Statistics Qualifying Exam

January, 2010

You need to correctly solve 8 of the following problems to guarantee a “pass”.

1. Let X7, X5,..., X, be independent, identically distributed random vari-
ables with distribution function

0, if —co<t<O

Fit)=< 3, ifo<t<1
1, ift>0.
Show that
Y, =nt?X;,
converges in distribution, where X , = min{X, Xo,..., X, }.

2. Let Xy, X5,...,X,, be independent identically distributed random vari-
ables with density function

0, ift ¢ [—0,6]
h(t,0) =
595t if —o<t<o.

Find a moment estimator for 6.

3. Let X1,...,X, be independent, identically distributed random variables
with density function

0, if —co<t<0
h(t,0) = .
Ot +1)79"1 if0<t< oo,

> 0.

a) Find the maximum likelihood estimator for 6.

b) Is the estimator unbiased?

¢) Find the asymptotic variance of the maximum likelihood estimator for

S~ D



. Let X1, Xo,..., X, be independent identically distributed random vari-
ables with density function

0, if t ¢ [0,0]
h(t,0) =
2072t fo<t<é.

Find the uniformly minimum variance unbiased estimator for 6. Explain
your answer. You need to prove directly that the sufficient statistic is also
complete in this case.

. Let X and Y be two independent random variables with density functions
0, ift ¢ [0,4]

t) =
1/4, if0<t<4

and

0, if —co<t<O0
=1
2¢7 % if0<t< 0.

Compute the density of X — Y.
. Let X; and X3 be independent random variables. The density function
function of X is

0, ift ¢10,1]

e —

ifo<t<1.
The distribution of X5 is

P{Xy=1}=p and P{Xo=-1}=¢q, p+q=1.
Compute the moment generating function of X7 Xs.

. Let Xy,..., X, be an i.i.d. sample from a UNIF(0,#) distribution, where
0 > 0 is unknown. Find a 95% confidence interval for 6.

. Let X3,...,X,, denote an independent sample from an exponential dis-
tribution with [unknown] mean 6 > 0. What does the Neyman—Pearson
lemma say about Hy : 6 = 1 versus H, : 6 = 27 Explain carefully, and
identify explicitly the rejection region.

. Let m denote the median distance [in 1000 miles] required for a certain
brand of automobile tires to wear out. Test to see whether or not m < 29,
based on the following random sample:

23 20 26 25 48 26 25 24 15 20



10.

11.

12.

Derive, using only first principles, the least-squares estimators of the slope
and the intercept of a linear regression problem. What can you say about
the optimality properties of those estimators?

The following data are times (in hours) between failures of air conditioning
equipment in a particular airplane:

74 57 48 29 502 12 70 21 29 386 59 27 153 26 326.

Assume that the data are observed values of an i.i.d. random sample from
an exponential distribution, X; ~ EXP(#). Test Hy : § = 125 versus
H, : 0 #125. (A chi-square table is provided.)

A sample of 400 people was asked their degree of support of a balanced
budget and their degree of support of public education, with the following
results:

Education/Budget ‘ Strong Undecided Weak

Strong 100 80 20
Undecided 60 80 20
Weak 20 50 5

Test the hypothesis of independence at « = 0.05. (A chi-square table is
provided.)
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100 x yth Percentiles 1

(v) of the chi-square distribution with v degrees of freedom

6
y= j h(y; v) dy
o
T
950 0.975 0.990 0.995
v 0006 0010 0025 0050 0100 0250 0.500 0750  0.900 0
; 002 010 045 132 27 354 = an g
2 0.01 0.02 0.05 0.10 0.21 (}g% 12 gg o E o ot 935 11.34 12.84
3 {00 AuLcOZ S0 O8s 2121 o 25 a0 Bk 040 © 1944 7328 . WG
4 102 030 048 : ; ; ; ; 24 1107 1283 1509 [
5 ! od1o | 086 o083 Mo Tl o 67 ScicAdth 6.63 9 #
84 1064~ 1269 - “1445- 1681 18
6 066 0870128 " 1647 220 3;2 ggg 334 S -t fior . oo iBMs - 2008
7 099 12a 169 217 283 . L85 - 00 s n as  wm | i
g 134 165 ZEBACIMCEIR RS A wia  thes eoe M B
9 1.73 2.09 2.70 : - : 2 : 15.99 18.31 20.48 23.2 3
10 216 286 -oagB o BSA: =ARTOC6M- o Dgke - o E E
1370 1728 1968 2192 2472 .
11, 260 .3g0ss i gE . Aol B 7.8 AR e e s e Y
12 307 -35F 440 e R S Gt s 508 41981 paa6: 2avs. 2760 | 20.82
13 . 357 . AN . 6OL_  BE Sl c i Re it s Soi0e oses s Jei2 201 g
14 4,07 4.66 5.63 : : : : i 22.31 25.00 27.49 30.58 :
15 4.60 5.23 6.26 7.26 855 11.04 1434 18.25
16 B0y =0l 80 706, . 931 WAL U530 . 1930, 2364 2630 2886 ooy 3407
17 SWEC BB TS BB G100 YT S feBl S =08 2477 7159 3019 . B BT3
18 626>~ 701-- 873~ 939" “1086- 1358 ~ 1738 - “A160° 2599 WAy  N6I | - W 3016
19 B84, . 269, -89 1045 1965 _ W56 o 4836 a2, . 2720 3014 - 3985 3610 3568
20  J4BEB25 Z B0 1085 S04 S 15A5 - 9938 02383 - 2841 34 31T II6T 4000
21 803 890 1028 11.59 1324 1634 2034 2493 2962 3267 3548 3893  41.40
22 964, . 968, NUB. 1234 WAL - 3I2% 2038 . 304, . 3081 < 39T FWIS. 4020 90
23 9285 00, ~116D- 0%  T8s 1814 T 923F S 744 - 3201 317 3BO8 . A1B4 4418
24 989 1086 1240 1385 1566 1904 2334 2824 3320 3642 3936 4298 4556
25 1052 1152 1312 1461 1647 1994 2434 2934 3438 3765 4065 4431 4693
30 1379 1495 1679 1849 2060 2448 2934 3480 4026 4377 4698 5089 5367
40 2071 2216 2443 2651 2905 3366 3934 4562 51.80 5576 5934 6369 6677
50 2799 ‘2B I 348 978 - 4204 4933 B6I3 6317 6760 714Z - 7616 7949
60 3553 3748 4048 4319 4646 5229 5933 6698 7440 7908 8330 8838 9195
70 4328 4544 4876 5174 5533 6170 6933 7758 8553 9053 9502 10042 10422
80 5117 5354 5715 6039 6428 7114 7933 8813 9658 10188 10663 11233 116.32
90 5920 6175 6565 6913 7329 8062 8933 9864 10756 11314 11814 12412 12830
100 67.33 7006 7422 7793 8236 9013 9933 10914 11850~ 12434 12956 13581 14017

For large v, x2(v) = v[1 - (2/9v) +2,./(2/9)1°.



