Preliminary Examination, Numerical Analysis, Spring 2006

Instructions: This exam is closed books and notes. The time allowed is three
hours and you need to work on any two out of questions 1-3 and any three
out of questions 4-7. All questions have equal weights and the passing score
will be determined after all the exams are graded. Indicate clearly the work

that you wish to be graded.
1. (Sensitivity Analysis)
(a) Let X € R™" such that I|X]| < 1 for some induced norm. Show that I — X is

nonsingular and

H
5 1
- X <
=% 1—[1X]]
(b) Assume that A € R™" is nonsingular, and the linear system
Ax=Db

is perturbed to
(A + 8A4)(x + dx) = b+ db,

and the per_turbations are small enough so that

16A] < €llAll,  [1ob]] < €[jbl],

for some small € > 0, and ex{A4) = r < 1, where x(4) is the condition number
of A. Show that A+ 44 is nonsingular.

(¢) Let x = x + 0x, show that

. 147 .
e e
and x| )
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2. (SVD) Let A be a real m X n matrix (m > n) of full rank. We are interested in the
singular value decomposition of 4 = ULV T 1t is known that algorithms for SVD
can be derived by turning the SVD problem into an eigenvalue problem. One such
approach is to find the eigenvalue decomposition of the {m+n)x (m+n) symmetric

matrix
0 AT
]
Establish the connections between the singular values, left and right singular vectors
of A and the eigenvalues, eigenvectors of the above matrix. You should pay partic-
ular attention to the case m > n. Comment on the advantages and disadvantages
of this approach compared with an approach based on the eigendecomposition of

ATA.



3. (Numerical Quadrature) Consider the quadrature formula
b n
[ w@iez =3 oste) + £
@ t=1

for the integral of f with a given positive weight function w(z) > 0. We would
like to use = knot values (f(&).4 = 1,...,n) to achieve the exact integral if [ is a
polynomial of degree up to 2n — 1.

(a) Start from the special case o = —1,b=1 and w{z)} = 1, define the orthogonal
polynomials over [—1,11.

(b) Use those orthogonal polynomials and polynomial division to simplify the inte-
gral. How would you pick the knots & and the weights a; such that the formula
is exact (i.e., F = 0) for all polynomials of degree up to 2n — 17 Verify that
your choice works.

(c) Show that you can extend the approach to more general integrals, with arbi-
trary a < b and positive weight function w.

4. (ODE) Consider the initial value problem for a system of ODEs
y = Ay

where A has eigenvalues ranging from —10* to -1. Which of the following schemes
would be the best choice for solving this problem? Justify your answer in terms of

stability, accuracy, and efficiency.

yn+1 - yn + hAyn, (1)
yn—H - yn 4 hAy”‘Ll, (2)

41 T h T -1
g =yt Ay Ay ). (3)

5. (Elliptic Equations) Consider the standard five-point difference approximation
(centered difference for both the gradient and divergence operators) for the variable

coefficient Poisson’s equation
-V (aVu) = |

with Dirichlet boundary conditions, in a two-dimensional rectangular region. We
assume that a(x) > & > 0. The approximate solution {u,} satisfies a linear system

Au = b.



(a) State and prove the maximum principle for the numerical solution u; ;.
(b) Use the maximum principle to show that the coeflicient matrix 4 is nonsingular.

(¢) Derive the matrix A in the one-dimensional case and show that it is symmetric
and positive definite.

(d) With this linear system, do we get convergence with Jacobi iterations? What
about Gauss-Seidel iterations? Give reasons for your answers.

6. (Wave Equation) For the PDE v; + cv, = 0, derive the Lax-Wendroff scheme
. L1 feAty, ., , 1 feAt\?, | .
uptt = = 3 (KI—) (wfog —uja) + b (K}“) (wf 4 —2uf +ufy,)

Analyze this scheme in terms of accuracy and stability. Does this scheme satisty a
maximum principle? If it does, explain why. If it does not, give an example to show

this.

7. (Convection-Diffusion Equation) For the convection-diffusion equation
Uy + Uy = BUgg,

where @ > 0 and b > 0, a natural Crank-Nicolson scheme is

-1 i n 7 1141 n-1

U; — U, [¢] Wy — U Uiy — U, -

¥ . a +1 1 +1 ~1
7 ( J J J 3 )

At 2 . 20T 28z .
Cob (- 2 gyl - 20T
2 (Ax)? (Az)?

Let v = bAt/{Az)? and p = aAt/(2Az). Show that the scheme is stable in the max
norm if ¢ < v < 1. Also usé Fourier analysis to derive the stability condition in the
I, norm and show that the scheme is always stable in the [y norm. Suppose u stands
for some volume fraction of a certain species, which norm is more appropriate?
Explain why this scheme is so restrictive that it is not a good choice for many

applications.



Preliminary Examination, Numerical Analysis, August 2005

Instructions: This exam is closed books and notes. The time allowed is three
hours and you need to work on any two out of questions 1-3 and any three
out of gquestions 4-8. All questions have equal weights and a score of 75% is
considered a pass. Indicate clearly the work that you wish to be graded.

1) Ordinary Differential Equations:
Consider the initial value problem for a system of two ODEs

/

y = Ay

where A has eigenvalues —10* and 1. Which of the following schemes would be the best
choice for solving this problem? Justify your answer in terms of stability, accuracy, and

efficiency.
y'rt+1 — y'n + h;‘ly”_‘ (1)
yn%] — yn + h;fl'ynmu, (2)
yetd 7 h 4.1 n-+1
yT =yt 4 5 (A Ayt (3)




2) Wave Equation:
Consider the Lax-Friedrichs scheme below for the PDE v, + cv, = 0, where you may

~assume that ¢ > &:

, ck
= L) - (-,

Lﬂj e

SR

where A is the spacestep and k is the timestep. Note that the scheme can also be written

't =y - ck (ul, —ul )+

n n oy .0
J 7T gy Vi 31 (uj—i = 2uy + “jH) '

B e

a) Analyze the stability of this scheme in terms of o = &

b) Recall that a modified equation for a scheme is the PDE satisfied, to a certain order,
by a smooth solution u(z,t) of the difference scheme. To zero™ order in k and h, the
modified equation for the Lax-Friedrichs scheme is u;, + cu, = 0. Derive the modified
equation through terms of first order in £ and k. You may assume that « is constant.
Does this modified eguation predict the same stability condition as your analysis in part
(a)? Explain your answer. What does the modified equation suggest about the numerical
solution that will be obtained for the step-function initial data u(x, 0} = 1 for < 0 and
w{z,0) =0 for z > 07

[}



3) Heat Equation:
Consider the variable coefficient diffusion equation

vy = (BUg g O<r<l, t>0

with Dirichlet boundary conditions
2(0,t) = 0.0, v(l,4) = 0.0

and initial data v{z,0) = f{z). Assume that 8(z) > G > 0, and that 3(z) is smooth.

For anv fixed value of 6 € [0, 1], consider the f-scheme for this problem:

utt — oy 1
i ' - 1 - -+ .
=) (B — B By ™+ )

+0 (Bi—1put_y ~ (Bj1j2 + B + Bisaptig) §

with appropriate treatment of the boundary conditions in the relevant equations. Here,
h is the spacestep, (J + 1)h = 1, k is the timestep, and 5,112 = B(zj11/2), where
Tirise = (§ +1/2)h. Let M be the symmetric .J x .J matrix defined by

(B2 + Bay2) ' a2 -
52 —{(Baj2 + Bs/2) Fsj2

.’/'3”1 349 ““‘“(\.'))1 2.0, '!‘17)7 1’:‘3\ ,HJ 142

\ i1y —(By=1/2 +.3J+1/2)/

Analvze the stability of this scheme in terms of 6. fﬁ and the eigenvalues of M. Are there
values of # for which the scheme is stable for all choices of fg > (7 {Note that answering
this question should not require lots of writing.)



4) Sensitivity:

Consider a 6 x 6 symmetric positive definite matrix A with singular values o; = 1000,
g = 500, o3 = 300, 64 = 20, 05 = 1, 06 = 0.01.

a) Suppose you use a Cholesky factorization package on a computer with a machine ep-
silon 10~ to solve the svstem Az = b for some nonzero vector b. How many digits of
accuracy do you expect in the computed solution? Justify your answer in terms of con-
dition and stability. You may assume that the entries of A and b are exactly represented
in the computer’s floating-point system.

b) Suppose that instead vou use an iterative method to find an approximate solution to
Az = b and vou stop iterating and accept iterate 2¥) when the residual r®) = Az*) —p
has 2-norm less than 107%. Give an estimate of the maximum size of the relative error in
the final iterate? Justify your answer,




5) Iterative Methods:
Consider the fixed-point problem z = Tz -+ ¢, where T is a real N x N matrix and z and

¢ are real N-vectors.
a) Show that the fixed point iteration

2B = Tt e

converges for any choice of initial vector 29 if and only if the spectral radius of T, p(T),
satisfies p(T) < 1.

b) Consider the linear system Ax = b where A is a strictly diagonally dominant matrix,
that is, a; > > ;lai;l for all 4, and strict inequality holds for at least one value of i.

Show that the Jacobi iterative scheme converges for this problem.

[ ]



6) Interpolation and Integration:

a) Consider equally spaced points z; = a4+ jh, j = 0,...,.J + 1 on the interval [a, b,
where (J + 1)k = b — a. Let f(z) be a function defined on [a,b]. Consider the problem
of finding a cubie spline approximation s(z) to f(z) that interpolates f at the points z;,
is twice continuously differentiable, and satisfies s”"(a) = s"(b) = 0. Does this problem
always have a solution? If your answer is ves, derive formulas by which to determine the
spline. If your answer is no, explain your reasoning.

b) Let I,(f) denote the result of using the composite Trapezoidal rule to approximate
) = f: f(z)dx using n equally sized subintervals of length h = (b — a)/n. It can be
shown that the integration error E,(f) = I{f) ~ I,(f) satisfies

Eo(f) = doh® + dyh* + deh® + ...

where ds, dy. dg, ... are numbers that depend only on the values of [ and its derivatives
at ¢ and b. Suppose you have a black-box program that, given f. a. b. and n calculates
I,(f). Show how to use this program to obtain an O(h') approximation and an O(h%)
approximation to I(f).

6



7) Projectors:

Recall that a square matrix P that satisfies P? = P is called a projector and that the
subspaces range{ P) and nuli(P) are complementary subspaces. Recall also that a projec-
tor P is an orthogonal projector if these two subspaces are perpendicular to one another,
or equivalently, if P is Hermitian.

a) Let P be a nonzero projector. Show that [Pl = 1. with equality if and only if P is
an orthogonal projector.

b) Given an m x n matrix A4 (m > n) with rank r. Describe a stable algorithm for
constructing an orthogonal projector onto range(A). Why do you think your algorithm
is stable?




8) Eigenvalue Problems:

a) Let A be a real » X n matrix with simple eigenvalue A, right eigenvector (i.e.,
Az = Az), and left eigenvector y (i.e.. y*A = Ay*). Assume that [|z{j; = {|yll» = 1. Show
that the condition number for A to changes in A is given by s(A) = 1/jy*z|. Give an
example of a matrix A which has a badly conditioned eigenvalue, and another matrix A
which has only well-conditioned eigenvalues.

b) Consider the problem of computing an eigenvalue/eigenvector pair of a real symmetric
m x mm matrix A with eigenvalues of distinct magnitudes. One algorithm for trying to do
this is Rayleigh Quotient Heration:

Guess v\ with [Jo{%], = 1.
Set M@ = (v 40
Fork=1,2.3,...
Solve (A4 — A* N = o) for 1w
o = w/|lu];
MED = (ptN)T 4ptk)
Until convergence.
Suppose that the Rayleigh Quotient Iteration iterates M) converge to a simple eigenvalue
X of A. Analyze the speed of convergence of A® to A.

o0



Preliminary Examination, Numerical Analysis, January 2005

Instructions: This exam is closed books and notes. Time: 3 hours. Answer 3 of
questions 1-5 and answer both of questions 6 and 7. Indicate clearly which of
your answers you wish to have graded. A score of 75% constitutes a pass. All
questions are valued equally. On the last page of the exam are some facts that

yvou may find useful.

1) Sensitivity Analysis:

In this problem, we consider a real, non-singular n x n matrix 4 and vectors b, z € R".
We are concerned with the error in solving the linear system Ar = b. It turns out that the
numerical solution £ is only an approximate solution to this equation. However, it satisfies
a perturbed equation A% = b exactly, where A = A + 6A. Let the error be defined as
§z = & — z, we are interested in bounding ||dz|] in terms of ||6A|[||Al], or ||6A}]||A}l, and
Hlz]|, or ||#}|, where || - || is some suitable norm, and we proceed as follows:

a) First prove the identity ) )
AT AT =471 64 AT,

and hence deduce that

A~ = A7 < JATY] - 8 Al - AT

b) Assuming that é = ||6A]|]|A~Y]| < 1, show that

1471 < 1—_—I|A"3H JA7T = A7 < ijllz‘i i

¢) By comparing the equations Az = b and {A + 0 A)(z + dz) = b, show that

Sy

o]

< 5H£H~

[y

Similarly, show that if § = ||éA4|]]|A7Y] < 1

)
1—

oz < ——ljal.



2} Linear Least Squares:
The Linear Least Squares problem for an m x n real matrix A and b € R™ is the problem:

Find x € R" such that [|Ax — bjl, is minimized.

a) Suppose that vou have data {(#;,y;)}. 7 = 1.2,....m that you wish to approximate by
an expansion

plt) = > zedu(t).

k=1

Here, the functions ¢ (#) are given functions. Which norm on the difference between
the approximation function p and the data gives rise to a linear least squares problem
for the unknown expansion coeflicients 7 What is the matrix A in this case, and
what is the vector b7

b) Suppose that A is a real m x n matrix of full rank and let b € R™. Show that the Least
Squares problem has a unique solution and describe the geometry of the Least Squares
problem (in terms of vectors and/or subspaces of R™ and/or R™).

c¢) For the matrix A and vector b of part (b), answer the following questions: What are
the ‘normal equations’ for the Least Squares problem? How can they be used to solve
the Least Squares problem? What is the QR factorization of 4 and how can it be

used to solve the Least Squares problem? Compare and contrast these approaches for
numerically solving the Least Square problem.



3} Singular Value Decomposition:
The singular value decomposition (SVD) of a real m x n matrix A4 (vou may assume m > n)

is defined by
A= Uzv?

where U is m x m and orthogonal. ¥ is m x n and diagonal, V" is n x n and orthogonal.

a) Prove that every matrix A has an SVD.

b ) Use the SVD of A to prove the famous result from linear algebra that the null space of
A is the orthogonal complement of the range of A7 (the adjoint of 4).

¢) For a nonsingular m x m matrix A, the solution to the systemr Ar = b can be expressed
in terms of A’s SVD. Write b = Z;’;l c;u; where u; is the j* column of U. Then the
solution x is

where v; is the 7" column of V and o; is the j* singular value. Verify this formula.

Clonsider the snecial cogse b e . What nerturbation dboinbowith UARH. 1 ce1i00c
T T b g SRR ety

=
the largest change éz in the solution z7



4) Eigenvalue Problems:

a) Let A be areal n x7n matrix with simple eigenvalue A, right eigenvector z {i.e.. Az = Az),
and left eigenvector y (i.e., y*A = Ay*). Assume that ||z]js = flyll» = 1. Show that the
condition number for A to changes in A is given by s(A) = 1/|y"z|. Give an example
of a mairix A which has a badly conditioned eigenvalue. and another matrix A which
has only well-conditioned eigenvalues.

b) Consider the problem of computing an eigenvalue/eigenvector pair of a real symmetric
m x m matrix A with eigenvalues of distinct magnitudes. One algorithm for trying to

do this is Rayleigh Quotient Iteration:

Guess v'@ with [|v©@; = L.
Ser MM = ()T 40O
Fork=1,2,3,...
Solve (A — A¥ D Nw = v*1 for w
v = w/llwlfz
Ak — (v(k))T Apte)
End

Suppose that the Rayleigh Quotient Iteration iterates A**) converge to a simple eigen-
value A of A. Analyze the speed of convergence of A% to A




5) Iterative Methods for Linear Systems:
Consider the system Az = b, in which A4 is a symmetric positive definite veal m x m matrix.

and denote by z, its true solution. The conjugate gradient (CGj algorithm for finding the

solution to the svstem is:

Set Ig = O, Tp == b, and Do =Ty

Forn=1,2.3....
O = T T [P APn
Ty = Tpoy + GnPn-1
Tn = Tnel — CnApn_i
B = rlrn /rl
P = i+ ﬂnpn——I

End

The vectors generated by this algorithm have the property that. provided r,,_; # (.

K. = span{b Ab, A%, ... A" b} = span{z\.T2....,Zn}

= span{ro,T1,- -+ Tn 1} = span{po, p1,- - - Pn-1}

and r1r; = 0 and pl Ap; = 0 for all j < n.
Let €, = ||Zy — Z.||4, where the A-norm of a vector z is defined by |lz|is = (z7 Ax)!72.

a) Prove the following:

Stipposeé the CG algorithm 15 applied to the syinmetiic positive defifiite system AT =10
and that it has not yet converged (r,.; # 0). Then e, < |jy — z.l|4 for all y € K.,
Y # Tn lenl]a < llen1]la; and ex = 0 for some N < m.

b) In practice this result is not very useful. Why is this, and what determines the speed of
convergence of z, to z,7 What is ‘preconditioning’ and how is it related to the speed

of convergence of the CG algorithm?

ot



6) Numerical ODEs:

a) The difference equation
Utk + Q1Ynrb—1 -+ QYn =0

can, after the substitution y; = (y;. ¥j+1. - - ,yj+;\.m1)~r, be written in the form y,.; =

Ay,. What does the matrix A look like? Describe the condition for y to remain
bounded in terms of A.

b) The differential equation

k1)

v +oay® Y L apy =0

can, after the substitution y = (y,v/,... .y““’l))"r,, be written in the form y’ = Ay.

What does the matrix A look like? Describe the condition for y to remain bounded in
terms of A.

c) Show that all solutions of the difference equation
Yn+1 — gAyn + Yn—-1 = 0

are bounded, as n — oo, if A is real and |A] < 1.




7) Finite-Difference Methods: Consider the initial boundary value problem
o= A, O<ax<l. 0<t v(z.0) = fla)
with Dirichlet boundary conditions
p(0,t) =0, o(l.t) =0

Suppose that the interval [0.1] is partitioned by meshpoints z; = jh for j =0.1...... N and
h = 1/N. A possible discretization of the above problem uses the Crank-Nicolson scheme

for the differential equation:

(I - %DJFD_}u;“ = (I + %D+D,)u§
for j=1,...,N — 1. combined with the boundary conditions:
ug =0 and uy =10
for each time level n. Initial data is obtained from by setting u? = fyfor j=01,....N.

(Note that D. and D_ are the usual forward and backward difference operators.}
Set up the matrix system that must be solved in order to advance the numerical solution
from time level n to time level n + 1. Show that the suggested discretization is stable in the

"5 ITOTTII
N 1/2
lull = (Z fﬂ-f“ﬂz)
7=0

for all choices of timestep k and spacestep h. (Note that von Neumann analysis is not enough
to prove stability for the initial boundary value problem.) What other issues are important
to consider in deciding whether this scheme is a good choice for the problem?



Fact 1: A real symmetric n x n matrix A can be diagonalized by an orthogonal similarity
transformation, and A’s eigenvalues are real.

Fact 2: The (N — 1) x (N — 1) matrix M defined by

Ir-2.1. 0 0 0 0 G 0 0]
I 1-2 £ 0 O 0 0 0 01
[ 0 1-2 1 0 0 0 ¢ 0]
[ ¢ 0 1-2 1 0 0 0 0]
[ o]
{ o]
[ -]
[ o]
L . . . . . .
[ ¢ 0 0 0 ¢ 12 L %]
[ 00 0 0 © 0 1-2 1]
[ 00 0 0 0 0 ¢ 1-21]
has eigenvalues 1y = — 4Sin2(;—16), i=1,2....N~1
Fact 3: The (N +1) x (N + 1} matrix:
[-1 1 0 0 O 0 0 ¢ 01
[ 1-2 1 0 © 0 0 0 01
[ Q=210 G R B VA
' o 0 1-2 1 0 0 0 0]
£ ]
[ o]
[ ]
[ ]
[ . . o]
[ 00 0 0 O 1-2 1 0]
[ oo o000 . . . 0 1-2 1]
[ oo o0O0O0O . . . 0 0 1-11

has eigenvalues y; = —4 sin® (2(143;1}) _1=0.1,....N.

Fact 4: For a real n x n matrix A, the Rayleigh quotient of a vector z € K" is the scalar

ot Az
r{z) = o
The gradient of r(z) is
2
Vr{z) = m(AI —rlx)z).

If x is an eigenvector of A then r{z) is the corresponding eigenvalue and Vr(z) = 0.



Preliminary Examination, Numerical Analysis, Fall 2004

Instructions: This exam is closed books and notes. The time allowed is three
hours and you need to work on any two out of questions 1-3 and any other
three out of questions 4-7. All questions have equal weights and a score of 7 5%
is considered a pass. Indicate clearly the work that you wish to be graded.

1. (Sensitivity Analysis, 20%) In this problem, we consider a real, non-singular
n % n matrix A and vectors f, b, z € R".

(a) (6%) First we consider the conditioning of matrix-vector multiplication f = Az,
that is, find the smallest factor & > 0 such that when z is perturbed by any
small 6z, the perturbation for f satisfies

lasil e
1721 —

Here we assume no perturbation in matrix A.

(b) (8%) For the linear system Az = b, a numerical solution & actually solves a
slightly different problem due to roundoff errors:

(A+6A)% = b+ b
If we denote dz = & — x, derive an upper hound for the relative error

o lozi

e

in terms of the condition number of A, x(A}, and the norms of A,6A,band 6b,
where 1] - ]| is a suitable vector norm.

(¢) (6%) In practice, x is not available so & is often used in the above bound to
generate an approximate bound for 8z, Comment on this practice as what the

advantages and disadvantages are, point oul cases where this approximation
may be inappropriate.

2. (LS Problems and SVD, 20%) Let A be a real mn X n matrix (m > n) of full
rank and let b € R™, the least square problem Is to find x € R"™ such that

||Az — bil2
is minimized.

(a) (13%) Describe the following three approaches to solve the problem: 1) normal
equations, 2) QR decomposition, and 3) singular value decomposition (SVD).
Discuss briefly the advantages and disadvantages of each approach. In par-
ticular, give a geometric interpretation of the normal equation approach, and
explain why it is often to be avoided.

1



(b)

(7%) In addition to minimizing the above norm, we impose the constraint:
|z|l; < 3, for some constant § > 0. This is a constrained LS problem. Use
SV to formulate and solve this problem, netice that there are different cases
where a Lagrange multiplier may be needed.

3. (Eigenvalue Problems, 20%)

(a)

(8%) QR iteration can be viewed as an extension of the power method. We
aseume 71 x n real symmetric, nonsingular matrix A, with distinct eigenval-
ues. Here is the algorithm of orthogonal iteration for two linearly independent
vectors z; and zg, listed in an n x 2 matrix Zo = |21, z2):

go== 0

repeat
Yigr = AZ; ot
QR Factor }/ji+] = Zi+1Ri+1
i=1+1

o

until convergence
Notice that Y, Z; are n x 2 matrices, and R, is a 2 x 2 upper triangular matrix.
Our assumptions allow us to write A = SAS-!, where A is a diagonal matrix
containing all eigenvalues [Ai] > [Az} > .. > Al S==(s1, 82, ..., 5] contains all
the eigenvectors.

Show that Span{ZiH}zspan{YiH}-»:Span«{AZ.,:}, so span{ Z; }=span{ A’ Zp}=

span{SA'S™1Zp}. Analyze it by writing

(c)

SAiS‘EZ(} = AESDE(SAlzg)

Derive the diagonal D; and the n x 2 matrix Zg = §-t7,. find the limiting
span of Z; as i — oc. How do we obtain the approximating eigenvalues A1, Ag
and approximating eigenvectors s and so. once iterations are terminated?

(6%) Asswme that we can continue this extension to n linearly independent
vectors, contained In an n X n nonsingular Zo, in particular when Zo =1, we
will have the method of QR iteration. Describe the QR algorithm (without
shift) and argue for the rate of convergence based on the analysis in part (a).

(6%) To speed up convergence, we should use shifting. Describe the QR iter-

ation with a shift, and make a suggestion as what shift, should be used. How
fast is the convergence”

4. (Numerical ODEs, 20%)

(a)

(8%) Consider the general system of ODEs for y(z) € R*, v € R, and

f - {fl (1: y) fn(a": Q’)EI
y' = f(z,y),



where we.assume f is continuously differentiable in both = and y. To study
local stability, we compare two solutions i () and ya(x) where (o) = yolzo)-
Derive the linearized system for e(z) = y1(z) — yo(z) mear z = o to show that

e = Ae

and find this square matrix A. What is the most important property of A we
need to find that will affect the choice of numerical schemes and step sizes?

(12%) Now consider the initial value problem
Y+ 2uy + (14 p)y =0,

y(0) =0, ¥'(0) =1,

where 12 > 0 is a given constant. If we use a simple explicit Euler’s method,
determine the maximum step size f that is allowed for the solution to be stable.

5. (Iterative Methods for Linear Systems, 20%)

(a)

(6%) Consider the linear system Az = b and a splitting of A : A= M — K,
with M being nonsingular, an iterative method is to iterate

Tm+1 = R:Em + C,

where B = M~ K and ¢ = M ~'b. Show that the method converges for any g
if ||R|| < 1 where || - || is any operator norm.

(14%) To solve the boundary value problem
—u"(x) = f(z), for O<o <L

with «/(0) = 0, and u(l) = 0, we use second-order central differences for the
discretization of the equation at mesh points z; = J/N:

flz;)

N2

""""Uj_1“§*2u5;wuj+1 ﬂfj: jﬂ(}if\:'—l

and the central difference approximation for v at 2o = 0: w — Uy =0, to
eliminate the ghost point.

Show that the finite difference equations and the boundary conditions lead to
the following linear system Au = b, where

1 -l | Ug %fo

~1 2 —1 U . 2

A = ; . . U= . . b= m](\?é_ .
-1 2 -1 UN-2 ) J
L -1 2 J UN-—1 f}:\;__}



Notice that equations are scaled so that A is symmetric. Determine if A has

eigenvectors
. ) -
cos Lk,
k) = cOos %kw;rj \ Eo=1,35.,2N-32N-1

cos sk 2
| cos hnrno ]

and use them to find the eigenvalues of the iteration matrix R for the Jacobi
method. Analyze the convergence properties of the Jacobi method applied to
this problem, and express the convergence speed as a function of N. How does
the number of iterations required to reduce the initial error by a factor of é
depend on N7 In reality, should vou use an iterative method to solve this
matrix problem? If not, what other method is preferred?

6. (Wave Equations, 20%) Consider the standard wave equation in one space di-

mension:
Uy = Cgg, O<z <1, t2>0,

with initial conditions

u(z,0) = f(x), w(z,0)=glz), 0<zr<]
for given smooth functions f and ¢, and boundary condition
w(0,8) = u(1,1) =0, t>0.

The leap-frog scheme takes advantage of the fact that the equation can be reformu-
Jated as a system of first order equations

uy + cvy = 0,
vy -+ cuy = 0
Denote =, = jAz. Ul & u(x;, ndt), and VP2 o g 410, (0 + 5)AL), use cenfral
g P g Wj ‘T _j‘ Ry B 1 ] ]+1/2 ) j+1/27 4 9 1 :
difference approximations for both derivatives to derive the leap-frog scheme for the
svstem of equations. How do vou implement the initial and boundary conditions
for both u and v? Derive the truncation error for this approximation and determine
the order of truncation error. For stability, consider solutions in the form

o kT (:7
[ 1ntl/2 ] = et [ fr } ;
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for some constants [7 and V. Substitute this solution into the finite difference
equations, find out what condition A has to satisfy in order for {7 and V to have
nontrivial solutions. For those A values, Compute |A| to see if the stability condition
|A] < 1 is satisfied.

(Convectiembiﬂ“ﬁsion Equation, 20%) For the convection-diffusion equation
1y + Aty = Dlgy,

where ¢ > 0 and b > 0, a natural Crank-Nicolson scheme is

e+ 1 n+1
Uj+1 - ijl )

e

n+1 n n in

| At 2 2Ax ’ 201
1) 7t L7 n+1 -1 ni+1
b (UR 20 US N el —oUPt 4+ U, .
2 (Ax)? (Ax)?

Denote v = bAt/(Az)? and p = aldt/(2Az), show that the scheme is stable in the
max norm if ¢ < v < 1. Also use Fourler analysis to derive the stability condition
in the I, norm and show that the scheme is always stable in the I norm. Suppose u
stands for some chemical concentration, which norm is more appropriate? Explain
why this scheme is so restrictive that it is not often used.

on



Numerical Analysis Prelim, January 2004

Answer any five of the seven questions below. Clearly indicate which questions vou
want to be counted towards vour score. 80% constitute a passing score. Time for this
examn is three hours. Do not use books, notes, or a calculator.

-1- (Householder Reflections.) A Houscholder Reflection I is an n x n orthogonal
matrix of the form

where
ulla =1 (2)

and I is the n x n identity matrix. Let a € R”™ be a given (non-zero) vector. Show
how to pick « in (1) such that

Ha = ||a]|2¢e; (3)

where e is the first unit vector. Describe how to use this technigue to compute the QR
factorization of an n x n matrix A.

-2- (Frobenius Norm.) The Frobenins Norm HAllp of an nox nomatrix A is defined by

Sy {i i nfj {4)

D=1 =1

Lot H = I — 2uu® be a Householder reflection as in the preceding problem and compute
\T.’ il 0 Y A 1 3 }'I

4.1 I | P ¥
[P0 AL e 0 R 0 o i L . 5

o

-3- (Gaussian Quadrature.) Consider the quadrature formula

b i
/ wlx) fla)de = Z g fl&€) + EL (5)
D3 o}

w is a given positive weight function. How do vou pick the knots & and the weights cv; such
that the formula is exact (ie., £ = 0) for all polynomials of degree up to 2n — 17 Show
that vour choice works and that you can find suitable weights and knots for all intervals
la.b] and positive weight functions w.

-4- (Bernstein Bézier Form.) Let T be a non-degenerate triangle with vertices V7. Vo,
and Vi, The harveentric coordinates by, by, and by of a point & € 1R? with respect to

T are defined by | |
T z b;V: where Z b, = 1. (6)

i=1 FE
A polvnomial p of degree d can be written uniquely in its Bernstein-Bézier form as
ol!

f”(“) = Z ;W(ifﬂ ‘iji}biﬁbg (?)
ik fhe=d S

Numerical Analysis Prelin January 2004 page 1



Assuming vou know the coefficients ¢ of p as a polynomial of degree d. show how to
write p as a polynomial of degree d + 1'in Bernstein-Bézier form. What are the coeflicents
of pif pla) =17

-BH- (Sensitivity Analysis.) Consider the (square, non-singular) linear system

Ar = 0. (%)

Suppose you compute (by any method) a numerical solution i and you are concernesd
about the relative error

] ‘

where .|l denotes a enitable vector norm. Perive upper and lower bounds on £ in terms

of the residual # = b — Az and the condition nunber of A with respect to .
-6- (ODEs.) Consider the initial value problem of ODEs:
' = fleoy). yle) =y (1)

Describe the Trapezoidal Rule applied to this problem and analyze 1ts local accuracy and
its region of absolute stability.

-7- (PDEs.) Consider the one-dimensional Heat Fquation

U = tgp. L2 0, 1€ 0.1], wle.0)= fla), ul0,8) = ull, £y = 0. (11)

Deseribe how to discretize this problem by applying the Method of Lines and the Backward
Fuler Method. Analyze the stability and local accuracy of your method.

Numerical Analysis Prelin Janary 2004 rage 2



Prelims Numerical Analysis, August 2003

Answer any 9 of the 10 questions below. Clearly indicate which question you do not want to be counted.
80% constitute a passing score. Time for this exarmn is three hours. It is closed books and notes.

-1- (Newton’s Method.) Describe how (the two-variable version of) Newton’s Method can be used to

solve the nonlinear system
24yt =1
ey

e’ —y=10
Discuss the selection of a starting point and the advantages and disadvantages of Newton’s method.

-2- (The QR factorization.) Describe the QR factorization of an m X n matrix A, how to compute it,
and what it can be used for.

-3~ (The QR Algorithm.) Outline the basic ingredients of the QR algorithm for solving eigenvalue
problems.

-4~ (The Singular Value Decomposition.) Define the term “singular value decomposition” and show
that every m X 7 matrix A has a singular value decomposition.

-5- (The Jacobi Method.) Let A be a strictly diagonally dominant 7 x n matrix, ie.,

iaig[>2]aéjl, i=1,...,7. (2}
i#i

Describe the Jacobi method applied to the linear system
Ax = b (3)

+-it-converges. for all initial approximations of the solution.

‘! 3
LI POV Lol ety

-6~ (Spline Spaces.) Let T be a ¢riangulation of a domain €, and § the linear space of functions on T
that are continuous on {1 and that on each triangle in T' can be written as 4 (bivariate} polynomial of degree

d. Derive the dimension of S.

-7- (Numerical ODEs.) Define the terms linear multistep method (LMM), order, consistency, zero-
stability, local truncation error, and region of absolute stability of an LMM. What is the highest order
implicit 1 step method and discuss its region of absolute stability?

-8- (Numerical PDEs.) Consider the Initial-Boundary Value Probiem

wy = Uge, €01, t20, ugvenforz= B,r=1andt=0 (4)
Describe the Crank-Nicolson Method, and analyze its local truncation error and stability.
-9- (IIl Counditioning.) Define the condition pumber of a square matrix A and its significance for ihe

solution of the linear system
Az =h. (5)

Can you define a similar number that describes the conditioning of the eigenvalue problem

Ar = Az? (6)

-10- (Multigrid.) Describe the basic ideas of the multigrid technique for the solution of elliptic PDEs.

Numerical Analysis Prelims Fall 2003 page 1



Preliminary Examination, Numerical Analysis, Fall 2002

Instructions: This exam is closed books and notes. The time allowed is 3
hours and vou need to work on any 2 out of questions 1-3 and any other 3
out of questions 4-7. All questions have equal weights and a score of 75 % is
considered a pass. Indicate clearly the work that you wish to be graded.

1. (Sensitivity Analysis.) For the linear system Az = b where A is a square, real
non-singular matrix, a numerical solution & actually solves a slightly different prob-
lem due to roundoff errors:

(a)

(A+6A)E = b+ db.
If we denote 6z = & — z, derive an upper bound for the relative error

_ l1oal]
Br=Ta)

in terms of the condition number of A, &(A), and the norms of A, 2,04, b,
where || - || is a suitable vector norm.

We can define another relative error

[|9z]]
=l

based on the exact solution. Derive an upper bound for F, in terms of K{A)

Ey =

and the norms of 64, A, 6b and b.

Strictly speaking, the relative error is given by F», even though in many ap-
plications we simply use E, since it is more readily available. Point out cases
where this approximation may not be appropriate. Explain the significance of
the condition nmumber (A}, and express the relative distance of A to its nearest
singular matrix in terms of x{A).

2. (Linear Least Squares and Singular Value Decomposition.) Let A be a real
m x n matrix (m > n) of full rank and let b € R™, the least square problem is to
find z € R" such that

1Az — b}

is minimized.

Describe the following three approaches to solve the problem: 1) normal equations,
2) QR decomposition, and 3) singular value decomposition (SVD). Discuss briefly
the advantages and disadvantages of each approach. In particular, give a geometric
interpretation of the normal equation approach, and explain why it is often to be
avoided. Characterize the difficulties in a rank-deficient least square problem and
make a suggestion about which method you should use.

1



3. (Eigenvalue Problems.)

(a)

For the general eigenvalue problem of a nonsingular matrix A, the simplest
method is the power method, which converges to the largest eigenvalue in
magnitude, assuming it is simple. The algorithm is the following:

i=10

repeat

Yirr = AT

Tit1 = g/ yirilla

Aip1 = Ti ATip

i=14+1
until convergence
The inverse iteration algorithm takes advantage of the fact the if o (the shift)
is closest to one of the simple eigenvalues A, then 1 /(A — &) will be the largest
eigenvalue in magnitude of the matrix (A—ol)*. Use this fact to construct the
irverse iteration algorithm. Note that we will not need to construct the explicit
inverse of A — ol. How fast does it converge to the desired eigenvalue? When
do you expect the convergence to be slow? How do we find the corresponding
eigenvector?

Now consider the symmetric eigenvalue problem where A is symmetric. What
is the Rayleigh quotient? The Rayleigh quotient method is the inverse itera-
tion algorithm described above applied to a symmetric matrix, when the shift
‘< chosen to be the Rayleigh quotient p; of A and the updated vector z;. Ex-

plain the rationale of choosing p; to be the shift and determine tie spoed of
convergence of p; to A.

4. (Numerical ODEs.)

(a)

Consider the general system of ODEs for y(z) € R*,c € Rand f = (Fir oo [l

y = flz,y),

where we assume f to be Lipschitz continuous. To study the numerical stability,
we linearize f near z = g, ¥ = Yo t0 obtain:

o [0, o) + fx(@o, yo0) (& — o) + Vyf (20, y0) (y — Yo)

If we denote A = V,f(x0,¥o), then we claim that the local stability of the
above system can be analyzed by studying the following constant coefficient
system

Y = Ay.

Justify this claim by analyzing the simple scalar equation

y = a+br+cy,

2



where a, b, ¢ are constants, in the explicit Euler’s method, to show that the
stability is determined by how we solve y = cy. What is the most important
property of A we need to find that will affect the choice of numerical schemes
and step sizes?

Now consider the initial value problem

o+ 2uy + (14 pPy =0,

y(0) =0, ¥'(0) =1,

where > 0 is a given constant. If we use a simple explicit Euler’s method,
determine the maximum step size h that is allowed for the solution to be stable.

5. (Iterative Methods for Linear Systems.)

(a)

Consider the linear system Az = b and a splitting of A:A=M- K, with M
being nonsingular, an iterative method is to iterate

Tyl = Rmm + ¢,

where R = M~1K and ¢ = M~'b. Show that the method converges for any zq
if ||R|| < 1 where || - || is any operator norm.

To solve the boundary value problem

—u'(z) = f(z), for0<z<l,

with u(0) = 0, and v/(1) = 0, we use second-order central differences for the
discretization at the mesh points z; = j/N:

fz;)

—TV"E"—, j == 1,2,...,17V
4

~jy 42Uy — Ui = =
and the central difference for ' at zxy to eliminate the ghost point Ty @
UN+1 = UN-1-
Use all the finite difference equations and the boundary conditions to obtain
the linear system Au = b, where

2 -1 Uy h
-1 2 -1 U 1 fg
A= . ’ , U= ’ , b= N2 )
-1 2 -1 UN-1 Inet
-2 2 un I




6.

Verify that A has eigenvectors

gin %53:1 1
kn

sin “Q_IQ
’U(k) e S]_H%ECEJ s k2113,5,...;2N“3,2j\‘r‘”1,

sin ’—“-zﬁmN_l
sin %’i:cN

and use them to find the eigenvalues of the iteration matrix R for the Jacobi
method. Analyze the convergence properties of the Jacobi method applied to
this problem, and express the convergence speed as a function of N. How does
the number of iterations required to reduce the initial error by a factor of &

depend on N7

(Wave Equations.) Consider the first-order wave equation in one space dimension:
w4 oug =0, —oo <z <00, t> 0
where @ is a constant, with the initial condition

ulz,0) = ug(z), —o0<xT <X

-1

for a given function ug. We use the usual discretization
Ur =~ u(z;, t"),

where z; = jAr and £ = nAt. For a finite difference scheme to solve this problem,
what is the CFL condition? Give an intuitive explanation for the condition. Derive
the first-order upwind scheme for this equation and its truncation error. For numer-
ical stability, derive the conditions for stability in the maximum norm (maximum
principle) and the ly norm (Fourier analysis).

(Heat Equation.) Derive the Crank-Nicolson scheme for the following problem
g = tgg, >0, 0<z <l
with the boundary conditions
w(0,t) = u(l,1) =0, t=0,

and the initial data
u(z,0) = u(z), 0Lk

4




for some given function up. Use the usual discretization with uniform mesh points
x; = jh where h = 1/Nand j=0,1,2,..,N. Show that the method is second order
by deriving the truncation error. What other conditions do we need to guarantee
the convergence of the numerical solution? Derive the stability condition in [y norm
by using Fourier analysis. For any value of v = At/{Az)?, do we always have the
maximum principle satisfied? If we have some initial data such that 0 < ue(z) <1,
derive the condition that should be imposed on v so that 0 < uy <1 also holds for
all j and n > 0.




Preliminary Examination, Numerical Analysis, Fall 2001

Instructions: This exam is closed books and notes. Time: 3 hours. Answer 5 of the
following 7 questions; at least 1 of the questions you choose must be from guestions
6 and 7. Indicate clearly which of your answers you wish to have graded. A score of
70%, constitutes a pass. All questions have equal weight. On the last page of the exam
are some facts that you may find useful.

1) Linear Least Squares: The Linear Least Squares problem for an m x n real matrix A and
he R™ is the problem:

Find x € R" such that [|Ax — bilz is minimized.

a} Suppose that you have data {{t;yy)}, 7 = L,2,...,m that you wish to approximate by an
expansion )

T

o) = 3 wndnlt).

k=1

Here, the functions ¢ (t) are given functions. Which norm on the difference between the approxima-
tion function p and the data gives rise to a linear least squares problem for the unknown expansion
coefficients 1,7 What is the matrix A in this case, and what is the vector 67

b) Suppose that A is a real m X n matrix of full rank and let b € R™. Show that the Least Squares
__problem has a unique solution and describe the geomeiry of the Least Squares problem (in terms

of vectors and/or subspaces of R™ and Jor R™).

¢) For the matrix A and vector b of part (b), answer the following questions: What are the ‘normal
equations’ for the Least Squares problem? How can they be used to solve the Least Squares
problem? What is the QR factorization of A and how can it be used to solve the Least Squares
problem? Compare and contrast these approaches for numerically solving the Least Square problem.

2) Singular Value Decomposition: The singular value decomposition (SVD) of a real m x n
matrix A {you may assume m > n} is defined by

A = UsV!
where I is m x m and orthogonal, ¥ is m x n and diagonal, V' is n x n and orthogonal.

a) Prove that every matrix A has an SVD.

b} Use the SVD of A to prove the famous result from linear algebra that the null space of A is the
orthogonal complement of the range of AT (the adjoint of A).

¢) For a nousingular m X m matrix A, the solution to the system Az = b can be expressed in terms
of A’s SVD. Write b = Y7L ¢ju; where u; is the 3t column of U. Then the solution z i3

n

s
T = Z—]—’i,’j

=17




where v; is the §t* columm of V and oy is the 4" singular value. Verify this formula. Consider the
special case b = u;. What perturbation Sb in b, with ||8b]|2 = 1, causes the largest change dz in the
solution z7

3) Iterative Methods for Linear Systems: Consider the fixed-point iteration
w1 = Tt 4 ¢
for finding a solution of the problem
wu=Tu-+c

where T is an m x m real matrix and ¢ is a real m-vector.

a) Show that the fixed point iteration will converge for an arbitrary initial guess u(® if and only if
the spectral radius of T, p(T), is less than 1.

b) Consider the boundary value problem

—uf{z}y = flz), for0 < x < 1
with u{0) = u(1) = 0, and the following discretization of it:
Uiy + 2 Uj = Ujyr = Fy

for j=1.2,..., N — 1 where Nh =1 and F; = h? f(5h).

Analyze the convergence properties of the Jacobi iterative method for this problem. In particular,

express the speed of convergence as a function ot thediseretizatiorstepsize-fr--How-does-the-namber
of iterations required to reduce the initial error by a factor § depend on i7 In practice, would you
use this method to solve the given problem? If so, explain why this is a good idea? If not, how
would you solve it in practice?

4) Eigenvalue Problems:

a} Let 4 be a real n X n matrix with simple eigenvalue A, right eigenvector z (i.e., Ar = AT),
and left eigenvector y (f.e., y*A = Ay™). Assume that llzfls = Jlyll2 = 1. Show that the condition
number for A to changes in A is given by s(A) = 1 /ly* x|, Give an example of a matrix A which has
a badly conditioned eigenvalue, and another matrix A which has only well-conditioned eigenvalues.
b} Consider the problem of computing an eigenvalue/eigenvector pair of a real syrunetric m X m
matrix A with eigenvalues of distinct magnitudes. One algorithm for irying to do this is Rayleigh
Quotient Tteration: '

Guess 0'0) with [jol%], = 1.
Set A = (p7T A4
For k= 1,2,3,...
Solve (A — MU w = w1 for w
I = [l
AR = (.”(k})?’m,qy(k)
Frnd
Suppose that the Rayleigh Quotient Iteration iterates A% converge to a simple eigenvalue A of A.
Analyze the speed of convergence of ME) to A




5) Krylov Subspace Methods: Consider the system Az = b, in which A is a symmetric posi-
tive definite real m x m matrix, and denote by z, its true solution. The conjugate gradient (CG)
algorithm for finding the solution to the system is:

Set g = 0, 7o = b, and pg = ryp.

Forn=1,2,3....
o = Th_1Tn1/Pr-1APn-1
Tp = Tp-1 T UnPn-1
Tp = Tn—1 — Ot APn—1
B = i/ e
Pn = Tn-1 -+ Bnpr-1

End

The vectors generated by this algorithm have the property that, provided v, 3 # 0,

K, = span{b, Ab, A%, ... A""1b} = span{z1,Z2,. ., Zn}
= span{re,Ti,- .-, "ot} = span{pg,P1,- -+ Pn-1}

and @7, = 0 and pl Ap; =0 for all j <n.
Let €, = ||&n — Z+|| 4, where the A-norm of a vector = is defined by llzlla = (27 Az)/2

a) Prove the following:
Suppose the CG algorithm is applied to the symmetric positive definite system Az = b and that

it has not vet converged (rp—1 # 0). Then e, < iy~ 2.l for all y € Kn. y # 20t llealia < llen—alla
and ey = 0 for some N <m.

b) In practice this result is not very useful. Why is this, and what determines the speed of

convergence of zp to .7 What is ‘preconditioning’ and how is 1f related to the speed ol convergence
of the CG algorithm?

6) Numerical Methods for ODEs: Cousider the Linear Multistep Method

4 1 2
Ynt2 — g?jm:wi RN gyﬂ = ghfn+2

for solving an initial value problem y' = f(y.z), y(0}) = 7. You may assume that [ 18 Lipschitz
continuous with respect to y for all x.

a) Analyze the consistency, stability, accuracy, and convergence properties of this method.

b} Would it be more reasonable to use this method or Euler’s method for the initial value problem:
y = —10%y — cos(z})] — sin{x), (0} = 17
Justify yvour answer.
7) Finite-Difference Methods: Consider the initial boundary value problem
vy = Buge, 0<z<l, 0<t, vz,0)= flx)
with Dirichlet boundary conditions

v(0,t) =0, v{l,f) =0



Suppose that the interval [0,1] is partitioned by meshpoints z; = jh for j = 0,1,...,N and
h = 1/N. A possible discretization of the above problem uses the Crank-Nicolson scheme for the
differential equation:

Bk Bk n
(I- ?me)u;‘“ = (I+ —2—D+Dw)uj
for j = 1,....N =1L, corubined with the boundary conditions:

wf =0 and uy =0

for each time level n. Initial data is obtained from by setting u?- = fj for § = 0,1,... ,N. (Note
that Dy and D_ are the usual torward and backward difference operators.)

Set, up the matrix system that must be solved in order to advance the numerical solution from time
level 11 to time level n + 1. Show that the suggested discretization is stable in the {3 norm

N 1/2
ullz = (}: h!“j12>
7=0

for all choices of timestep & and spacestep h. What other issues should be considered in deciding
whether the suggested scheme is a good choice for the problem?




Fact 1: A real symmetric n X n matrix 4 can be diagonalized by an orthogonal similarity trans-
formation, and A’s eigenvalues are Teal.

Fact 2: The (N — 1) x (N ~ 1) matrix M defined by

[-2 1 0 O © 0 0 0 0]
[ 1-2 & 0 O 0 6 0 01
o t+~-2 1 0 0 0 0 0]
i 00 1-2 1 0 06 ¢ 01
{ ]
[ -]
[ -]
{ -
L . . . . . .o ]
£ 00 0 00 1-2 1 0]
[ 00000 0 1-2 11
[ 00 0 0O 0 0 1-2]
has eigenvalues 1y = — 481112(___}%), l=12,....,N -1
Fact 3: The (N + 1} x (N + 1) matrix:
[-1 1 0 0 O 0 0 0 01
[ -2 & ¢ O 0 0 0 07
[ ¢ 1-2 1 0O 0o 0 0o 01
F o 0 1-2 1 0 0 0 01
[ 1
[ .
[ o]
[ -]
L. . .. o]
[ 00 000 1-2 1 01
i o0 0 00 . . . 1 -2 1]
{ ooo0o0oo0 . . . 00 1-1 1

has eigenvalues y; = —4 sin’ (i{'ﬁiﬁ”}) , l=0,1,....N.

Fact 4: For-a real n x n matrix A, the Rayleigh quotient of a vector z € R™ is the scalar

ot Az

r{r) = i et

The gradient of r{z} s

Vr{z) = ;%{Am —r(z)z).

If z is an eigenvector of A then r{z) is the corresponding eigenvalue and Vr(z) = 0.



Preliminary Exam, Numerical Analysis, August
2000

Instructions: This exam is closed books and notes. The time allowed is 3
hours and you need to work on any 3 out of questions 1-4 and any other 2
out of questions 5-7. All questions have equal weight and a score of 75 % is
considered a pass. Indicate clearly the work that you wish to be graded.

1. (Sensitivity Analysis.) Consider the linear system Az = b where A is a square,
non-singular matrix. A numerical solution Z actually satisfies

(A+6A)E = b+ 0ob
If we denote 0z = & — x, derive an upper bound for the relative error
|0x||
2]
in terms of the condition number of A and the norms of A, &, JA,db, where [| -] 18
a suitable vector norm. Also, we can define another relative error

el
Be =

Derive an upper bound for Ey in terms of the condition number of A and the norms

of 64, A, db and h. When are these two erTors close to each bound? What's the
Lo ?

E}“w:

significanice of the condition numper:

2. (Linear Least Squares.) Let A be areal m X7 matrix of full rank (m > n) and
let b € R™. The Least Square problem is to find z € R” such that

Az — b2

is minimized.

Describe the following three approaches to solve the problem: 1) normal equations,
2} QR decomposition, and 3) Singular Value Decomposition (SVD). Discuss briefly
the advantages and disadvantages of these approaches. In particular, give a geomet-
ric interpretation of the normal equation approach and explain why it is not often
used?

3. (Eigenvalue Problems.) Let A be a simple eigenvalue of A (not necessarily sym-
metric), with right eigenvector & (i.e., Az = Az}, and left eigenvector y (i.e., y"A =
Ay*). Assume that Hazlla =yl = 1. Let A+ §A be the corresponding eigenvalue
of A+ 8A. a) Show that

i +§ Az
5o = L2027

+O(lIBAIP),

Y

1




and derive an upper bound for [§A[. What is the condition number for A with respect
to changes in A7

b) Consider the matrix

-1

€ 0
Compute d)\/de and show that the condition number becomes infinite as € ap-
proaches zero. ¢) Describe the power method for finding the eigenvalne of the largest
absolute magnitude, and inverse iteration for the eigenvalue closest to a given value.
How fast do you expect these algorithms to converge?

. (Singular Value Decomposition.) Define the singular value decomposition of a
real m x n matrix with m > n. Is the SVD unique for a given matrix A? How is an
SVD problem connected with an eigendecomposition of a symmetric matrix? Sketch
the general structure of algorithms for those imported from eigendecomposition,
namely, how do you reduce A to some form more manageable? How do you obtain
the information about the rank of A through the SVD of A? If A is square and
nonsingular, how does the SVD of A help you determine the sensitivity of the

solution z for Az = b7

. (Iterative Methods for Linear Systems.) Consider the linear system Az = b

sphittingof A A =M K with M nonsingular, and the iteration

P
[#5 8 A =g ey B EY

Tyl = R:Em +C,

where R = MK and ¢ = M ~1}. Show that the method converges for any Zo if
||R!] < 1 where || - | is any operator norm.

Given an (N — 1) x (N = 1)

2 -1 h
12 -1 5
j_lﬂ . . , b= — .
g
*““E. 2 '""'"1 f’i\rwz
~1 2 fe

Analyze the convergence properties of the Jacobi and Gauss-Seidel methods for this
problem. For each method, express the convergence speed as a function of N. How
does the number of iterations required to reduce the initial error by a factor of &
depend on N for each method?




6. (Wave Equations.) Consider the wave equation in one space dimension:
wp + auy =0, —00 < T <G, t > (0,
with initial condition
ulz, 0) = ug(z)

Consider the usual discretization

U* 7 u(Tm, tx)

L

where z,,, = mAz and {p = LAt. For an explicit scheme, what 18 the CFL condition?
Clive an intuitive explanation of the condition. Give the first-order upwind scheme
for this equation and derive the truncation error.

7. (Heat Equation.) Consider the following heat equation problem

Uy = Ugg, >0 0<z<i,

w(0,) = u(l,£) =0, >0,
u(z,0) = uplz), 0<z<l

Using the forward or backward difference for the time derivative and central differ-
ence for the space derivative, derive the explicit and implicit schemes. What's the
stability condition for each case? Perform a Fourier analysis on both the explicit
implcit-methods and use the von Neumann condition to verify these stability

]
CITVE TERT

conditions.



Prelims Numerical Analysis, August 1999

Answer any five of the six questions below. Clearly indicate which questions you want
to be counted. 80% constitute a passing score. Time for this exam is three hours. It is

closed books and notes.

-1~ (Quadrai;ure.) Consider the quadrature formula
b k]
[ vy =Y s + £ W)
@ =0

w is a given positive weight function. The knots &; and the weights «; are at your disposal.
How do you choose them so that the error E is 0 for all polynomials f of degree as high
as possible? How high is possible? Give reasons for your answers.

-2- (Spline Spaces.) Let T be a triangulation of a domain Q, and S the linear space of
functions on T' that are continuous on () and that on each triangle in T’ can be written as
a (bivariate) polynomial of degree d. Derive the dimension of 57

-3- (A Matrix.) Compute the eigenvalues and eigenvectors of the tridiagonal N X N
matrix

2 1 0 ... 0 07
12 1 ... 0 0
o1 2 . 0 0
A= L (2)
o0 0o . 2 1
lo 0 0o ... 1 2.

Note that the diagonal entries are indeed meant to be positive 2, not -2.
-4~ (Sensitivity Analysis.) Consider the (square, non-singular) linear system
Az =b. (3)

Suppose you compute (by any method) a qumerical solution # and you are concerned
about the relative error li o
r—&
E= (4
el :
where .|| denotes a suitable vector norm. Derive upper and lower bounds on E in terms
of the residual 7 = b — A% and the condition number of A with respect to {[|i.

-5- (Numerical ODEs.) Define the terms linear muitistep method (LMM), order, con-
sistency, zero-stability, local truncation error, and region of absolute stability of an LMM.
Derive the highest order implicit 2 step method and discuss its region of absolute stability.

Numerical Analysis Prelims Fall 1999 page 1



-6- (Numerical PDEs.) Consider the PDE

Uy + g =0 (5)
and the usual discretization
UZ = w(@m,tn) where Im = mh and tnp = nk. (6)
The Leap Frog Method is given by
Untt = Ut = (U = Unet)- @
Compute the local truncation error and discuss the stability of this method.
Fall 1999 page 2
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Preliminary Examination, Numerical Analysis, Fall 1998

Instructions: This exam is closed books and notes. Time: 3 hours. Answer 5 of
the following 8 questions; at least 2 of the questions you choose must be from
questions 6,7, and 8. Indicate clearly which of your answers you wish to have
graded. A score of 70% constitutes a pass. All questions have equal weight. On
the last page of the exam, are some facts that you may find useful.

1) Linear Least Squares: The Linear Least Squares problem for an m X n real matrix A
and b€ R™ is the problem:

Find x € R® such that ||Ax — b||s is minimized.

a) Suppose that you have data {(t;,y;)}, i =12,...,m that you wish to approximate by
an expansion

p(t) = gjmm(t)-

Here, the functions ¢.(t) are given functions. Which norm on the difference between the
approximation function p and the data gives rise to a linear Jeast squares problem for the
unknown expansion coefficients 7 What is the matrix A in this case, and what is the

vector b?
b).Suppose that A is a real m X n matrix of full rank and let b € R™. Show that the

Least Squares problem has a unique solution and describe the g
problem (in terms of vectors and/or subspaces of R™ and/or R").

¢) For the matrix A and vector b of part {b), answer the following questions: What are the
‘normal equations’ for the Least Squares problem? How can they be used to solve the Least
Squares problem? What is the QR factorization of A and how can it be used to solve the
Least Squares problem? How can the Singular Value Decomposition (SVD) of A be used to
solve the Least Squares problem? Compare and contrast these approaches for numerically
solving the Least Square problem.

2) Singular Value Decomposition: Suppose that A is a real m X n matrix with rm > n.
a) What is the singular value decomposition (SVD) of A? Does every matrix A of this type
have an SVD? If your answer is yes, prove the assertion. If your answer is no, give an example
of a matrix A which has no SVD.

b) For a matrix A which does have an SVD, how would having the SVD give easy access to
information about the rank of A7 If A were m X m and nonsingular, how would knowing A’s
SVD help you determine the sensitivity of the solution of a linear system of the following

form
Ar = b7

¢) For a nonsingular matrix A which does have an SVD, express the relative distance from
A to the nearest rank deficient matrix in terms of A’s singular values.

eometry of the beast Squares—



3) Iterative Methods for Linear Systems: a) Consider the fixed-point iteration
u®*D = Tu® + ¢
for finding a solution of the problem
y=Tu+c

where T is an m x m real matrix and c1s a real m-vector. Show that the fixed point iteration
will converge for an arbitrary initial guess u(® if and only if the spectral radius of T, p(T),

is less than 1.
b) Consider the boundary value problem

~u'(z) = f(z), for0 < x <1

with u(0) = u(1) = 0, and the following discretization of it:
“—Ujml +2 Uj - UJ:;.l = Fj

for j =1,2,...,N — 1 where Nh=1and F; = h* f(jh).

Analyze the convergence properties of the Jacobi iterative method for this problem. In
particular, express the speed of convergence as a function of the discretization stepsize h.
How does the number of iterations required to reduce the initial error by a factor ¢ depend

on K7 Tn practice; MWMM&MM@MMM@M&QRH@YH

this is a good idea? If not, how would you solve it in practice?

4) Eigenvalue Problems:
a) Consider the problem of computing an eigenvalue/eigenvector pair of a real symmetric
m % m matrix A with eigenvalues of distinct magnitudes. T'wo algorithms for trying to do

this are:

Power Iteration Rayleigh Quotient Iteration

Guess v with @] =1 || Guess v(*) with vz = 1.
Set A® = (v@)T Av(®).

For k=1,2,3,... For k=1,2,3,...
w = AvEY) Solve (A — AE~D[)w = vi¥~1) for w
v® = w/jwllz v# = w/|lw||s
A = (ol Ay A = ()T Ay®)

End End

i) Analyze the convergence properties of the Power Iteration algorithm for a generic guess v
ii) Suppose that the Rayleigh Quotient Tteration iterates A¥) converge to a simple eigenvalue
X of A. Analyze the speed of convergence of B to X,

b) Many algorithms for finding eigenvalues of a complex m X m matrix A are based on the

existence of a Schur decomposition of A, namely, A = QT'Q* where (Q is unitary and T is

2



upper triangular. Prove that every matrix A has a Schur decomposition and explain how
knowing the Schur decomposition of A would help one determine the eigenvalues of A.

5) Krylov Subspace Methods: Consider the system Az = b, in which A is a symmetric
positive definite real mm x m matrix, and denote by z, its true solution. The conjugate gra-
dient (CQ) algorithm for finding the solution to the system is:

Set zg = 0, 1o = b, and pg = To.

Forn=1,2,3,...
Gy = T£M1Tn-—1/PfI:_1APn—1
Ip = Tp-1 T CnPn-1
Tp = Tn-1 " anApnwi
ﬁn = TETn/Tzwirﬂ-—l
Pn = Tn-1 + ﬁnpn—l

End

The vectors generated by this algorithm have the property that, provided 7,1 # 0,

K= span{b,Ab,Agb,...,A”*lb} = span{z1, T2, ---»Tn}
= span{ro,Ti,--+,Tn-1} — span{po, P1, - - -»Pn—1}

and rTr; = 0 and p; Ap; = 0 for all j < m.

Let e, = ||Zn — %.l|4, Where the A-norm of a vector « is defined by [lzlla = (2T Az)V/2.

) Prove the following:

Theorem: Supposé %EWSWWW"mHWWWm%M

Az = b and that it has not yet converged (rq—1 # 0). Then e, < lly — z.]|a forally € Kas
Y F# Tns lenlla < llen-1ll4; and ex = 0 for some N < m.

b) In practice this result is not very useful. Why is this, and what determines the speed
of convergence of Z, to z.? What is ‘preconditioning’ and how is it related to the speed of
convergence of the CG algorithm?

6) Numerical Methods for ODEs: Consider the Linear Multistep Method

1
Ynt1 — Yn = éh(frwl + fn)

for solving an initial value problem ¥’ = fly,z), y(0) = n You may assume that f 1is
Lipschitz continuous with respect to y for all z.

a) Analyze the consistency, stability, accuracy, and convergence properties of this method.

b) Would it be more reasonable to use this method or Euler’s method for the initial value
problem:

y' = —10%[y — cos(z)] ~ sin(z), y(0)=17

Justify your answer.



7) Finite-Difference Methods: Consider the initial boundary value problem
w o= P, 0<z<l, 0L, v(z,0) = f(x)
with Dirichlet boundary conditions
v(0,t) =0, v(1,t)=0.

Suppose that the interval [0, 1] is partitioned by meshpoints x; = jh for j =0,1,...,N and
h = 1/N. A possible discretization of the above problem uses the Crank-Nicolson scheme

for the differential equation:

Pk
2

Bk

(I—‘?D+D~)’U’?H = (I+—D.D-)uj

forj=1,...,N -1, combined with the boundary conditions:
u =0 and uy =0

for each time level nn. Initial data is obtained from by setting uJ = f; for j = 0,1,... ,N.
(Note that Dy and D_ are the usual forward and backward difference operators.)

Set up the matrix system that must be solved in order to advance the numerical solution
from time level n to time level n-+ 1. Show that the suggested discretization is stable in the

_damorm
lulls = (Zhluﬂﬁ)

§=0
for all choices of timestep k and spacestep h. What other issues should be considered in

deciding whether the suggested scheme is a good choice for the problem?

8) Finite-Element Methods: Consider the problem:

"+ u = f, on [0,1]

with

u(0) =0 and u(l) =1.
Derive a variational formulations of this problem (be sure to define the space on which your
variational problem is to be solved). Formulate a Galerkin finite-element method for the
variational problem using piecewise linear functions. Prove that the linear system which
arises in the finite-element method has a solution. In what sense is the solution optimal?



Fact 1: A real symmetric n x n matrix A can be diagonalized by an orthogonal similarity
transformation, and A’s eigenvalues are real.

Fact 2: The (N — 1) x (N — 1) matrix M defined by

2 ifi = j

0 otherwise

has eigenvalues p; = 4sin2(§%), 1=12,...,N-1
Fact 3: The (N + 1) x (N + 1) matrix:

[-1 1 0 0 O 0 0 0 01
[ 1-2 1 0 O 0 0 0 01
[ 0 1-2 1 0 0 0 0 01
I o 0 1-2 1 0 0 0 01
[ ]
L L]
1 ]
{ ]
r . . . . R |
[ 0 0 0 0 O 1-2 1 01
[ 0 0 00 O 0 1 -2 11
00 000 00 1 =11

has eigenvalues

C aan? i _
= —4sin (W(N—l—l))’ 1=0,1,...,N.

Fact 4: For a real n x n matrix A, the Rayleigh quotient of a vector x € R™ is the scalar

T Az

e

r{z) =
The gradient of r(x) is
2
Vr(z) = E(Am —r(z)x).

If z is an eigenvector of 4 then r(z) is the corresponding eigenvalue and Vr(z) = 0.



Preliminary Examination, Numerical Analysis, Fall 1997

Instructions: This exam is closed books and notes. Time: 3 hours. Answer any
6 of the following 9 questions. Indicate clearly which of your answers you wish
to have graded. A score of 70% constitutes a pass. All questions have equal
weight. On the last page of the exam, are some facts that you may find useful.

1) Sensitivity of Solution of Linear System: Suppose that A is a real non-singular

n % n matrix. Consider the family of linear systems Az(e) = b+ ec, where b and c are
given nonzero vectors in R”, and ¢ is a real parameter. Let z = z(0) be the solution for
¢ = 0. Let || - ||z denote the Euclidean vector norm. Show that

[lz(e) — |2 _apy He cllz
e < flAlk0 A 02y,

The expression ||Allz||A7}]lz is the condition number of A. Interpret the above inequality
and explain its significance?

2) Singular Value Decomposition: Suppose that A is a real m X n matrix with m > n.
What is the singular value decomposition (SVD) of A7 Does every matrix A of this type have
an SVD? If your answer is yes, prove the assertion. If your answer is no, give an example
of a matrix A which has no SVD. For a matrix A which does have an SVD, how would

wmmwwwhma_vi"mmwmeﬁ%@@%m infor ﬁmémﬁmm“ﬂf_nm@}_d

nonsingular, how would knowing A’s SVD help you determine the sensitivity of the solution

of a linear system of the following form

Az = b7

3) Eigenvalue Problems: Let A be a real n x n matrix with simple eigenvalue A, right
cigenvector z (i.e., Az = Az), and left eigenvector y (ie., y*A = Ay*). Assume that
Izl = iyl = L a) Show that the condition number for A to changes in A is given by
s(\) = 1/|y*z|. b) Give an example of a matrix A which has a badly conditioned eigenvalue,
and another matrix A which has only well-conditioned eigenvalues. c) Sketch a reasonably
efficient algorithm for finding the largest eigenvalue of a symmetric matrix A with distinct
eigenvalues. How fast do you expect this algorithm to converge?

4) Linear Least Squares: The Linear Least Squares problem for an m X n real matrix A
and b € R™ is the problem:

Find x € R" such that ||Ax — bll; is minimized.

a) Suppose that you have data {(t;,y5)}, 7 =1,2,...,m that you wish to approximate by
an expansion



p(t) = g:liﬂkéf’k(t)-

Here, the functions ¢ (t) are given functions. Which norm on the difference between the
approximation function p and the data gives rise to a linear least squares problem for the
unknown expansion coefficients x? What is the matrix A in this case, and what is the

vector b7
b) Suppose that A is a real m xn matrix of full rank and let b € R™. What are the ‘normal

equations’ for the Least Squares problem? How can they be used to solve the Least Squares
problem? What is the QR factorization of A and how can it be used to solve the Least
Squares problem? Compare and contrast these approaches for numerically solving the Least
Square problem.

5) Iterative Methods for Linear Systems: Consider the boundary value problem

—u"(z) = f(z), for0 < x <1

with 4(0) = u(1) = 0, and the following discretization of it:
—Uja+2U; - U = F

for-4-=1,2, ,lewhereNhﬂlandFT-Ehgf(jh)-

LAY S 4 ¥

Analyze the convergence properties of both the Jacobi and Gauss Seidel iterative methods
for this problem. In particular, for each, express the speed of convergence as a function
of the discretization stepsize h. How does the number of iterations required to reduce the
initial error by a factor & depend on h for each method? In practice, would you use one of
these methods to solve the given problem? If so, explain why this is a good idea? If not,
how would you solve it in practice?

6) Newton’s Method: Suppose f(z) is a real-valued function defined for all values of the
real variable z, and that f'is Lipschitz continuous. State and prove a local convergence
theorem for Newton’s method for finding a simple zero of f. How does this result change
if the root is a double root? Is Newton'’s method globally convergent? If you answered yes,
prove your claim. If you answered no, sketch an example which illustrates your claim, and
outline a method that has the Newton method’s local convergence properties but which is

globally convergent.
7) Broyden’s Method: Consider the nonlinear system:

F{z) = 0 where F:R" — R”
and the iteration

2B = gk (A{k})~lp(m(k))

2



where z(@ € R" is given.
Newton’s Method is defined by the choice A® = F'(z) where F'(z) is the Jacobean matrix
of F. An alternative choice for A®+1) i made in Broyden’s Method and is motivated as

follows:

Let A© be a given and suitably chosen matrix. The scalar Secant Method suggests imposing
on A®+D) the condition

AlEFD (g %) = F(:c("“)) ~ F(z®).

This however does not uniquely determine AR+ a5 it does not give any information on how
AR+1 acts on vectors perpendicular to (zk+1) — 7)), Thus require also that:

A6+D; = A®:  forallt € R® such that tT(x**D —x{) =0

Use these conditions to derive an explicit expression for A®+D in terms of A®, z®) and
(k+1)
gL,

8) Numerical Methods for ODEs: Consider the Linear Multistep Method

1

4 2
Yn+2 ~ FYnt1 + FUn = ghfwz

for solving an initial value problem y = f(y,z), y(0) = n. You may assume that [ is

s-For Q]! T

Lipschitz contimious with-respect-to-y-1oF
a) Analyze the consistency, stability, accuracy, and convergence properties of this method.

b) Would it be more reasonable to use this method or Euler’s method for the initial vahie
problem:

Y = ~10%]y — cos(z)] — sin(z), y(0) =17
Justify your answer.

9) Finite-Difference Methods: Consider the initial boundary value problem
vy = Bug., 0<z <1, 01, v(z, 0) = f(z)
with Neumann boundary conditions
v (0,8) = 0, wgz(1,t) =0.

Suppose that the interval [0, 1} is partitioned by meshpoints z; = jh for 7 = 0,1,...,N and
h = 1/N. A possible discretization of the above problem uses the Crank-Nicolson scheme
for the differential equation:

Bk

Gk n n
(I — MQ—D'*“D“‘){U’J'—;J = (I“i’ ‘—i“DJrD_)U‘?



for j=0,1,..., NV, combined with the boundary condition discretizations:

uf —ul Wy UN_
1 1. and N7 Nl oo

ki

for each time level n. Initial data is obtained from by setting ug = fjforj =0,1,..., N.
(Note that D, and D_ are the usual forward and backward difference operators. )

Set up the matrix system that must be solved in order to advance the numerical solution
from time level n to time level n+ 1. Show that the suggested discretization is stable in the

N 1/2
fullz = (ZB hl”jF)

for all choices of timestep k& and spacestep h. What other issues should be considered in
deciding whether the suggested scheme is a good choice for the problem?

[, norm




Fact 1: A real symmetric n X n matrix A can be diagonalized by an orthogonal similarity
transformation, and A’s eigenvalues are real.

Fact 2: The (N — 1) x (N — 1) matrix M defined by
9 ifi = j
My = -1 lf|’&—*j|m}.
0 otherwise

has eigenvalues fy = 4sin®(FE), 1=1,2,..., N = 1.

Fact 3: The (IV + 1) x (N + 1) matrix:

[-1 1 0 0 0 0o 0 0 01
[ 1-2 1 0 O 0o 0 0 01
[ 0 1-2 1 0 0 0 0 01
[ 0 0 1-2 1 0 0 0 0]
[ ]
[ L]
{ o
[ ]
L . A |
[ o 0o ¢ 0 O 1 -2 1 01
r ¢ o0 06 0 O 0 1-2 1]
[ 0 0 0 00 00—t =1}

has eigenvalues




Preliminary Exam, Numerical Analysis, September 19967~

Notes:

Please answer any eight of the following twelve questions. Clearly indicate which ques-
tions you want scored.

A score of 70% or more constitutes a pass. Do not use books or calculators. Duration of
the exam: 3 hours.

To avoid disruption and confusion I will not be able to answer questions during the exam.
If you believe there’s something wrong with one of the questions, indicate it and if you are
right you will receive generous credit. TO be on the safe side, do not include that question
arnong those you want scored.

We want to know if you understand the answers to these questions to the point that you
can work with the associated concepts. So go beyond just giving the name of something,
but do not bother to give trivial details. Use your judgment!

Math 661: Linear Algebra

(Philosophy.) Why are matrices important? Why do we multiply a matrix with a vector
the way we do?

(The QR Factorization.) Let A be an m X1 matrix, where m > n. What is the QR
factorization of A7 How do you compute it? What do you use it for?

-5-

-6-

-1

(Gaussian Elimination T T.U Factorization.) What s—the—Et facterization—ofa
square matrix? How do you solve a linear system Az = b by Gaussian Elimination? Show
that for a general 4 x 4 system the matrix part of Gaussian Elimination is equivalent to
computing the LU factorization of A.

(Condition Number.) What is the condition number of a square matrix A? Suppose
you solve a linear system Az = b. How do you use the condition number to gauge the
accuracy of your numerical solution? Give a formula.

Math 662: Interpolation, Quadrature, Approximation, Nonlinear
Systems, Optimization.

(Gaussian Quadrature.) What is Gaussian quadrature? How do you pick the weights
and knots? Why?

(Least Squares.) Describe in general the problem of approximating a given function in

the Least Squares sense by a linear combination of certain basis functions. Discuss the

by Peter Alfeld. JWB 127, ext. 1-6842, alfeld@math.utah.edu,
http://www.math.utah.edu /" alfeld/




significance of orthogonal basis functions. If you have a basis that is not orthogonal. how
can you obtain an orthogonal basis that spans the same space?

-7- (Interpolation.) Suppose you are given an arbitrarily smooth function f of a single
variable z, and points
Tg < Ty R i P
Let p be the interpolating polynomial of degree n satisfying
p(ﬁ?,) ’—T‘—f(.’E,;), i:O,l,...,n.
Derive an expression for the error
f(z) - plz)
for a general value of z, in terms of the derivatives of f.
-8- (Discrete Approximation.) Let A be an m x n matrix and b € R™ a given vector.
Consider the problem of finding = € IR" such that
| Az — bi|, = min
Depending on the value of p you obtain different kinds of problems. Describe and derive
these problems for p=1.p= 2. and p = 3.
Math 663: Solution of Differential Equations.

-9- (Discretization and Convergence.) What is a discretization? What does it mean
for a discretization to be convergent? Give a precise definition for a differential equation
problem and a discretization of your choice.

-10- (Local Truncation Error.) What is the local truncation error of a numerical scheme?
What does consistency mean? Give a specific and precise example.

-11- (Stability.) What does stability of a numerical scheme mean? Give a specific example.

-12- (Convergence is equivalent to stability and convergence.) Describe and prove a

specific example for this fundamental result.

o]



Preliminary Examination, Numerical Analysis, Fall 1995

Instructions: This exam is closed books and notes. Time: 3 hours. Answer any
5 of the following 8 questions. Indicate clearly which of your answers you wish
to have graded. A score of 70% constitutes a pass. All questions have equal

weight.

1) Sensitivity of Solution of Linear System: Suppose that A is a real non-singular
n % n matrix. Consider the family of linear systems Azx(e) = b+ecq, where b and ¢ are
given nonzero vectors in R™, and ¢ is a real parameter. Let z = z(0) be the solution for
¢ = 0. Let || - || denote the Euclidean vector norm.
a) Show that

(0 =2l gl

e

k2 1Bl

The expression || All2[lA7![l2 is the condition number of A. Interpret the above inequality

and explain its significance?

b) What is the Singular Value Decomposition (SVD) of A? Express the condition number
above in terms of A’s gsingular values.

¢) When the condition number is very large, the matrix is called ill-conditioned. Sometimes
people say that an ill-conditioned matrix is ‘nearly-singular’. Make this precise by expressing

the (relative) distamce between—A—and-the nearest. singnlar matrix to A in terms of the

condition number of A.

2) Linear Least Squares: Let A be a real m x n matrix of full rank and let be R™ and
consider the Least Squares problem.:

Find x € R® such that [|[Ax — bi|2 is minimized.

What are the ‘normal equations’ for the Least Squares problem? How can they be used to
solve the Least Squares problem? What is the QR factorization of A and how can it be used
to solve the Least Squares problem? What is the Singular Value Decomposition (SVD) of
A and how can it be used to solve the Least Squares problem? Compare and contrast these
approaches for pumerically solving the Least Square problem.

3) Iterative Methods for Linear Systems: Consider the boundary value problem
—u"(zg) = f(z), for0 < x =1
with u(0) = u(1) = 0, and the following discretization of it:
~Uj1+2U; = Ui = Fj

for j = 1,2,...,N — 1 where Nh = 1 and F; = B? f(jh). Imagine applying the Jacobi
iterative method to solve this system of linear equations. Analyze the convergence properties

i



of the Jacobi method for this problem. In particular, express the speed of convergence
as a function of the discretization stepsize h. You may find it helpful to recall that the
(N —1) x (N - 1) matrix M defined by

2 ifi = ]
mi; = -1 ifli—jlﬁl
0 otherwise

has eigenvalues p = gsin®(Z), 1 = 1,2,...,.N — L (NOTE: This is a model problem
designed to give you a simple linear system on which to analyze the Jacobi method; one
would certainly not use an iterative method to solve a tri-diagonal system in practice!)

4) Eigenvalue Problems: Let A bearealnxn matrix with simple eigenvalue A, right
eigenvector = (i.€., AT = Az), and left eigenvector ¥ (i.e, y*A = Xy*). Assume that
lzle = lighl: = L a) Show that the condition number for A to changes in A is given by
s(A) = 1/ly*zl. b) Give an example of 5 matrix A which has a badly conditioned eigenvalue,
and another matrix A which has only well-conditioned eigenvalues. ¢) Sketch a reasonably
efficient algorithm for finding the largest eigenvalue of a symmetric matrix A with distinct
eigenvalues. How fast do you expect this algorithm to converge?

5) Newton Type Methods: Suppose f(z) is a real-valued function defined for all values
of the real variable z, and that f' is Lipschitz continuous. Consider the discrete Newton
method: Guess zg and for £ = 0,1,2,..., do

Wik
I

ar =T+ he—HZehr e

Tiyr = Tk — f(@r)/ 0

Analyze the local convergence properties of this method. How does the speed of convergence
depend on the choice of g (ignore any effect of round-off errors in this analysis)? Now taking
roundoff into account what would be a reasonable size for Ay in practice?

6) Numerical Methods for ODEs: Consider the Linear Multistep Method

4 1

2
Un+2 ™ §yn+1 + "3'"9'11 = "3"hfn+2

for solving an initial value problem ¥ = f(¥,%), y(0) = 7. You may assume that f is Lipschitz
continuous with respect to y for all z. a) Analyze the consistency, stability, accuracy, and
convergence properties of this method. b) Would this method be a reasonable one to use for

the initial value problem:
o = —10%[y — cos(z)] — sin(z), y(0) = 1?

Justify your answer.
7) Finite-Difference Methods: Consider the spatially-periodic initial value problem for
v(z,t):



vy = C Vg, for 0 < x <1

with

v(z,0) = f(z), for 0 £ x <1
Here the function f has period 1, and c is a positive constant. Note that the exact solution
of the problem is v(z,t) = f(z + ct).

Consider the following difference approximations to the PDE:

i) u;‘”“ =u} + -cf(u;-‘ﬂ —u)

i) utt = u + S (uf —uf)

iif) wit! =l + 5 (uf — 2i)

In each case, Nh = 1, and the difference scheme is supplemented with the discrete initial
conditions u§ = f (jh) for j = 0,1,..., N and boundary conditions u% = u§, ul; = UN_1s
and ufy .,y = U} for all time levels n > 0.

For each scheme, tell whether it is a reasonable scheme to use on the above problem, and

justify your answers.

8) Finite-Element Methods: Cotisider the problem:

—u" 4+ u = f, on {0,1]

with

u(0) =0 and u(l) =1.
Derive a variational formulations of this problem (be sure to define the space on which your
variational problem is to be solved). Formulate a Galerkin finite-element method for the
variational problem using piecewise linear functions. Prove that the linear system which
arises in the finite-element method has a solution. In what sense is the solution optimal?



Preliminary Examination, Numerical Analysis, Fall 1994

Instructions: This exam is closed books and notes. Time: 3 hours.
Answer any 5 of the following 9 questions (equal weight). A score of
70% constitutes a pass.

1. a) Derive a multistep method to approximate y' = f(t,y) of the
form
Yn+1 = Yn + h(b_1y;1+l + boy:t + bly:zml)

b) Analyze the local truncation error of this method and the conse-
quences regarding convergence. What would be an appropriate predictor
for this method?

c¢) Discuss the region of absolute stability of this method, and the
predictor-corrector method described in part b).

with ¥ = flt,u5) tj":* t,-+jh by interpolating f(s,y(s)) at tn—1,tn, tni1.

2. a) Show that the best uniform (L°[~1,1]) approximation of an even
polynomial p,(z) of (even) degree n by polynomials of degree < n — 2 on
[~1,1], is given by pn () —cn T (x), where T3, is the Tchebyshev polynomial
of degree n, and ¢, is an appropriately chosen constant. Hint: First find
the best approximation by polynomials of degree < n - 1.

b) What are the zeroes of T, and what are their significance in inter-
polation. In particular, estimate the error of interpolation at Tchebyshev

nodes.



3. Compare the stability of the FEuler Predictor-Trapezoidal Correc-
tor and Backwards Euler timestepping methods for solution of the heat
equation

w = g u(x,0) = u(x)

using the centered second difference operator
wj = (w1 — 2uy +u)/h? G=1d

u; =~ u(jh) on the interval [0, 2] with periodic boundary conditions, and
mesh-size h = 3}. Discuss the accuracy of these methods?

4. a) What set of four nonlinear equations are satisfied by the nodes
and weights for Gaussian quadrature with degree of precision 3, on the
interval [0,1].

b) Describe Newton’s method as applied to solving this system of equa-

tions.
¢) Show how and why the weights and nodes for Gaussian quadrature

may be modified from the standard interval to an arbitrary interval.




5. a) What is the best least squares approximation to f (z) = cos 3z
by functions of the form

ap + a1 cos T + ag cos?x + bysinz + bo sin”

with the inner product given by

(v, w)o = é}%[) ’ v(z)w(z)de

b) What if the inner product is

J—1
1 -
(v,w)p =7 > v(a;)w(z)
i=0
with z; = jh, h= %”—5
c) Briefly discuss the normal equations (do they form a well- or ill-

conditioned system?), the Gram-Schmidt process, QR factorization in the
context of parts a) and b). Observe the connection with problem #2.

6. a) Show that Jacobi’s method for solving Az = b iteratively is
convergent when A is strictly diagonally dominant. What does this imply
about the spectral radius of another matrix obtained from A.

b) Describe the successive over-relaxation (SOR) method with param-
eter w and it’s rate of convergence. Give a sufficient condition upon A and
w for convergence.

c) Briefly compare the complexity of solving Poisson’s problem in three
dimensions by direct and iterative methods. Assume the simplest methods
grid, differencing scheme, boundary conditions, ete.



7. a) Give an example to demonstrate the role of pivoting in Gaussian
climination in solving Az = b. Define and explain the significance of the
condition number of A. Compare the condition numbers, with respect to
the norm of your choice, of A and PA, where P is a permutation matrix.

b) Explain the LU decomposition of a matrix A, in particular why the
entries of I are multipliers used in Gaussian elimination, and how to solve
Az = b using L and U. How much work does this take?

8. a) Give an identity that is the basis of one stage of the Fast Fourier
Transform algorithm applied to a vector of length 27. Explain the approx-
imate operation count for the complete algorithm.

b) Describe the application of the FFT to the solution of the heat
equation with periodic boundary conditions, and how this may be viewed
as performing a fast convolution.

9. a) Find the order/rate of convergence of Newton’s method to a
multiple root 7 of multiplicity m > 1 of the scalar equation f(z) = 0.

b) What method is obtained by applying Aitken’s acceleration in this
situation? Show that it is at least quadratically convergent.

c) How would you extrapolate an integration formula whose error be-

haved asymptotically as
I -1, Cghg—%-Cghﬁ—f—...

b : X o i
where I = [, f(z)dz is the exact value, I,, is the approximation with n

subintervals, and h = b=a

n






