
MSRI, 1000 Centennial Drive, Berkeley, CA 94720-5070     (510) 642-0143     bamo@msri.org

and
athematical Olympiad
athematical Circles

Bay Area
1999

H

CA OLY
M

P
IT

A
E

M

A
I L

BAY

D
A

M

REA
A

T

�����������	��
������� ���������	����������� ���

!#"%$	&('�)�*,+-"*."0/21�&�354,67"8&	953:6;'�/<!
=?>A@�BDCE@#FHGJIEKMLONPK�IEQ2RD>�K#�TS(UP@#IEQ�@#F

V:�W��@�UXQ�@�FJ@DY
Z-[P\^]`_ba	cdc(egfghji k lnmocqpqirpts�lvugirwgcyxXsgiPz�{Dsgcdi mnm�ePlvugi�|~}%pqm,i�mvwDi k p���i �����%ugi�i ��wD|�i mnm,pqe�sM�,e�fgh�i k l7�
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§�¨X©?ª�«t¬�«��ª¯®±°³²�i l7´�µ·¶�¸v¹¦º;fDirx�k pt|�k cqir}%pqlvu�k i�sXl,i�|b¶�xPsg�¡|,x¦�Dpt{gm7¹g�	»;e�sgm,pq�Di�|	x��H{Dsgk l,pqe�s�e�s
lvugi�wgctxPsgiPz(¼¾½�¿�ÀoÁÂ¿�À.z2m,i�sg�Dptsg��x�wÃePptsPl³Ä ÅÆ ¶Çl,e�lvugi�wÃePptsPl³e�s�lvugi�uDx¦c��Ècqptsgi�¶�Ä¡É�z�Ä�Ê z
�Di.�±sgi �¡fPË

¶³ÄÍÌ ¶³Ä�ÊEÎÏ¹ À�Ð
Ñ {gk u5xÒ�Ó{Dsgk lnpdegs5¼¾pdm�k�x¦cqcdi �ÏxPsÕÔ Ö�×Ø]�ÙnÚTÔ [PÖÛ[�ÜÝ\ Þg]rß�àdáXÖ�]�}%pqlvuâk i�sPl,i�|ã¶äxPsg�5|,xå�Dpy{gm�¹æµ·}o|�pql,i
¼�µ ¶�¸.¹`ºç�èº
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ñ^l�pqm�ptòrò�i �Dptx¦l,i�lvuDxål�¼�pqmóÖ#[P\(�Di.�±sgi �Õx¦l�w���¶��Ýô;{gl�pè�	}?i�k e�òrwDx¦k l,p��^Ë¡¿ À lneíx�mvwDugi�|�i�fPË
x¦�D�Dptsg��e�sgi-i ��l.|,xrwDeXpysXl	¶�õ�zg};i-k e�{gcq���Di.�±sgi�¼�µ ¶�ºAÎÕ¶�õöxPsg��¼±µ ¶�õ³º(ÎÕ¶��

a-s�ptsP÷Xi�|�m,pqe�s�e¦�(lvugi�wgctxPsgi�k�xPs�fDi�i øD{gpq÷`x¦cqi�sXl,cqË¡�Di m,k�|�ptfÃi ��xåm%�^ePcqcqe`}bmãµ k.�,�úù(pd�#� � �èº�ñ �EÄWû�´�z
lvugi�s�¼�µ Ä¡º(Î¯Äæ�%ñ·�?Äücqpqi m�e�{gl,mnpd�Di�´�z���|,xØ}ýx�lvxPsg�Pi�sXl%�H|�e�òþÄWl,e�´�xPsg��cdi l-Ä À fDi�lvugi�wÃePptsPl
e¦�Ol.xPsg�Pi�sgk ËP�(ÿ�|�egwrx�wDi�|,wÃi�sg�Dpdk�{gc xP|%Ä À Ä�ÊEl,e¦}%xP|��Dmúlvugiomni ��ò�i�sXl?¶³Ä }%pqlvu�Ä�Ê%û�¶³ÄæzgxPsg��m,i l
¼�µ Ä¡ºEÎ¯Ä�Ê �o�%ugi�k�x¦mni�}ougi�s�Äüpqm-pysgmnpd�Di�´�z#Ä ÅÆ ¶�z�pqmol.|�i�x¦l,i ��pys�x�|�i ÷Pi�|�mniãò�xPsDsgi�| ½;i�|�i k l-x
wDi�|nwDi�sg�Dpqk�{gctxP|-Ä�Ä À lner¶�ÄÛzg}%pqlvu�Ä À ûÝ´�zg��|,xØ}Ïlvugi-l.xPsg�Pi�sXl?lneã´�xålowDePptsXl%Ä À xPsg�Ýcqi l%ÄÒÊÈfÃi
lvugi-ptsXl,i�|�m,i k l,pqe�sÒe¦�(lvugpqmolvxXsg�Pi�sPl;}%pqlvuÒlvugi-cqptsgi�¶³Ä � };i-m,i l	¼±µ Ä¡º�Î Ä�Ê��



� ��£È�#���D�D�X�����D���A���j���A�D�±�Ø���A�
Ñ e�ò�i-eå� lvugi�fDxåm,pqk�wD|�e�wÃi�|�l,pqi m	e¦� x�wgcyxXsgi�ptsP÷Xi�|�m,pqe�sÝ¼�µ ¶�¸v¹¦ºExP|~i-mv{DòròrxP|~p�� i �ÝfÃi cqe`}³½
� ¼ À pqm%lvugi�pq�Di�sXl,pql�Ë�e�sÒlvugi�wgctxPsgiP�
� ñ �ã� ÅÆ �rz	xPsg�Ï¼±µÓ�oº�ÎW� Ê ¸v¼�µ^��º�ÎW� Ê z;lvugi�s���¶��o�	�	��¶�� Ê � Ê µ k.�,�Ïù(pq��� � �èº

»;e�sgmni ø�{gi�sXl,cqËPz
� Ê � Ê Î �	�ýÌØ¹ À

¶��MÌ ¶�� Ð

� ñ·��
�pqm-x�cqpysgi�}%pqlvu�¶öû�
�zglvugi�s�¼�µ
^ºAÎ�
��
� ñ ��
Ãpdm;x	cqpysgi	}%pqlvu³¶ÇÅû�
�z¦lvugi�s�¼±µ�
^º�pqm?xbk pt|�k cqi7´ÃÊ(}%pqlvu³�DptxPò�i l,i�| ¶��âÊ�z¦}ougi�|�i��âÊEÎÏ¼±µ��ýº

�^e�|;lvugi-e�|~lvugeP�Pe�sDxåc±wD|�eXhji k l,pqe�s�� e¦�(¶ e�sXl,e�
;µ k.�,�(ù(pq�����D��º
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� ñ·�?´DÊ;pqm7x�k pt|�k cqi�lvuD|�eg{g��ur¶�zDlvugi�s�¼±µ^´ÃÊjº;pqm-x�cqptsgi�
�½(|�i ÷Xi�|�m,i-lvugi�wD|�i ÷gpqe�{gm	k e�sgm,lv|,{gk lnpdegs��
� ñ·�7´ÃÊçµ ¶�Ê ¸v¹åÊ~º8pqmãxÒk pt|�k cqiÝsgePl�wDx¦mnm,ptsg�íl.uD|�e�{g��u�¶�z�lvugi�s:¼�µ^´DÊ,º-pqmrx�k pt|�k cqiÝ´ À �Di.�±sgi �Ûx¦m

�^ePcqcde¦}%mØ½�cqi l?�MxPsg���¯fDi;lvugiowÃePptsPl,m(eå�±ptsPlni�|�m,i k l,pqe�s�eå�±lvugi;cqptsgio¶³¶�ÊO}%pqlvur´ÃÊ z�xPsg��cqi l?�8ÊEÎÏ¼±µÓ�oº
xPsg��� Ê Îö¼�µ^��º � lvugi�s¡´ À pqm³lvugi�k py|~k cdi�}%pqlvu��DptxPòãi l,i�|�� Ê � Ê ���bePl,i�lvuDx¦l-lvugi�k i�sXl,i�|-¶ Ê e¦�%´ Ê
�Degi m�Ö#[P\�òrxPw�l,e�lvugi-k i�sXl,i�|b¶ À eå� ´ À µ·k.�~�(ù(pq�������èº
�bePl,irlvuDxål�l�};e�k pt|�k cqi móxX|�iówÃi�|,wDi�sg�Dpqk�{gctxP|�p��7lvugi pt|³lvxPsg�Xi�sPl,m�x¦lrxÝwÃePptsPlreå�ÈptsXl,i�|�m,i k lnpdegsÛxP|�i

wDi�|nwDi�sg�Dpqk�{gctxP| � �·eXcdcqe¦}%ptsg��lvugi�mvxPòãi�|,{gcqiPz�xrcqptsgi�xPsg�¡x�k py|~k cdi�}%pqcqcEfDirwÃi�|,wDi�sg�Dpqk�{gc�xP|8p��?lvugi³cdptsgi
wDx¦m,mni molvuD|~e�{g��u�lvugi³k i�sPl,i�|be¦�Elvugi³k pt|�k cqiP�oñHs��Pi�sgi�|nx¦c^z�lvugi�xPsg�Pcqi�fÃi l�}?i i�s�xrcqptsgirxPsg�íx�k pt|�k cqi�pdm
lvugi�xPsg�Pcqi�fDi l�};i i�s�lvugi³cqpysgirxPsg��l.ugi�lvxPsg�Xi�sPl%lne�l.ugi�k pt|�k cqirx¦loxrwÃePptsPl	e¦�(pysXl,i�|�mni k l,pqe�s�}%pqlvuÒlvugi
cqptsgiP�

� ñHsX÷Pi�|�m,pqe�s³wD|�i m,i�|�÷Pi m(xPsg�Pcqi m(fDi l�};i i�s8����{D|�i m�½�cqi l � Ê xPsg��� À fÃi?l�};eú����{D|�i m%µ cqptsgi m�zPk pt|�k cqi mvº �

lvugi�s
! µ�� Ê ¸"� À º(Î ! µ^¼�µ� Ê ºç¸v¼�µ� À º,º Ð

�D��£%���$#�¤X�&%o�
')(Ø+*�,�¨.-Â®±°0/-pq÷Pi�s�x�wDePptsXlo�ÏxPsg��l�};e�k pt|�k cqi m-´DÊ%xPsg�Ý´ À zDk egsgm,lv|,{gk l%x³lvugpt|���k pt|�k cqir´21%mnerlvuDx¦l
´31�wDx¦m,m,i m%l.uD|�e�{g��u��<xPsg��pqmol.xPsg�Pi�sXl?lne�´DÊ%xPsg��´ À �oµ k.�,�(ù(pq����4Pº
')(Ø+*�,�¨.-65�°0/-pq÷Pi�s�l�};e�wDeXpysXl,mo� xPsg�ó�<xXsg�Ýx-k pt|�k cqi�´ÃÊTzgk e�sgmnlv|,{gk l%xPsgePlvugi�| k pt|�k cqi�´ À m,e�lvuDx¦l
´ À wDx¦m,m,i m%l.uD|�e�{g��u��<xPsg��pqmol.xPsg�Pi�sXl?lne�´DÊ �oµ k.�,�(ù(pq����7Xº
')(Ø+*�,�¨.-68�°0/-pq÷Pi�s:k pt|�k cqi m�´DÊ ¸v´ À xPsg�Û´31Pz(k e�sgm,lv|n{gk lãxXsgePlvugi�|³k pt|�k cqiÝ´:}ougpqkTu:lvxXsg�Pi�sPl³l,e¡x¦cqc
lvuD|�i i-eå� lvugi�òÒ�
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')(Ø+*�,�¨.-��O°-²�i l�´ífÃi�x�k pt|�k cqiPz(xPsg�¡cqi l��öxPsg�¡�ÍfÃi�wDePptsXl,m�egsí´��r² i l���xPsg�	��fDi�xXsPË�lj};e
k pt|�k cqi m%lvxPsg�Xi�sPl;l,e�´�x¦l;�ÏxPsg���rzD|�i mvwÃi k l,pq÷Pi cqËPz±xXsg��lvxXsg�Pi�sPlúl,e�i�xåkTu�ePlvugi�|;x¦l � �(ù(ptsg��lvugi	m,i l
lv|,xØ÷Pi�|~m,i ��fXË�lvugi%wDePptsXl�� x¦m
�	xPsg���-ò�e¦÷PiEpts�lvugi%wgcyxXsgi7xPsg��m,lnpdcqc#mvx¦l,pqm��^Ë�lvugi	xPfDe¦÷Pi;k e�sg�Dpql,pqe�sgm��
µ k.�,�(ù(pq����Pº
')(Ø+*�,�¨.-���°-»;pt|�k cqi m-´ Ê ¸.´ À ¸.´ 1 xPsg�Ý´��7xX|�i�wDePmnpdlnpdegsgi �Ýpts�mv{gk u�x�}%xØË�lvuDx¦lo´ Ê pqm%l.xPsg�Pi�sXl?lne�´ Àx¦l;wDePptsXlo��zD´ À pqm;lvxPsg�Xi�sPl;l,e�´21oxålÈwÃePptsPl	�rzD´21	pqm;lvxPsg�Pi�sXl;l,e�´ � xål?wDeXpysXl���z�xPsg�Ý´ � pqm%lvxPsg�Xi�sPl
l,e�´ÃÊ%x¦lowDeXpysXl���� Ñ uge¦}ÏlvuDx¦l%�³¸v��¸�� xXsg���ÍxP|~i-i pdl.ugi�|%k ePcqcqptsgi�xP|	e�|úk e�sgk Ëgk cqpdkP��µ·k.�~�(ù(pq�����Pº
')(Ø+*�,�¨.-���°-»;pt|�k cqi mE´ÃÊT¸.´ À ¸v´31OxPsg��´ � ptsPl,i�|~m,i k l�k Ëgk cdpqk cqËrwDx¦pt|�}%pqm,iúpys³wDePptsXl,m��`�-Ê ¸v� À�� z��¦�-Ê�¸.� À�� z� �-Ê ¸�� À!� z�xPsg�	�"�óÊT¸!� À�� ��µ^´DÊoxXsg��´ À ptsPlni�|�m,i k l	pys��8Ê7xPsg��� À z�´ À xPsg��´21-ptsXl,i�|�m,i k l-pts��-Ê-xPsg�
� À zDi l,kP�èºÝµ·k.�~�Aù(pq���#Pº

�	$ |�e¦÷Pi�lvuDx¦l�p����-Ê�¸.�-Ê ¸��8ÊT¸!��Ê�xP|�i�k eXcdcqptsgi�xP|¡µ k egsgk Ë�k cqpqk�º z%l.ugi�s5� À ¸.� À ¸%� À ¸&� À xP|~iÝx¦cqm,e
k ePcqcqptsgi�xP|rµ k e�sgk Ëgk cqpdk�ºç�

��$ |�e¦÷Piol.uDx¦l%p��?�-Ê ¸v� À ¸��-Ê ¸�� À xP|�i-k e�sgk Ëgk cqpdkPz�l.ugi�sÝ�8Ê�¸v� À ¸!��ÊT¸!� À xP|~i�x¦cqm,erk e�sgk Ëgk cqpdkP�
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')(Ø+*�,�¨.-+*±°-, $ l,ePcqi�ò³Ë/.�mE�bugi e�|�i�ò10�²�i l?�	�2�-��fDi	ptsgm,k�|�ptfDi ��pts�x-k pt|�k cqi�´��%µ k.�~�Aù(pq��� �43 º $ |�e¦÷Pi
lvuDx¦l-l.ugi�m.{Dò e¦�;lvugirwD|�e���{gk lnm�e¦�;lvugi�e�wDwDePmnpdlnirm,pq�Di m�i ø�{Dx¦cqm³lvugirwD|�e���{gk l³e¦�?l.ugi��Dptx¦�Xe�sDx¦cqm�e¦�
�	�2�5��½

�	�¯Ì ���76Û��� Ì��8� ÎÏ�9�ýÌØ��� Ð
ù±{D|~lvugi�| z�wD|�e¦÷Pi	lvuDx¦lÈ�·e�|;xPsXË��·e�{D|bwDePptsXl,m7�³¸v��¸���¸&��½

�	�¯Ì ���76Û��� Ì��8�;:5�9�ýÌØ��� Ð
<Ïugi�s�pqm%i øD{Dx¦cqpqljËÝxåkTugpqi ÷Pi �>=
')(Ø+*�,�¨.-�?�°-²�i l�´ Ê xPsg�5´ À fÃiÝl�};e�k py|~k cdi mØz%xPsg�Ûcqi lA@ fÃiíx�wDePptsXl��5»;egsgm,lv|,{gk lrx�k pt|�k cqi¡´�B
lvuD|�eg{g��u�@¯m,erlvuDxål ! µ^´ÃÊT¸.´ B ºEÎDC:xPsg� ! µ^´ÃÊ ¸v´ B º(Î7E��·e�|Èm,e�ò�i-�Ppq÷Pi�s�xXsg�Pcqi mFCú¸�E¡û	, 3 ¸&G�ºç�

1



')(Ø+*�,�¨.-���°0/-pq÷Pi�s�l.uD|�i i7xXsg�Pcqi m�C(Ê ¸&C À ¸&C 17û , 3 ¸&G2º(xPsg��l.uD|�i iok pt|�k cqi m-´DÊ ¸v´ À ¸v´31`zgl�};e-e¦�O}ougpqk u
�De�sgePlbpysXl,i�|�mni k l�zDk e�sgm,l.|,{gk lox³�^e�{D|�lvu�k pt|�k cqi�´�m,e�lvuDx¦l ! µ^´�¸v´��tºEÎDC��2�·e�|���Î � ¸ � ¸ �D�
')(Ø+*�,�¨.-Â®��2°7»Èe�sgm,lv|,{gk lEx	k pt|�k cqio´
	úm,e-l.uDx¦l(pql(�Pe�i m(l.uD|�e�{g��u�xb�Ppq÷Pi�srwDeXpysXl @�zXl,e�{gk ugi mEx%�Xpd÷Xi�s
cqptsgi�
�zDxPsg��ptsXl,i�|�m,i k lnm7x��Xpd÷Xi�s�k py|~k cdir´�x¦l	xr|�pq��uXloxPsg�PcqiP�
')(Ø+*�,�¨.-Â®�®�°7»Èe�sgm,lv|,{gk l�x¾k py|~k cdi:´Û}ougpqk u5�Xe�i m�lvuD|�e�{g�gu5x:wDePptsXl�@�zoxPsg�MpysXl,i�|�mni k l,m��Xpd÷Xi�s
k pt|�k cqi m�´DÊ%xPsg��´ À x¦loxPsg�Xcdi m � 4��-xPsg��7 3 ��z�|~i mvwDi k l,pq÷Pi cqËP�
')(Ø+*�,�¨.-Â® 52°7² i l��	�2�5� xPsg�¡�-Êv�8Ê��-Ê���Ê7fÃirl�};e�m,øD{DxP|�i m	e�|�pqi�sXl,i �¡pts�lvugi�mvxPò�i��Dpt|�i k l,pqe�s��
$ |~e`÷XiolvuDxålo�o�8Ê�zD���8Ê�xPsg�����-Ê%xP|�i-k egsgk�{D|,|�i�sXl%p�� � Æ ��Ê��
')(Ø+*�,�¨.-Â® 82°7² i l��o�8�5� fDirx�ø�{Dxå��|�pqcyxål,i�|,x¦c^z�xPsg��cqi l7´ÃÊ�¸v´ À ¸�xPsg�í´31�fÃi�lvugi�k pt|�k cqi m�k pt|�k�{Dò�
m,k�|�ptfÃi � xP|~e�{Dsg� �A������z0�A� ����zoxPsg� �����³��z-|�i mvwÃi k l,pq÷Pi cqËP� $ |�e¦÷PiÝlvuDxål�pè���	��Ì �-� Î
� � Ì��8��zDl.ugi�sÝ´ À xPsg��´21	ptsPlni�|�m,i k l-´DÊ%x¦l%lvugi-m.xPò�i�xPsg�PcqiP�
')(Ø+*�,�¨.-Â® �A°7ñJs�lvugi³ø�{Dxå��|�pqcyxål,i�|,x¦cO�	�2�-�ÝzÃm,i l ! � 6 ! �<Î7EE�

� ñ � EíÎD# 3 ��z�wD|~e`÷XiolvuDxål%lvuDx¦l�µ^�	�¯Ì��5��º À 6Ïµ^�2�<Ì ����º À Î µ^�9�ýÌØ����º À Ð
� ñ·� EÝÎ�7 3 � z�wD|�e¦÷Pi;lvuDxåloµ^�o�¾Ì �5��º À 6¡µÓ�2��ÌJ����º À Î µ^���¡ÌJ����º À 6��	�¡ÌJ�2��Ì �5�MÌ ��� Ð

')(Ø+*�,�¨.-Â® �2°7² i l�´ Ê xPsg�í´ À fÃi�l�};erk pt|�k cqi m�ptsXl,i�|�m,i k lnpysg��x¦lo� xPsg�í����²�i l�� Ê xPsg��� À fDi�lvugi
lvxPsg�Xi�sPl,m;l,e�´DÊoxPsg�Ý´ À x¦lowÃePptsPl-�³z�xPsg��cqi l��nÊ��Ý´ À Î �`�³¸�� � z�� À �Ý´ÃÊEÎ �`�³¸&� � �(ñ ��� ûÝ�o� É
mv{gk u�lvuDxålÈ���¯Î � �	�rz�wD|�e¦÷Pi-l.uDx¦l%�����5�þpdm	k e�sgk Ëgk cqpdkP��µ·k.�~�(ù(pq��� �P� º
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')(Ø+*�,�¨.-Â® �2°7² i l�¶��ÏfDi�lvugirptsDsgi�|�fgpqm,i k l,e�|8e¦� ! @	¶�����aök py|~k cdiÝ´¾wDx¦m,m,i m-lvuD|~e�{g��u�¶ xPsg�
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