydx � xdy
�

dz �
If we parametrizethis circleby theequationsx � cosθ  y � sinθ  z � 1, then(sincedz � 0), this becomes

� 2π

0

� � sin2 θ � cos2 θ � dθ ��� 2π �
Alternatively, wecanuseGreen’s theoremonthediscD : x2 � y2 � 1  z � 1, giving

�
C

ydx � xdy
�

dz � � �	�
D

dxdy � � 2 � Area � D ��� � � 2π 

3. Evaluate ��� S F � NdS, whereF � x  y  z � � xI
�

yJ
�

zK andS is thepartof theparaboloid z � 4 � x 2 � y2

which lies above thexy-plane.

Answer. To calculatethenormal to thesurface,weconsiderit parametrizedas

X � x  y � � xI
�

yJ
� � 4 � x2 � y2 � K  x2 � y2 � 4 �

Then
Xx
� I � 2xK  Xy

� J � 2yK  Xx � Xy
� 2xI

�
2yJ
�

K �
We thencalculate

F � NdS � F � � Xx � Xy � dxdy � � 2x2 � 2y2 � z � dxdy � � 4 � x2 � y2 � dxdy 
sincez � 4 � x2 � y2 onS. Now, we integratein polarcoordinates:

�
�
S

F � NdS � � 2π

0
� 2

0

� 4 � r2 � rdrdθ � 2π � 4r
� r3 �

3 ��
2
0
� 64π

3
�



4. Evaluate ��� S � 1
�

x2 � y2dS whereS is thesurfacegivenparametrically by

X � s  t � � scostI
�

ssintJ
�

tK  0 � s � 5  0 � t � π � 2 �
Answer. We calculate

Xs
� costI

�
sin tJ  Xt

� � ssintI
�

scostJ
�

K  Xs � Xt
� sintI � costJ

�
sK �

Then � 1
�

x2 � y2dS � � 1
�

s2 �Xs � Xt
� dsdt � � 1

�
s2 � 1

�
s2dsdt 

���
S
� 1
�

x2 � y2dS � � π � 2
0
� 5

0

� 1 � s2 � dsdt � 70π
3
�

5. Let S be the part of the plane2x
�

y
�

3z � 12 which lies in the first octant,orientedupward. Let the
boundary∂S of S beorientedsothatS is to its left. Giventhevector field F � 3xI

�
J
�

yK, find � ∂ S F � dX.

Answer. Theboundaryconsistsof threelines,eachof which will have to have its own parametrization.So,
it maybeeasierto useStokes’ theorem:

�
∂ S

F � dX � �	�
S
curl F � NdS �

First we calculatecurl F � I; that’s a good sign. But now we have to calculateNdS. Thevector2I
�

J
�

3K
(madeof thecoefficientsof thedefiningequation) is normal to theplane,sotheunit normal is

N � 2I
�

J
�

3K�
14

�
Now, if we write theequation of theplaneasz � � 12 � 2x � y ��� 3, andusetheformulafor dS of a graph, we
have

dS � � 1
� � � 2

3
� 2 � � � 1

3
� 2dxdy � � 14

3
dxdy �

Theplanelies over theright triangleT with sidelengths 6, 12 . Puttingthis altogether,

�	�
S
curl F � NdS � �	�

T
I � 2I

�
J
�

3K�
14

�
14
3

dxdy � 2
3

Area � T � � 24 �

6. Let B ! bethehalf-ball B : x2 � y2 � z2 � 1  z " 0. Let F � x  y  z � � xI
�

yJ
�

K. Let H bethehemisphere
boundingB ! above: H : x2 � y2 � z2 � 1  z " 0. Calculatetheflux of F from B ! acrossH.

Answer. Since � F � 2, we suspectthat thebestway to compute this is by thedivergence theorem. B ! is
boundedby H above, andby thediscD: x2 � y2 � 1  z � 0 below. Theexterior normal to D is � K, so the
flux outof B ! throughD is �	�

D
F �#� Kdxdy � ���

D
dxdy � � π �

Now we applythedivergencetheorem:

�
�
H

F � NdS
� ���

D
F � NdS � �	�
� � FdV � 2Vol � B ! � � 4π

3
�

Thustheflux acrossH is 4π � 3 � π � 7π � 3.



7. Let F � x2I
�

y2J
�

z2K. Calculatetheflux of F outof thesphereS of radius 3.

Answer. Let B betheball of radius3, andusethedivergence theorem. Since � F � 2x
�

2y
�

2z,

Flux � �	�
S

F � NdS � �	�	�
B

� 2x
�

2y
�

2z � dV � 0 �
Thecalculation is straightforward,but we get theresultalsoby noting that theregion is symmetric in each
plane,andtheintegrandis anoddfunctionof eachvariable.Of course,sincethenormal to thesphereis X � ρ ,
we calculatethatF � N � � x3 � y3 � z3 ��� ρ is alsoanoddfunction on thesphere,sotheflux mustbezero.

8. Let P bethepieceof theplane2x
�

y
�

3z � 12 which lies in thefirst octant,andlet F � 3xI
�

J
�

yK.
Calculatetheflux of F throughP from below.

Answer. ParametrizeP as

X � xI
�

yJ
� � 4 � 2

3
x � 1

3
y � K  0 � x � 6  0 � y � 12 � 2x �

Then

Xx
� I � 2

3
K  Xy

� J � 1
3

K  Xx � Xy
� 2

3
I
� 1

3
J
�

K 
and

F � NdS � F � � Xx � Xy � dxdy � � 2x
�

y
� 1

3
� dxdy �

We cannow computein thex andy coordinates:

Flux � � 6

0
� 12$ 2x

0

� 2x
�

y
� 1

3
� dydx � � 6

0

� 24x � 4x2 � 1
2
� 12 � 2x � 2 � 4 � 2

3
x � dx � 300�


