DEPARTMENT OF MATHEMATICS
University of Utah
Ph.D. PRELIMINARY EXAMINATION IN GEOMETRY /TOPOLOGY
January 2007

Instructions: Do four (4) problems from section A and four {4}
i problems from section B. Be surs to provide all relevant definitions
and statements of theorems cited. Make sure you indicate which
solutions are to be graded, otherwise the first four answered will
be scored. For a pass, three problems from each group have to be

!

golved entirely,

A, Answer four of the following questions. Each question is worth
ten points. All manifcids are smooth and they are submanifolds of
some Euclidean space.

1. Let &7 be the unit sphere in 2% and A BT — R the projection to the
last coordinate. Prove that the restriction of 1 to S™ is o Morse function and
find all critical points and their indices. )

2. Find a perturbation of the identity map B/P? — ®P? which is a Lefschetz
map and compute its Lefschetz number.

3. Give a proof that RF? is nonorientable.

4. Compute de Rham cohomoelogy of the 2-torus. You may use the Poincaré
fernina and the Maver-Vietoris sequence.  For example, vou may want 1o
compite (S first,

5. Let f 1 B™ — R be a smooth function. Show that for every ¢ > 0 there is
v e B with |v] < ¢ such that the fenction g, R" — R given by

Y
gelz) = flz) +v-x
is Morse.
G. The set SLo{R) of 2 x 2 matrices with determinant 1 can he viewed as a
sithset of B* by choosing an ordering of the matrix entries. Show that this

set i3 a submanifold of BRY and compute the tangent space at the identity
matrix.



7. Consider the vector fields in B

Iy ¢ 17} &g
Nepe— b and V= —om— —
* o iy e dr Iz

Show that ihere i no vonempty surface § C B? that is tangent to both
vector fields at sach of its points.

& Show that for any two points x,y € RE” there is a compactly sapported
isotopy ¢, (ie. it is identity outside a compact set) such thal @y = id and
)=y

[



B. Answer four of the following gquestions. Each question is worth

ten points.

9.

13

Define a A-complex structure on the Klein bottle and compute its homology
with Z and Z/2 coefficients.

Give an example of ap irregular (Le. not normal) covering space {with a
proof).

Let f Al — N be amap of degree 1 between two smooth, closed, connected,
oriented n-manifolds. Prove that fau @ 7 {A) — m (V) is surjective.

Let A7 be a closed connected 5-manifold such that m (M) 2 Z/7. L H{(AM E)
Z. compute all other homology and cohomology groups of A with integral
coefliclents. '

Let F, be the free group of rank n and let G C I, be a subgroup of index
m. Prove that G is a free group and compute its rank,

Define carvefully a CW structure on RP? (you don’t have to prove it here),
and use it te compute H.(RP Q) and H(BP™ Z/2).

Prove that the map h: 8% — CPgiven by h{z.y) == [x : y} is a fber bundle.
Heve, S? is the unit sphere 22 + [y|? = 1 in C2

m~

16.

Prove that B/7? is not homotopy equivalent to BP? v 5%
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Instructions: Do four (4) problems from section A and four (4)
problems from section B. Be sure to provide all relevant definitions
and statements of theorems cited. Make sure you indicate which
solutions are to be graded, otherwige the first four answered will
be scored. For a pass, three problems from each group have to be
solved entirely.

A. Answer four of the following questions. Each question is worth
ten points. Al manifolds are smooth and they are submanifolds of
some Euclidean space.

1. Show that the set M; of real 2 x 2 matrices of rank 1 is a 3-dimensional
submanifold of the space M (2,2} 2 R? of all real 2 % 2 matrices.

2. For which values of a > 0 does the hyperboloid
4 y -2t =1

intersect the sphere 2% + y? + z% = ¢ transversally {in B%)?

3obietoXoe Yoo B3 b fwo-l-dimensional-submanifolds-Shew thet-bhore 4 B3

such that X is disjoint from Y + v = {y+vjyc Y}

4. Defne the Lefschetz index of an isolated fixed point of a smooth map f :
M - M. Compute the Lefschetz index at 0 of the map f: C — C given by
flz)=z4+ 2" m>0.

[

Compute the Gaussian curvature of the hyperboloid
o TR |
at the point (1,0,0).
6. Regard the real projective plane RP? as the space of triples (z, y, z) € B3\ {0}
modulo the relation {z,y, 2} ~ (tx, ty, t2) for € R\ {0}, Define
fiRP? R
by
2 2
z° + 2y
f((,{;’ i, Z) = :EQ T yg I 22

Compute all critical points of f. Show that f is a Morse function and compute
the Morse index of each critical point.



7. Give an explicit example of a closed I-form on R? -~ {0} which is not exact,
and prove beth properties.
8. Verify the formula
dw(X,Y) = X {(w(¥)) = Y(w(X)) - «{{X, Y1)

for any 1-form w on ™ and any two vector fields X, Y on R”. This is using
Spivak’s normalization conventions (el A dﬂ;(aI ay} = 1}; using Guillemin-
Pellack’s one should multiply the left-hand side by 2




B. Answer four of the following questions. Each question is worth

ten points.

9.

10

11.

12,

13.

Let X be the quotient space of 52 ohtained by identifying the north and
south poles to a single point. Carefully define a cell complex structure on X
(including a description of attaching maps) and use this to compute {X).

For a connected OW complex X, call a connected covering space X =X
abelian if it is normal and has abelian deck transformation group. Show that
¥ has an abelian covering space that is a covering space of every cther abetian
covering space of X, and that such ‘universal’ abelian covering space 1s unigue
up to isomorphism. Describe this covering space explicitly for X = St v st
Carefully state theorems you are using.

Define a A-complex structure on the Klein bottle £ and use it to compute
HAKZ), H (K Zz), and HK;Q).

Let X be the quotient space of the 2-sphere 52 under the identifications
g~ g for 7 in the equator S*. Compute the homology groups H:(X} using
any method you like.

Apply the Lefschetz fixed point theorem to show that every map f: CP" —
CP™ has a fixed point when 7 is even (state the Lefschetz fixed point theorem
and any fact about the ring structure of A *(CP™) you are using}. Construct

14.

16.

a fixed point free map j - Cl — CF WHEN 718 (§1oLe

Show that a p-sheeted covering map M — N between closed connected
ariented smooth manifolds has degree £p.

Show that if a closed orientable manifold M of dimension 2k has Hy_1{M:Z)
torsionfree, then Hy{M:Z) is also torsionfree,

Show that if the closed orientable surface M, of genus g retracts onto a graph
X © Mg, then H(X) has rank at most g. You may use the following alge-
braic fact: a nonsingular skew-symmetric bilinear pairing over the rationals
13, of the form @7 x Q" -» ), cannct be identically 0 when restricted to
V x V for any Q-linear subspace V' C Q" of dimension > nj2.
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Instructions: Do four (4) problems from section A and

four (4) problems from section B. Be sure to provide all
relevant definitions and statements of theorems cited.
Make sure you indicate which solutions are to be eraded,
otherwise the first four answered will be scored. For a
pass, three problems from each group have to be solved
entirely.

A. Answer four of the following questions. Fach question
is worth ten points. All manifolds are smooth and they are
submanifolds of some Fuclidean space.

1 Let X be a manifold and §: X — R* a continuous function.
Show that for every € > 0 there is a smooth function g X — RF

such that
Hgla)—flajil<c

for every = € X.

VQ/. Tet M, «n be the set of all real nxn matrices. This set is naturally
o manifold, since it can be identified with R™ by choosing an
ordering of entries. Let O(n) C Mpxn be the set of orthogonal
mairices, i.e. matrices A with AAT = I. Prove that O(n] is a
submanifold of Mupxn- What is the dimension of O(n)7

3 (a) Give a careful definition of the tangent bundle of a manifold

(b) Show that the total space of the tangent bundle of 5% ig not
diffeornorphic to S* x R2.

4{ (a) State the Lefschetz fixed point theorem (for Lefschetz maps).

(b) Compute i he Lefschetz number of the identity map id : CP? —
CP? by first perturbing it to a Lefschetz map and then ap-
plying the Lefschetz fixed point theorem.



5/;/?) State the Frobenius integrability theorem.
(b) Show that the plane field in R® spanned by the vector fields
J o) d
X==—+2:— nd V=—
dx + dy - Oz

is not integrable on any nonerpty open subset of B3,

6. Let w be a compactly supported smooth n-form on R". Prove
that the following two statements are equivalent.

(a) There exists a compactly supported smooth (n — 1)-form n
such that w = dn.

(b) Jgnw=0.
Note: You are allowed to use the fact that H*(5") = R, but vou
are not allowed to quote the fact that H*(R") = R.

7. (a) Let a : 5™ — 5™ be the antipodal map. Suppose that w is
a smooth form on S™ such that a*w = w. Prove that if w
1s exact, then there is a smooth form n with w = dn and

{(b) Use (a) and the fact that HﬁR(S“‘“) = 0 for 0 <k < nto
deduce that HEp(RP") =0 for 0 < k < n.

8. (a) State the tubular neighborhood theorem for a compact sub-
manifold X C R™

(b) Give an outline of the proof with details of the step that
shows that the constructed map is a diffeomorphism.

) r
Vden - 1 s
) 31 =M
dgn
g Pl



B. Answer four of the following questions. Each question
is worth ten points.

9. Two covering spaces pg : Xo — X and pi X, — X of a space X
are isomorphic if there is a homeomorphism i : Xo — X such
that py = p1 ¢ k. In this question all spaces are path-connected,
locally path-connected and semilocally path-connected.

(a) Prove the following piece of the classification theorem for cov-
ering spaces: Let 7 € X, Zg € X and z; € X be basepoints
such that pe(zo) = pi{z1) = z. The covers are isomorphic if
and only if (pg)«(71{Xo, o)) and (p1)a(m: (X1, 1)) are conju-
gate subgroups of mi (X, T}

(b) Show that there are non-isomorphic covers of a genus two
surface of every degree.

1/0/Let M be an open 3-manifold such that every compact set of M
is contained in a solid torus.

(a) Show that m (M} is abelian.
(b) Assume that m (M) is finitely generated. Show that mi (M)

is-trivial.or. Z

1fl/. Let ¢ be a separating simple closed curve on a compact surface §
without boundary. Show that S doesn’t retract onto c.

19. Construct a A-complex structure for a genus two surface. Use the
A-complex to calculate the cohomology and cup product struc-
ture for the surface.

1‘{/Show that S?v §* and CP? are not homotopy equivalent.

14. Let X4 be the CW-complex obtained by attaching a disk with a
degree d map to the circle §' x {zo} on the torus ' x S' {and
2o € S'is a basepoint). Calculate the homology and cohomology
of X, with Z, R and Z, coefficients where p is prime.

15. Let M, and M; be orientable cloged n-manifolds and f : My —
M, a map such that [ H™(My; R) — H™(My;R) is an isomor-
phism.



(a) Assume that H'{My; R} = H'(M;R) for all i. Show that f*
is an isomorphism on cohomology with R coefficients in all
dimensions.

(b) Assume that there exists a map g : M; — M, such that g* :
H"(My;R) — H"(M;;R) is an isomorphism. Show that f*
and g* are isomorphisms on cohomology with R coefficients
in all dimensions.

16. Define the higher homotopy groups, 7;, for ¢« > 2 and prove that
they are abelian.
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Instructions: Do four (4) problems from section A and four
(4) problems from section B. Be sure to provide all relevant
definitions and statements of theorems cited. Make sure
you indicate which solutions are to be graded, otherwise the
first four answered will be scored. For a pass, three problems
from each group have to be solved entirely.

A. Answer four of the following questions. Each guestion is
worth ten points. All manifolds are smooth and they are subman-
ifolds of some Euclidean space.

1. Tn this problem we identify C with B? in the usual manner via
2 (R2,32)
Consider the following smooth submanifolds of €2 {{0,0),(0,05}}:
My ={(z,w) € C¥e* + w? =1}
My ={(z,w) € C¥2* - w? 4 w=1}
My ={{z1,91, T2, ¥2) € RY L —zy + a3 + 97 + 73 =0}
Which of the pairs M;. M; (3,7 € {1,2,3}) are transverse at p = (1,0) €

27
9. Let V.W : R? — R* be vector flelds on Bt defined by
Viz,y, z,w) = (¥, —=, W, —z)
and
Wiz, y,z,w) = (w,z, Y, )

Is there a nonempty surface & C R* such that for every p € X we have
Vp), W(p) € Tp%? Find such a surface or prove that it does not exist.

3. Let M be a nonempty compact manifold with empty houndary. Prove
that there is no compact manifold W < M x M whose boundary W is
the diagonal A = {(z,z) € M x M}.

4. Is there a smooth embedding of W P2 into an orientable 3-manifold? Pro-
vide a proof or an example.

. Let f : B2 — R? be the function given by flz,y) = (xg—my,:zz-i—yQ,sin(sc)).
Let w be the 2-form on R3 given by w{u, v, w) = udv A dw. Compute the
pull-back f*w.

fu

1



8.

Prove that for any two disjoint closed subsets A, B ¢ R™ there is a smooth
function f:R"® -+ R such that f = Qon Aand f=1on B.

Show that the total space of the tangent hundle T(S%) of the 2-sphere is
not diffeomorphic to 5% « B2, Hint: One strategy is to find a 2-sphere
in 7($%) whose seif-intersection number is nonzero and argue that there
are no such 2-spheres in §2 x R

Compute the curvature of the hyperboloid 2% 4yt - 2% = 1 at the point
(1,0,0).

B. Answer four of the following questions. Each question is worth
ten points.

9.

10,

11.

Suppose p: X — X is a covering map. Prove that pis null homotopic
if and only if X is contractible.

Let T2 = 81 x S! be the standard 2-torus and p, ¢ € T2 be two distinet
points. Let X =T 2/ ~ be the identification space where the two points
are identified p ~ g. Find m (X}

Carefully construct a A-complex structure on RP? and use it to compute
the homology groups of BP? with 7 and Z; coefficients.

Let f: 8" — S™ be a continuous map from the n-sphere to itself and
assume that n is even. Show that there is a point z € 5™ such that
f(z) € {@,—xz}. Does the same assertion hold if n is odd? If it does,
prove it, and if it does not, find a counterexample (for every odd n

13.

14.

15,

16.

(a) Describe the (simplest) cell structure of RP™ (give the attaching
maps of ali the cells - you don’t have give a proof here).
(b) Write down the cellular chajn complex associated with this cell de-

composition.
{c) Use this chain complex to compute the homology and cohomology
groups of RP™ with coefficients in Z and Za.

Prove that RP? and RP? Vv 5% are not homotopy equivalent. (Hint: Cup
products.)

Let 5 be a simply connected compact 3.manifold. Prove that Hip(¥) &
H(8%) for any integer k.

Let p: 5% — CP? = 52 he the map that sends {z,w) € §3 ¢ C? to its

equivalence class [2: w] € cpP.

{a) Prove that pis a fiber bundle by explicitly writing down local trivi-
alizations.

(b) Write down the associated long exact sequence of homotopy groups.

(¢} Compute 73(8?). Justify all auxiliary results you are using.
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Instructions: Do five (5) problems from section A and
five {5) problems from section B. Be sure to provide all
relevant definitions and statements of theorems cited.
Make sure vou indicate which solutions are to be graded,
otherwise the first five answered will be scored. For a
pass, three problems from each group have to be solved
entirely.

A. Answer five of the following questions. Each question
is worth ten points. All manifolds are smooth and they are
submanifolds of some Euclidean space.

1. Let
X={{z,y) € REx Rz z=y-y=la-y= 0}

Show that X is a submanifold of R3 s B2

Prove that the tangent bundle TAZ of a smooth manifold M.
viewed as a sinooth manifold, is orientable.

]

3, Let f: M — N be a map between two closed connected ori-
ented manifolds. Tf f has degree 1, show that formi(M) =
m (N} is an epimorphism.

4 Tet M be a manifold and A a smooth k-plane field on M.
Suppose that X and Y are smooth vector fields on M with
values in A. Show that if for some p € 3 we have X, = 0 then
[X.Y], € A

. Let

[

7] a
and P 3

be two vector fields in R, Compute [X.Y7].



9.

Let X be the standard “middie thirds” Cantor set in R, viewed
as a subset of the plane R%  Assume that f : X — Risa
function with the property that for every x € X there Is an
open set U, 3 xin R? and a smooth functien fp : U, — K such
that f/U, N X = flU,; N X. Show that there is an open set
Uin R%, U o X, and a smooth function g : U — R such that

.
gl X = f.

Prove or give a counterexample {with proofs): If M is a closed
submanifold of R™ then its tangent bundle is trivial if and oniy
if its normal bundle is trivial.

. Let f: R — R be a smooth function. Show that for almost

every o € E™ the function

fa B SR

defined by
folz)=floey+z-a

18 Mozrse.

Let

10.

w=(z"Fy -+ PRy T Az T gaE AT AT AN PAT

he a 2-form in R*\ {0}.
(a) Find @ € R such that w is closed.
(b} Show that w is not exact.

Let X and ¥ be two closed oriented manifolds. Prove that
Fuler characteristic is multiplicative. i.e. that

x(X xY) = x{X) x x(Y)

You may not appeal to the Kiinneth formula.

B. Answer five of the following questions. Each guestion is
worth ten points,

iL

Find a non-regular cover of S'v 57, the wedge of 2 circles. You
should both explicitly describe the cover and the corresp oncking
subgroup of w1 (ST Vv 51}



12. Let X be the space obtained from two tori, St 51 by gluing
S % {pt} in ome tours to S Ux {pt} in the other torus with a
degree two map, Calculate 7 (X)),

13, Let I be the A-complex obtained by identifying all the 2-
dimensional faces of a 3-simplex. Calculate the simpiicial ho-
mology of K.

14, Let

f:Slel—ﬂASlel
he map of the torns to itself. Since H1(5 Vw 8Y = Z& 4, after
choosing generators for Hy{S 1% S§1) we can represent

j,‘ N H](51 X SI) R H](Sl X Sl)

as a2 X 2 matrix A with integer entries. If f does not have fixed
points what are the possibilities for the trace and determinant
of A and the degree of f7 For each possible triple give an
example of a fixed point free map.

15. Construct examples of CW-complexes X with each of the fol-
lowing properties.

(a) F()I‘ “ome r”/’ Hn(‘;‘.} F H"'\)“ : Z} SO
(h) For some n, H,(X; 7o) # 0and H,(X; Zs) # 0but H (X1 Zs) =
{.
16. Show that 5%V §* is not homotopy equivalent to P

17. Tet M be a compact manifold with boundary. Show that Af
does not retract onto dM.

18 Let M be a closed, orientable manifold M of dimension 2k. If
H.1(M) is torsion free show that H (M) is torsion free.

19. (a) Let X be a CW-complex and A a sub-complex. Assume
that all cells of X — A have dimension > n. If X retracts
to A show that m,{X) = ma(4).

(b) Show that RP™ does not, retract 1o RPEIf k< n.

20. Calculate m4(S57%).
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Imstructions: Do five (5) problems from section A and
five (5) problems from section B. Be sure to provide all
relevant definitions and statements of theorems cited.
Make sure vou indicate which solutions are to be graded,
otherwise the first five answered will be scored.

A. Answer five of the following questions. Each question
is worth ten points. All manifolds are smooth and they are
submanifolds of some Euclidean space.

1. Let M < R" be a compact manifold without boundary. Prove
that there is ¢ > 0 such that for any manifold X the following
holds: any two smooth maps

fig: X — M

_with |f(z) — g(z)] < ¢ for every z &€ X are homotopic. Find an

explicit € > 0 for the case when M IS The Unit sphere gt

2. Regard the real projective plane RP? as the space of triples
(z,y,7) € R®\ {0} modulo the relation (z,y,2) ~ (to, ty,tz)
for t € R\ {0}. Define

F RP? —R
by
. 2?4+ 2y°
Z,YE) = 55
Hew2) = a0

Compute all critical points of f. Show that f is a Morse func-
tion and compute the Morse index of each critical point. (Hint:
Work in local coordinates, in standard charts Uy, Uy, Us where

U(} = {LI % D} et-c.)

3. Compute the Lefschetz number of the mapping

fo i CP" — CP"



given by
R R R e 2]
for k=1,2, -~
4. Let p be a homogeneous polynomial in & real variables. This
means that
pltay, by, - - tay) = 7p(@1, T, 0 Tk )
for all t. 1, Ta, -+, 1y € R. Prove that for a # 0 the set
{x € R¥ip(x) = a}
is a submanifold of R¥.
5. Let X and Y be two submanifolds of K", Show that for almost
every o € R" the translate
X+a={r+axeX}
is transverse to Y.
6. Prove that.the Euler characteristic of the orthogonal group
O{n)is0forn = L.
7 Let V be the vector field in the complex plane C given by

V(Z) — M

for some m = 1,2, - -, where we use the standard identification
T,C = C. Compute the index of V' at the origin.

Let w be the 1-form on R? — {0} given by

LT dz T dy
wiz,y) = 24y x4yl

(a) Calculate [, w for any circle € centered at the origin.

(b) Prove that in the half-plane z > 0 there is a smooth func-
tion f such that w = df.

{c) Prove that there is no smooth function f defined on R? —
{0} such that w = df.



9.
10.

Give an example (with proof) of a nonintegrable plane field.

Coompute de Rham cohomology of the 3-torus 5 Ly St x Sh

B. Answer five of the following questions. Each question is
worth ten points.

11

12.

13.

14.

15.

16.

Let P be a discrete set of points in R™. Show that RO\ P is
simply connected it n = 3.

Find all connected covering spaces of RP?V S' of degree less
than three. Which of these coverings are regular?

Coonstruct a A-complex for the Klein bottle and calculate its
simplicial homology for both Z and Z; coeflicients.

Compute H;(S" — X) when X is a subspace of 8™ homeomor-
phic to S* v S*

Clonstruct a homeomorphism f : ST x §% —— §' » S' that is

not homotopic to a map without fixed points.

Let X be the space obtained by attaching a disk D to St x St
where the attaching map is a degree d map from 9D to St x
{pt}. Calculate the homology and cohomology groups for X

17.

18.

19.

20

with Z and 7%, coefficients where p is prime.

Let S, be the closed, orientable surface of genus g. Show that
there exists a map f : Sg — S with

f* : H.Z(Sg) e HQ(Sh)
non-trivial if and only if ¢ > A.

Let X = S(S' % S") be the suspension of the torus and ¥ = SX
the suspension of X. Show that X and Y aren’t manifolds.

Let X be a connected CW-complex obtained by attaching an
n + 2-dimensional cell to an n-dimensional CW-complex A.
What is the smallest possible dimension & where (X ) is not

isomorphic to 7;{A)7

(a) Let S, be the closed, orientable surface of genus g. Caleu-
late ma{S5,) for all g.
(b) Show that m3(Sp) is non-trivial (Sy is the 2-sphere. )
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Instructions: Do five (5) problems from section A and
five {5} problems from section B. Be sure to provide all
relevant definitions and statements of theorems cited.
Make sure you indicate which solutions are to be graded,
otherwise the first five answered will be scored.

A. Answer five of the following questions. Each question
is worth ten points. All manifolds are smooth and they are
submanifolds of some Euclidean space.

1. Let f: B" — R be a smooth function. Show that there is
v € B* such that the function g, : B — R given by

golx) = fla) + v a

is Morse (i.e. all critical points are nondegenerate).
2. Identify the set M(n) of all n x n matrices with real entries

il TR e aacagnf O : o - o
W3St - W Ahat-the-set—m——

O(n) = {M e M{n)|MM" =T}

is a submanifold of %" (here M’ denotes the transpose of M and /
is the identity matrix).
3. Consider vector fields in R*:
J d .0 7,

XN =z 4+ =

H '} —_——
dr Oy dr  Jz

Show that there is no nonempty surface S ¢ R? that is tangent to
both vector fields at each of its points.

4. Let w be a compactly supported smooth n-form on 7. Show
that there exists a compactly supported smooth (n—1)-form »n with
w = dip if and only if

/ w =70
Jan

You are allowed to quote facts about H*(X) but not about H¥(\}.



5. Let f:R® — R? be given by
Flay) = (@ +y.2 = y°)

Explicitly compute frda. f*dy, f*(dx A dy).

6. Show that the product M x N of two manifolds 1s orientable
if and only if both M and N are orientable.

7. Using winding numbers. show that there Is a complex number
z such that __

2= e

8. Let A be a manifoid and f: M — R a continuous function.

Show that there is a smooth function g : M/ — R such that

Iflz) —glz)] <1

for every o € Af.

9. Let f: ¥ — S* be a smooth map from the surface of genus 2
to the circle. Suppose that y € S is a regular value of [ and that
f'{y) is a nonseparating circle in (ie. 2\ f~'{y) is connected),
Prove that f is not nullhomotopic.

10. Let Y C R™ be a compact manifold without bonndary. Prove

that-there ise > 0 with the folloswing property. I fig. X — 3 are
smooth maps defined on a manifold X and if [f{z) — g(x)] < ¢ for
every € X, then [ and ¢ arc homotopic.



B. Answer five of the following questions. Each question
is worth ten points.

11.

12

13.

14.

15.
6.

Give an example of a topological space that does not have a
universal cover.
Let A be a 3-manifold such that for every compact set & C
M there is a solid torus W < M with &' C© W. Show that
m (M) =Zor .

(a) Let M be a manifold with boundary. Show that if A is
orientable then M is orientable.

(b) Let M be an n-dimensional manifold and N € M ann—1
dimensional submanifold such that N has a neighborhood
[/ ¢ M with U7 homeomorphic to N x (0,1). Show that if
M is orientable then N is orientable.

Let S be a closed, orientable surface and v a simple closed curve
on S. Show that S retracts onto ~v if and only if v represents a
non-trivial element in homology.

Show that RP? is not homotopy equivalent to RFP* v 5%

Let M be a closed 4-manifold, S a surface with y(5) < 0 and

17,

18.

19.

p: M — S a fiber bundle. Show that there exists a closed
surface F with 7, (M) = 7, (F) for n > 2.
Let M be a Mobius strip and D a disk. Let [ 9D — 0A
have degree n. Set X, = M 1 D/ ~ where x ~ y if flr) =
Caleulate 7 (Xy) and construct all of its connected covering
spaces.
(a) Let M be a closed, orientable 3-manifold such that
H(M;Z)=Z®L/2E
Calculate the remaining homology and cohomology groups
for M with Z coeflicients.
(b) Now assume that M is a closed, non-orientable 3-manifold.
Show that H (M;Z) is infinite.
Let X be a topological space obtained by adding a k-cell to
CP"™. For what values ¢ must H;{X;Z) = H{CP": Z)7 What
are the possiblitites for F,(X; Z) when the two groups are not
equal?



20. Let f: S" —= S™ be a continuous map from the n-sphere to
itself and assume that 7 is even. Show that there is a point
z € " such that f(z) € {—z,x}. Does the same assertion
hold if n is odd? If it does. prove it, if it does not construct a
counterexample.




DEPARTMENT OF MATHEMATICS
University of Utah
Ph.D. PRELIMINARY EXAMINATION IN GEOMETRY /TOPOLOGY
August 2003

Instructions: Do five (3) problems from section A and |
five (5) problems from section B. Be sure to provide all’
relevant definitions and statements of theorems cited. |
Make sure vou indicate which solutions are to he graded, 5
otherwise the first five answered will be scored. !

A. Answer five of the following questions. Each question

is worth ten points.

1 Let X and Y be closed submanifolds of R". Show that for
almost all ¢ € R? the translate X +a = {2 +afr € N} intersects ¥’
transversally.

2. Let f: X — Y be a smooth map hetween smooth manifolds
that is one-to-one on a compact submanifold Z of X. Suppose that
forallre 7

(]fd : TI()() - Tj(z}(ivy

is-an-isomorphism. Prove that there s a neighborhood U of Z such

that
FIU U = J(U)
is a diffeomorphism.
3. I(‘{entify the set of all n x n matrices M{(n) with real entries
with " and let

SL.(R) = {M € M(n)|det(M) = 1}

a) Show that SL,(R) is a submanifold of 3 {n).
b) Compute the tangent space T;(SL,(R)) at the identity matrix.

4. Let X be any subset of R* and f: X — R a function with
the following property. For every x € X there is a nei ghbhorheood U,
of = in B and a smooth function f, : 7, — R such that [ = [, on
X N ,. Show that there is an open set U7 in R" containing X and
a smooth function ¢ : U — R such that g/ X = [.

5. Consider the 1-form on R* \ {0}

- ady - ydx

4 y?

1



a) Prove that w is closed, i.e. dw = 0.

b) Prove that w is not exact, 1.e. there is no smooth function
f:R2A\ {0} — R such that w = df.

6. Give a proof of the Boundary Theorem: 1II a smooth map
f: X — Y between two closed oriented n-manifolds extends to a
smooth map F : W — Y of a compact oriented (n + 1}-manifold W
with W = X then deg f = 0.

7. Regard the real projective plane RFP? as the space of triples
(z.y,z) € RB*\ {0} modulo the relation (.4, z) ~ (ta, by tz} for
t € R\ {0}. Define

f:RP? R

by
; a? 4 297
oy 2) = 5
i e T e

Clompute all critical points of f. Show that f is a Morse function
and compute the Morse index of each critical point.
8. Consider the following vector fields in R*:
o J J

V=r—+

X o=
o’ dy Oz

Here .y, z are the coordinates on R* and ;% ol ;;i are the three
standard coordinate vector fields. Show that there is no (nonempty)
surface M C R® which is tangent to both vector fields at each of its
points.

9. Show that every map f : 5% — 5% from the 2-sphere fo itself
admits a point z € 5% such that f{x) = L.

10. Let ¥ be an oriented genus 2 surface smoothly embedded in
R,

a) Describe the Gauss map g @ ¥ — 5% and define the Gaussian
curvature at a point of ¥ in terms of g.

b) State the Ganss-Bonet theorem for this sitnation.

¢) Prove that © has (many) saddle points, i.e. points of negative
curvature.



B. Answer five of the following questions. Each question
is worth ten points.

11. Compute the fundamental group of the space obtained from
two tori S' x ST by identifving a circle ST x {xg} in one torus with
the corresponding circle St x {xg} in the other torus.

12. Give an explicit example of a covering space of X = Sty &t
which is not normal.

13. Compute the homology groups of the space obtained from a
torus S x S by attaching a Mobius band via a homeomorphism
from the boundary circle of the Mabius band to the cirele S* x {20}
in the torus.

14. Suppose M is a closed connected 5-manifold such that m{M) =
Z/37. 1f Hy(M:Z) 22 Z, compute all other homologv and cohomol-
ogv groups of M with integral coefficients.

15. a) Describe the (simplest) cell structure of RP" (give the
attaching maps of all cells — you don’t have fo give a proof here).

b) Write down the cellular chain complex associated with this
cell decomposition.

¢) Use this chain complex to compute Lhomology and cohomology
groups of RP™ with coefficients in Z and Z/2Z.

16. Let p : X — X be a 2-sheeted covering map between cell

complexes such that the cell structure on X is obtained by hiting
the cell structure onn X,

a) Construct a short exact sequence of cellular chain complexes
with coefficients in Z/2Z

0 Co(X:12/22) = Co(N,ZJ2L) — Cp (X, L/2Z) — 0

(i.e. give the maps explicitly and prove that the sequence is exact).

b) Write down the induced long exact sequence of homology
groups {the transfer sequence}.

¢) Prove that if X is acyclic over Z/2Z {i.e. H;( X Z/27) = 0 for

i 0and Hy(X;7%/27) = Z/27) then H;(X; Z/?Z) ™~ 7./2Z iol all
i > 0.

17. Compnte m5(S* v 5?) using the Hurewicz theorem.

18. Let p: S — CP' = §% be the map that sends (z.w) € 57 C
C? to its equivalence class [z 1 w] € CP'.

a) Prove that p is a fiber bundle by explicitly writing down local
trivializations.



b) Write down the associated long exact sequence of homotopy
groups.

¢) Compute m3(5?). Justify all auxiliary resuits you are using.

19. Let F, be a free group of rank n and let G C £, be a subgroup
of index m. Prove that ( is a free group and compute its rank.

20. Let ¥ be a closed oriented surface of genus g and suppose
that X ¢ % is a graph which is a retract of ¥.. Prove that

rankH (X)) < ¢




DEPARTMENT OF MATHEMATICS, UNIVERSITY OF UTAH
Ph.D. PRELIMINARY EXAMINATION IN GEOMETRY /TOPOLOGY
August 12, 2002, 9:00-12:00

Instructions: Do five (5) problems from section A and
five (5) problems from section B. Be sure to provide all
relevant definitions and statements of theorems cited.
Malke sure you indicate which solutions are to be graded,
otherwise the first five answered will be scored.

A. Answer five of the following questions. Each question
is worth ten points.

1. Prove that no compact differentiable manifold (without bound-
ary), except for the point, is contractible.

5 Consider a compact differentiable m-manifold M without
boundary and let N = M x M. Let A ¢ N be the diagonal.
Prove that there is no compact differentiable m + 1-dimensional
submanifold with boundary B C N, so that the boundary of B is
A

3. State and prove Brouwer’s fixed-point theorém.”

4 Prove that the Moebius band is not contractible.

5. Using methods of differential topology prove that for each
compact orientable differentiable manifold (without boundary) M
of dimension m, H™(M,R} # 0, where H™(M,R) is the de Rham
cohomology group.

6. True or false (provide justification): Let M C R" bea smooth
submanifold of dimension /. Then there are n—m smooth functions
f1, oy fm : B® — R such that:

a. M={zeR": filr)=..= Fraemlz) = 0}

b, For each z € M the gradients V(f1)(z), ..., V(fau-m)(z) are
linearly independent.

7. Give definition of a (differentiable) orientable manifold. Prove
that product of two orientable manifolds is again orientable.

8. Give definition of the tangent bundle of a smooth n-dimensional
manifold. Prove that the tangent bundle is also a smooth manifold.

9. Compute the pull-back of the differential form w = zdx Ady -+



zdy A dz in R under the map f: R? — R? given by
flu,v) = (W, u+v,sin(u +v)).

10. Define the index of a vector field on a smooth manifold.
Constract an explicit vector field on the 2-sphere 5% and compute
the Euler characteristic of S by computing the index of this vector
field.

B. Answer five of the following questions. Each question
is worth ten points.

Let M and N be two closed (that is compact without boundary)
n-dimensional manifolds. Denote by Mg (tesp. No) the complement
of an embedded open n-disk in M (resp. N}. Note that My =
ON, = S™!. Recall that the connected sum M#N is the result of
gluing of M, and Ny along their boundary.

11. Express the Buler characteristic x(M#N } in terms of (M)
and x(N).

12. Express the fundamental group m (M #N ) in terms of m (M)
and m(N)ifn > L

19 T +1
T T LUVET LR 2%

t-A4N-is-orientable if and only if both M and N
are orientable.

14. Prove that the Euler characteristic of any closed odd-dimensional
manifold is zero.

15. The 4-dimensional cube [0, 1] x [0, 1] x [0, 1] x [0, 1] has 16 ver-
tices, 32 edges and 24 2-dimensional faces. How many 3-dimensional
faces does it have?

16. Find a degree 2 map from S x S* to §*.

17. Let & be a simply-connected closed 3-manifold. Prove that
Hy(X) = H.(S®) for any integer k.

18. Describe all possible ways in which the homology of a space
can change after attaching an n-cell.

19. Let X be a simply-connected closed 4-manifold. Prove that
H(X) is torsion-free for any integer .

20. Let X be a topological space such that Ho(X) = Z, Hi(X) =
G, HQ(X) = Zg, Hg(X) s Zg, H‘;;(«X) ks Z, Hk(X) = O, E > 4.
Compute H,(X;Zy) and H*(X;Z).



DEPARTMENT OF MATHEMATICS
University of Utah
PL.D. PRELIMINARY EXAMINATION IN GEOMETRY/TOPOLOGY
August 14, 2001, 9:00-12:00, JWB 333

Instructions: Do five (5) problems from section A and
five (5) problems from section B. Be sure to provide all
relevant definitions and statements of theorems cited.
Make sure vou indicate which solutions are to be graded,
otherwise the first five answered will be scored.

A. Answer five of the following questions. Each question
is worth ten points. All manifolds are differentiable.

1. Let X and Y be two submanifolds of R”. Show that there is
0 € R such that X +a = {z+ alz € X} and ¥ are transverse.

9 Recall that an n x n real matrix M is orthogonal it

< Muv, Mw >=<v,w >

for allv, w € R* {(and < -, > is the inner product). Let O(n) denote
the set of all orthogonal n x n matrices, viewed as a subset of R™.
Show that O(n)} is a manifold, and compute its dimension.

3. By a: 8® — 5" denote the antipodal map. Then the space
$n breaks-up-into-the 4-1 and the 1

AP(S™) of smootlrp-torms-on-o
eigenspace of a*, i.e.
AP(S™) = AR (S™) @ AP (57)
where
A(S™) = {w € A7(8")]a"(w) = ew}.

Show that if w is an exact p-form and belongs to the +1-eigenspace,
then w = dn for some (p — 1)-form 7 in the -+1-eigenspace. What
can you conclude about DeRham cohomology HRP") from this?

4. a) Give a definition of the tangent bundle 7'M of a manifold

M.
b) Give a definition of what it means for a manifold to be ori-

entable.
¢) Show that T'M, viewed as a differentiable manifold, is always

arientable.



5. Recall that a map f : X — R defined on a subset X C R* is
said to be smooth if for every 2 € X there is an open set U:.2zin
R" and a smooth function f, : Uy — R such that f = f, on XnU,.
Prove that if f : X — R is smooth then there is a neighborhood U
of X and a smooth extension f: U — R.

6. Define the index of a singularity of a vector field and state the
Poincaré-Hopf index theorem.

7. Consider the vector fields

0 g d
X—égandY_mézﬁ—g;
on 3. Prove or disprove: There is a nonempty surface M? C R?
such that for every p € M the tangent space TpM is spanned by X,
and Y.

S. Let X be a closed manifold, A = {(z,2) € X x X} the
diagonal, and N(A, X x X) = {((z,z), {v,—v))lz € X,v € T.{X)}
the normal bundle of A. Show that there is a diffeomorphism of
a neighborhood of X (viewed as the zero section) in the tangent
bundle T(X) with a neighborhood of A in X x X, extending the
usual diffeomorphism X - A, 2+ (2, 7).

9. Give a definition of (Gaussian) curvature for surfaces in R3
and state the Gauss-Bonnet theorem.

10. Compute the pullback f*w of the differential form

w=dzx Ndy

by the map J & = B, Fl&, .5 = (Z05 T F T 2%

B. Answer five of the following questions. Each question
is worth ten points.

11. Let M be a nonempty compact manifold, smooth or trian-
gulated (you can make a choice). Show that M does not admit a
retraction to its boundary.

12, Let M be a closed connected 7-manifold such that: I, (M;Z) =
0, Hy(M; Z) = &, Hy(M; Z) = Z/2. Compute H;(M; Z) and H{(M;Z)
for all <.

13. Prove that RP® and RP? v 5% are not homotopy equivalent.
(Hint: Cup products.)

14. Let X < R® be the union of n lines through the origin.
Compute 7 {R* \ X).



15. Let p : M - N be a covering map between two closed
connected manifolds of positive dimension. Show that p is not null-
homotopic.

16. a) Define carefully the Hopf map h : S* — 82,

b) Define what it means for a map to be a fiber bundle and sketch
a proof that A is a fiber bundle.

¢) State the long exact sequence in homotopy groups associated
to a fiber bundle and compute m3(S5?).

17. Let X be the space obtained from the torus S' x S* by attach-
ing a Mobius band via a homeomorphism from the boundary circle
in the Mébius band to the circle S* x {zo} in the torus. Compute
71(X) and describe the universal cover of X.

18. Construct carefully a A-complex structure on RP? and use it
to compute homology groups of RP? with Z and with Z, coefficients.

19. The surface M, of genus g, embedded in R? in the standard
way, bounds a compact region . Two copies of R, glued together
by the identity map between their boundary surfaces M, form a
closed 3-manifold X. Compute the homology groups of X via the
Mayer-Vietoris sequence for this decomposition of X into two copies
of R.

20. a) Show that the Klein bottle cannot be embedded (as a

3



smooth submanifold) into R®.

b) It is a fact that the Klein bottle can be embedded into R*.
Show that no such embedding K C R* can be given by a system of
equations

fl = {, f? =0

with independent smooth functions fi, fa (i.e. where df;,dfs are
linearly independent at each point z € K).




DEPARTMENT OF MATHEMATICS
UNIVERSITY OF UTAH

PH.D. PRELIMINARY EXAM IN GEOMETRY-TOPOLOGY

Fall 2000

Instructions. Do all nine problems. Do all of problems 1,2 and 3. For each of problems
4 through 9, do either part A or part B; make sure to indicate which part is to be graded.
All problems are worth 10 points each.

Problem 1. Let ¥ be a smooth, compact, orientable surface {2 dimensional manifoid) of
genus g. Prove that ¥ admits a smooth non-vanishing vectorfield if and only if g = 1.

Problem 2. Let M be a smooth, orientable n-dimensional manifold. Prove that the n
dimensional DeRham cohomology with compact supports, H (M) is nonzero.

Problem 3. Without resorting to the DeRham Theorem, prove that H2(R?) = 0 (where
H?(R?) denotes the 2 dimesional DeRham cohomology).

Problem 4.

A. Let § = {(z1,.--,2,) € C*: 2} + -+ 22 = 1}. Prove that S is a smooth (real)
submanifold of C” = R?", and find it’s dimension.

B. Prove that the orthogonal group O(n), is a smooth submanifold of the space of n x 7
matrices M(n) = R™, and find it’s dimension.

Problem 5.

A. Let f: 8" — T" be continuous, n > 1, where 5™ and I™ denote the n-sphere, and the
n dimensional torus respectively. Prove that the degree of f is zero. (If you prefer, you
may assume that f is smooth).

B. Let f: X — Y be a covering map between two connected manifolds. Prove that if f
is homotopic to a constant map then X is contractible.

Problem 6.

A. Find an explicit CW complex structure for the complex projective space CP?, and
compute the singular homology groups (over Z) using cellular homology.

B. Find an explicit CW complex strucure for S$? x §*, and compute the singular homology
groups using cellular homology.

Typeset by AA48-TEX



2 PH.D. PRELIMINARY EXAM IN GEOMETRY-TOPOLOGY

Problem 7.

A. Prove the Brouwer Fixed Point Theorem using homology theory. That is, if f : B —
B™ is continuous, where B” denotes the closed unit ball in R™, then f has a fixed point.

B. Prove the Fundamental Theorem of Algebra using degree theory.

Problem 8.

A. Compute the DeRham cohomology (or if you prefer, the singular homology) of (82 x
52)4CP?, where, M#N denotes the connected sum of the manifolds M and N.

B. Let p be a positive integer. Compute the singular homology with coefficients in Z, of
real projective 3-space (Z, being the cyclic group of order p). That is, find Hy (RP3,Z,)
for k > 0.

Problem 9.

A. Let F, be a closed orientable surface of genus g. Prove that 71(F,) is infinite, and
non-abelian, provided g > 1.

B. Let G be the one point union of two circles (a figure eight). Draw a picture of an
explicit irregular covering map G — G.




DEPARTMENT OF MATHEMATICS
University of Utah
Ph.D. PRELIMINARY EXAMINATION IN GEOMETRY/TOPOLOGY
August 17, 1999, 9:00-12:00, JWB 333

Instructions: Do five (5) problems from section A and
five (5) problems from section B. Be sure to provide all
relevant definitions and statements of theorems cited.
Make sure you indicate which solutions are to be graded,
otherwise the first five answered will be scored.

A. Answer five of the following questions. Each question
is worth ten points.

1. Let f : M —» N be a submersion between two smooth mani-
folds {without boundary).

a) Show that f is an open map, Le., if U € M is open, then
F(U) € N is open.

b) Show that if M is closed (i.e. compact without boundary) and
N is connected, then f is onto.

¢) Show that there is no submersion of a closed manifold T6 R™

9 Let M be a smooth manifold and p: F — M a smooth vector
bundle on M (with fibers finite-dimensional R-vector spaces).

a) Define the notion of a smooth (Euclidean, also called Rieman-
nian) metric on E.

b) Using partitions of unity, show that £ admits a smooth metric.

3. Prove that the n-sphere admits a nowhere vanishing vector
field if and only if n is odd.

4. Show that SL,(R), viewed as the subset {(a,b, ¢, d}|ad —bc =
1} of RY, is a manifold.

5. Consider the two vector fields in R® given by V(z,y, 2) = (2% +
42,0, ~y) and W(z,y,2) = (0, 7% + y2, z). Find a two dimensional
surface M? ¢ R® containing the point p = (1,0,0) which is tangent
to the vector fields V and W in a neighborhood of p, or show that
such a surface M doesn’t exist.

6. A symmetric quadratic form on R? is given by ds® = (f;j fyj)g

a) Show that ds® is a Riemannian metric for R2.



b) Compute the length of the curve te (0t)fore £t < bin
this metric.

¢) Compute the area of R? in this metric.

d) Show that (z,y) %2—;35) is an isometry on (B2 —{(0,0)}, ds%).

7. Let ©2 be a (nonempty) smooth closed (compact without
boundary) surface smoothly embedded in R®. Show that there is a
two-plane P in R? which intersects 3 such that PN X consists of
finitely many disjoint smooth closed loops.

8. True or false (give a short explanation or a counterexample):
Let ¥ be a smooth, closed, oriented surface. Assume that X has a
Riemannian metric of constant curvature K. Suppose that v C 2 is
a closed embedded geodesic loop which separates Y. (That is, E—y
has two components. )

a) Then K <0.

b) Then K # 0.

9. Let M" be a smooth oriented manifold. Suppose f: M — R
is s smooth function such that df # 0 at each point of M. Show that
there is a smooth vector field V on M so that df (V) < —1. Show
also, that if ¢; is the flow generated by V, then f(¢:(z)) < flo)—1
for all z € M such that ¢:1(z) exists.

10. Let w be a smooth closed p-form on 5™ with p > 0. Show

that there is a smooth (p — 1)-form a so that do = w 1 p <1 but
that this need not be the case when p = n. You are allowed to quote
standard calculations in deRham cohomology.

B. Answer five of the following questions. Each question
is worth ten points.

11, Let T2 = S* x §! be the standard 2-torus and p,q € T?
be two distinet points. Let X = T?/ ~ be the identification space
where the two points are identified p ~ g. Find 7 (X).

12. Let U(n) denote the set of unitary matrices (the complex
n x 1 matrices A which satisfy AAT = I). Show that Uln—1) —
U(n) — S~ is a fiber bundle. (Hint 1: Find explicit local trivial-
izations. Hint 2: State a general theorem whose conclusion is that
a smooth map between closed manifolds is a submersion and verify
the hypotheses.)

Deduce that 7. (U(n)} = m(U(n + 1)) for r < 2n. What are

m (U(3)), ma(U(3)), ma(U(3))7



13. Find the Euler characteristic of the connected sum y(RP3%(S%
52)).

In #14 and #15 by ¥, we denote a closed oriented sur-
face of genus g.

14. Show that every map f : ¥y — X3 has degree 0.

15. Prove that m{Zs) = 0.

16. Prove that CP? and the wedge sum (one point union) S?V S*
are not homotopy equivalent.

17. True or false (give a short explanation or a counterexample):
The Klein bottle cannot be embedded in R? as a smooth submani-
fold.

18. Classify all connected covering spaces of RP? v RP? up to
equivalence.

19. Describe all possible ways in which the homology of a space
can change after attaching an n-cell.

20. Let M and N be two connected smooth manifolds. Show that
M x N is orientable if and only if both M and N are orientable.




DEPARTMENT OF MATHEMATICS
University of Utah

Ph.D. PRELIMINARY EXAMINATION IN GEOMETRY /TOPOLOGY

Autumn 1998

Instructions: Do five (5) problems from section A and five (5} problems

from section B. Be sure to provide all relevant definitions
and statements of theorems cited. Make sure you indicate
which solutions are to be graded, otherwise the first five
answered will be scored.

A. Answer five of the following questions. Each question in this section is
worth ten points.

(1)

(2)

Let X be the set of points (z,y,2) € R? satisfying the equation
(1+2)2? — (1 — 2)y* = 2z(1 — 2*%).

Show that X is a smooth oriented surface embedded in R3.
For (z,y,%) € Riletp=dr®@dz+dy®dy —dz® dz denote a symmetric 2-form
on R®. Let M = {(z,y,2) € R® 1 1 +a? +y* = z%,z > 0} be one nappe of the
hyperboloid.

a. Compute [, dz Ady + (4 —2z)dz Adz + (z — 2)dy A dz where Q@ C M is the

region inside % + ¢* < 3.

(3)

(4)

% Show that the Testriction 73 is & Riemannian metrie-for Pl

c. What is the length of the curve ¢ + (sinht,0,cosh t) for ¢ < ¢t < b in this
metric?

Suppose the three sphere 8° = {(z,y,2,w) € RY:z? +92+ 22 +w? =1} is
embedded into four space the standard way. Two independent vector fields on S3
are given by V = (y,—T,w, —2), W = (w,z,~y,—z). Determine whether it is
possible to embed a closed smooth two dimensional surface N C 5% so that the
vector fields are tangent to N at every point of IV, i.e. V(p), W(p) € TN for every
PeN.

a. Show that @ : R? — R2 given by (p,q) = ®(z,y) = (= +y2+2y,z+y° —2y)
is a diffeomorphism. Compute d®{8/0y) and the pullback ®*(p? dp A dg).

b. Let X be a smooth vector field and w a smooth n-form on the smooth compact
boundaryless manifold M™. Let M x R 2 (z,t) — $i(z) € M be the flow
generated by X. Let A(t) = Jy ¢¢"w be the integral of the pulled back
n-form. Find dA/dt.

(5) Let M™ ,N™ C P? be smooth embedded submanifolds of a smooth manifold. M™

and N'™ are said to intersect transversally T, M+T,N =Ty Pforeveryz € MNN.
Prove that if M™ and N7 intersect transversally then M™ N N™ is a smooth
submanifold of PP. What is its dimension?

(6) Let X = §! x R. Find the de Rham cohomology of X in two ways.

a. Using de Rham’s Theorem.



b. Directly from the definition.
(7) Let f : S® — S™ be a continuous map of spheres whose degree D{f) # 1. Show
that there is a point z € 8™ such that f{z) = a(z) where a is the antipodal map.
(8) Suppose that K 2 K; 2 K3 D -+ is a nested sequence of compact connected
subsets of S? such that 7;(K;) = Z for all j. Prove or provide a counterexample
for each of the following statements:
a. [V;=; Kj is connected.

b. 7('1(0_?:_»1 KJ) = 7.

B. Answer five of the following questions. Each question in this section is
worth ten points.

(9) Let X be the space obtained from a disk
by identifying the boundary according to
the following diagram. Find the fundamental
group 71 (X ). Is X homeomorphic to a
closed surface? Explain.

(10} Determine all covering spaces of the two-torus T2 up to equivalence. Explain.

(11) Let t> C S° be a homeomorph of the two torus T2. Find the singular homology
H.(S® —t%2).

(12) Let X, = D* Uy S% be the space obtained by attaching a 4-cell to the 3-sphere by
an attaching map f : 3D* — 8% of degree p.

a. Compute the singular homology of Hi{X5; Z)and HXGXg
(p,q) using the CW-complex cell structure.
b. Find H.(X, x Xg; Z) using the Kiinneth Theorem.

(13) Find the singular homology groups H. (RP3; Z).

(14) Explicitly describe a nontrivial homotopy class in m3(S?). Show that it is nonzero.

(15) Suppose (Ck,0%) is a free chain complex. Suppose that it is acyclic, i.e. the
homology groups Hy(C) = 0 for all k. Show that C is contractible, that is, the
identity map and the zero map g, Cx : Cg — ('}, are chain homotopic.

(16) Prove that CP? cannot be decomposed as a union M; UMz where M; and M, are
homeomorphic compact submanifolds with boundary and My N M; is the common
boundary of M, and M,.

(17) Let X = S' v §? vV T? be the one point union. Compute 71 (X) and show that
m2(X) is infinitely generated.

(18) Let X = A — U2, D7 where A'is the closed unit disk and D§ C A are open round
disks with pairwise disjoint closures. Prove that the homology of X is infinitely
generated.



Ph. D. preliminary examination in
Geometry /Topology

September 22, 1997

Tustructions: Do the indicated number of problems from each of the two sections
below. The problems in Section 1 are worth 10 points each. The problems in Section
11 are worth 15 points each, be sure to provide all relevant definitions and statements
of theorems cited. Make sure you indicate which solutions are to be graded, otherwise
the first problems you have answered will be scored.

Section I. Pick six of the following ten questions to answer:
Problem 1. Show that w1 (RP?#RP?#RP?) is infinite.

Problem 2. Using homology prove Brouwer’s fixed-point theorem:
If f:I™ — I" is a continuous map then there exists z € I" such that f(x) = x.
(Here and below I denotes the closed unit interval.)

Problem 3. Prove the Tixed-point theoren forcontracting maps: e
Let X be a complete metric space and f : X — X be a map such that there exists
A < 1 so that
d(f(x), f(y)) < Ad(z,y)

for all z,y € X. Then f has a fixed point.

Problem 4. Prove that R* is not homeomorphic to R for k # n. (Do not appeal
to Brouwer’s invariance of domain theorem.)

Problem 5. True of false:
There is no orientable smooth 3-dimensional manifold M and a smooth embedding

RP? -3 M. Justify your answer.

Problem 6. Let p(z) = a,2" + ... +ag be a non-constant complex polynomial. Prove
p : C — C is proper, has only a finite number of singular values, that the inverse
images of regular values have constant cardinality. Deduce the Fundamental Theorem
of Algebra: p has a root.

Problem 7. Give a proof or a counterexample to the following assertion:
If H,(X;Z) =0 then H,(X;G) = 0 for any abelian group .

Problem 8. Let M™ ¢ B be an embedded differentiable submanifold. Prove that
for each P € M there is a neighborhood U C R of P so that U N M is expressible
as the graph “above” at least one of the n+1 coordinate hyperplanes of R**!.

H



Problem 9. Let f,¢: K — L be two chain maps (fn, gn : Kn — L.). Define what it
means for f and g to be chain homotopic. Prove that if f and ¢ are chain homotopic,
then they induce the same maps in homology, f« = g. H,(K) - Ho(L).

Problem 10. Identify R* with C? so that 2 = 1 + 1y, w = To+iy. Let p= (1,0) €
2. Consider the following smooth submanifolds of C* — {(0,0), (0,0.5)}:

My = {(z,w)|z? + w* =1}
My = {(z,w)]2? — w® + w = 1}
M3 = {(x;,yl,l’g,yg)‘l - Ty + Eg + y? + y§ = G} .
Which of the pairs of manifolds (M;, My), (Ma, M3), (My, M;) are transverse at p7

Section IT. Pick four of the following eight questions to answer:

Problem 1. Let X be the topological space described on the Figure below: it is
obtained from the 2-dimensional square I? by identifying segments with arrows (the
identification respects the orientation of edges determined by the arrows). Compute

i (X).
>
/

Problem 2. True or false:
Any closed differential form of degree > 1 on RP? x RP? is exact. Justify your

ANSWEr.
Problem 3. Let 5 be the 4-dimensional sphere and F' C S* be a smoothly embedded
surface of genus g (this surface is orientable, compact and has no boundary). Compute

the homology groups
Hy(S* - F,R)

2



for k = 2,3. (You may assume that F' is contained in an open subset U of R*, which
is homeomorphic to F x R? so that ' C U corresponds to F' x {0}.)

Problem 4. Consider the set of matrices
O(n) ={AeM,: AAT = 1}

where M,, = R is the collection of all nxn-matrices and AT means the transposition
of A. Show that O(n) is a smooth submanifold of M,. Describe the set of matrices
which form the tangent space to O(n) at the identity matrix.

Problem 5a. Let S2 be the 3—sphere, and let T? = 5* x S! be the 2—torus. Compute
the singular homology of 53 x T2 using its CW-complex structure.

b. Recompute the singular homology of $* x T? using the Eilenberg-Zilber and
Kiinneth Theorems.

Problem 6. Define what a Riemannian manifold is. Define the natural distance
function which one obtains from the (infinitesimal) Riemannian metric, and prove that
this distance function gives a metric space structure to each Riemannian manifold.

Problem 7. Let X = {(z,9,2) € Rlzyz = 0}, i.e. X is the union of the three
coordinate planes in B3, Let 0 € X be the origin. Prove that any homeomorphism
of X maust fix 0.

Problem 8a. Let P : M — N be a regular covering map between connected dif-
forentiable.manifolds M. N _and let M be orientable. Prove that N is orientable if

and only if every deck transformation {covering space automorphism) preserves the
orientation of M.
b. Prove that RP" is orientable if and only if 2 is odd.



Ph. D. preliminary examination in
Geometry/Topology

September 10, 1996

Instructions: Do the indicated number of problems from each of the two sections
below. The problems in Section I are worth 10 points each. The problems in Section
I are worth 15 points each, be sure to provide all relevant definitions and statements
of theorems cited. Make sure you indicate which solutions are to be graded, otherwise
the first problems you have answered will be scored.

Section I. Pick six of the following ten questions to answer:
Problem 1. Let M be the Moebius band which has Riemannian metric with

totally-geodesic boundary and curvature K (p) < 0 in all points p € M. Show that
the curvature of this metric is identically zero.

Problem 2. Consider the space £ of all straight lines ax + by +c¢ = 0 in the

Lines..L

S y ) . A . X
Eiiclidean plane R:—Topologize~£-so-that-a-seqienee of-lines-Li-is-convergent to. .

aline L = {ax +by +c¢ = 0} if and only if L; can be represented by equations
a,z + by + ¢; = 0 so that im;a; = a, lim; b; = b, im;¢; = c. Prove that the
topological space L is homeomorphic to the Moebius band without boundary.

Problem 3.Let F : B2 — R® be a mapping given by the formula: F (u,v) =
(e¥ cos(v), e*sin(v),0). Compute the pull-back F*(w) of the differential form w =
zydz A dy + zdy A dz € Q(R?).

Problem 4. Construct a nontrivial circle bundle over the Klein bottle.

Problem 5. Consider the complex plane C with the Euclidean metric. Let
f: C - C be a complex-analytic mapping and z € C be a point such that f'{z) #0.
Show that the derivative Df, : T,C - Ty(,)C preserves angles.

Problem 6. Take the 2-dimensional triangle 7' and identify all its sides as indi-
cated below. What is the universal covering of the resulting topological space X7

—

7



Problem 7. Let n > 2. By Z/n denote the cyclic group of order n with discrete
topology and by §? the 2-sphere with standard topology. Let p and ¢ be two distinct
points of §2. Compute the homology groups of the n-link sausage space X which is
the space that can be represented as the identification space (§? x Z/n)/ ~ with the
equivalence relation induced by (p,7) ~ (g,1+ 1)

Problem 8. Denote by [X, Y] the set of free homotopy classes of maps X — Y.
Show that [S? RP?] is infinite. In other words, construct a sequence of maps f; : §? —
RP?, i =1,2,3,--- such that no two are homotopic to each other.

Problem 9. Let S be a surface with Riemannian metric whose curvature K (p} is
nonpositive at all points p of S. Let 7 : R — S be a geodesic such that v(t) = (¢ + 1)
for all ¢ and  represents the trivial element of the fundamental group m1(S, v(0}).
Prove! that the mapping = is constant.

Problem 10. Give an explicit construction of the Hopf fibration 4 : S* —» S% and
argue that A is not null-homotopic. :

Section II. Pick four of the following eight questions to answer:

Problem 1. Let f : S* — S” be a continuous map from the n-sphere to itself and
assume that n is even. Show that there is a point € S™ such that f(z) € {z, ~z}.
Does the same assertion hold if n is odd? If it does, prove it, and if it does not, find
a counterexample.

Problem 2. Let S, denote the closed” connected orientable surface of genus g.
Suppose that f : S, — S, is a continuous map of degree *1.

o Show that fy : m;(Sm) — m:(S,) is onto.

o Conclude that m > n.

1Without referring to Cartan-Hadamard theorem.
21.e. compact and without boundary.



Problem 3. Consider the “tripod” T with the central point O (i.e. the union of
three segments in the plane which intersect only at the origin Q). Let P = (0.0) be
the point on X = T x T which projects to the point O in the both factors. Compute

H(X.X — P;Z).
T

Problem 4. True or false:

(a) Every local homeomorphism between closed connected manifiolds is a covering
onto its image.

(b) Every local homeomorphism between open® connected manifiolds is a covering
onto its image.

Justify your answers.

Problem 5. True or false:

Suppose that X is a finite CW-complex and A C X is a subcomplex. Then the
relative homotopy groups 7;{X, A) are isomorphic to the homotopy groups 7;{X/4),
where X/A is the CW-complex obtained from X by collapsing A to a point.

Justify your answer.

7'7'Wﬂf7W”Pfﬁﬁi@fﬁiﬁﬁfSﬁp}jUSE‘"tﬁ&ﬁ’thﬁfﬂﬁ*&%ﬁf&*&ﬁd’f%GfSiGﬂ*{%fffa—'{egi—li&?—%&l&fgwiﬁrﬁlal:aw,,,,,,,,,,,,,,,,,,,,,,,, R

non-zero constants a, b. Find a parameterization of the curve by arclength.
Problem 7. Let
X(5,0) = (g(s) cos(8), w(s) sin(6), 7(s))

be a surface of revolution such that ¢/(s)? + v/(s)> = 1. Prove that the meridians
9 = const are geodesics. What condition on the lattitude s = const is necessary and
sufficient to made it geodesic?

Problem 8. Prove that torus can not be immersed in R* in such a way that the
Gauss curvature of the induced metric is everywhere non-negative.

3L.e. noncompact and without boundary.



DEPARTMENT OF MATHEMATICS
University of Utah
Ph. D. PRELIMINARY EXAMINATION IN TOPOLOGY/GEOMETRY
Autumn 1995

Instructions: Do the indicated number of problems from each of the two parts below (six
from Part I, four from Part II}. The problems in Part I are worth 10 points each. The
problems in part I are worth 15 points each. Be sure to provide all relevant definitions and
statements of theorems cited. Make sure vou indicate which solutions are to be graded,
otherwise the first problems you have answered will be scored.

I. Pick six of the following ten questions to answer

A. Let S; and Sy be two (2-dimensional) surfaces. Derive the relationship between
the Euler characteristic of the connected sum S1[S2 and the Euler characteristics of $
and Ss.

B. Suppose that X is a topological space, A C X is a deformation retract which is
path connected. Prove that X is path-connected as well.

C. Let G be a subgroup of index 3 in the free group of rank 2. Prove that G is free
and find its rank.

D. Suppose M is a connnected manifold. Caleulate Hi(M x S') in terms of the
homology groups of M.

E. Find a cell-complex structure for the Klein bottle.

F. Suppose that p : X — X is a covering map between connected manifolds. Prove
that if p is null-homotopic, then X is contractibie.

(5. Show that every continuous map f : 5™ —» 8™ {n > 1) of degree 2 has a fixed
point.

H. Let A be the 2—dimensional distribution in R® defined by A = span{;% + .
3223—2—5, 3%; -+ a:?’gg@}. Determine whether this distribution is tangent to a family of two-
dimensional surfaces.

I. Let (M™, g) be a Riemannian manifold. Show that the form given locally by w =
NG dzt A de? A ... A dx™ represents a globally-defined, nowhere vanishing n—form. {Here
/7 is the standard shorthand for the square root of the determinant of the matrix [g;;] =
[< 52+, 525 >] which gives the metric g in local coordinates.)

J. Calculate mo{RP3).

I1. Pick four of the following seven questions to answer

1. Let M(R) be the set of all 2 x 2 matrices with real coefficients, and identify it with
R* in the usual way. Let SL(2,R) be the subset of M3(R) consisting of those matrices

with determinant equal to one.
(a) Show SL(2,R} is a submanifold of M>(R).

1



(b) Exhibit the tangent space to SL{2.R) at the identity matrix.

2. Let f: M — Nand g: N — M be smooth maps. where M and N are compact
connected smooth oriented manifolds of the same dimension. If go f is a diffeomorphism.
either prove that both f and g are diffeomorphisms, or find a counterexample.

3. Let the curve (f(s), g(s)) be parameterized by arclength in R? (f > 0). Consider
the surface of revolution S in R? given parametrically by

X(s,8) = (f(s)cos, f(s}sinf, g(s}).

(a) Compute the mean curvature and Gauss curvature for points on S.

(b) Find necessary and sufficient conditions for the “latitudes” obtained when s is
constant to be geodesics. :

4. Consider the domain D in R® which is the complement to the union of two unit
balls with centers at the points (0,0,2) and (0,2,0). Calculate Hy(D,Z).

5. In the product 5 x S* consider the subset

A:=5"x{plu{p} x &

where p is a point on S, Caleulate H;(A,Z), j = 0,1,2.

6. Prove that the Riemannian connection on a Riemannian manifold (M™, g) is
uniquely determined. (Recall that a Riemannian connection is an affine connection which
has zero torsion and is metric compatible.)

7 _Let M be a differentiable mﬂnifn]d. w-a closed p—form c:squFying

/wze

C

for all smooth p—cycles ¢. Prove w is exact.



DEPARTMENT OF MATHEMATICS
University of Utahl
Ph.D. PRELIMINARY EXAMINATION IN GEOMETRY/TOPOLOGY
Autumn 1994

Instructions: Do eight (8) problems from section I. Do eight (8) problems

from section II. Be sure to provide all relevant definitions
and statements of theorems cited. Make sure you indicate
which solutions are to be graded, otherwise the first eight
answered will be scored.

I. Five point questions: Prove if true. Give a counterexample if false.

A.

B.

Let A and B be disjoint closed subsets of a topological space X. Then there exists
a continuous function f: X - {0,1] so that f{A) =0 and f(B)=1.
Let K ¢ S% be a knot (a homeomorph of 8') . Then m(8? — K, zo) = Z.

’ n times Zn, k= 1;
e 8% x - x Sl;we)'“ { 0, ifk>1L
Let K denote a finite simplicial complex. The Euler characteristic is given by
x(K) = Zpo(“l)j%‘ where o is the number of j-simplexes in K. II8dK
denotes barycentric subdivision then ¥{K) = x(Sd K).
If X and Y are compact connected smooth n-manifolds then for 0 < k£ < n, the
singular homology satisfies Hy(X x Y, Z) = Hy(X,Z) ® Hy (Y, Z).

U(n), the space of complex n x n unitary matrices, has the structufe ¢f asmeoth
real manifold. N

Let X be a finite connected graph. Then the fundamental group 73 (X, z¢) is a free
group with 1 — x(X) generators. (x is the Euler characteristic. )

Let {Cy,dn} and {C%, d;,} be chain complexes of abelian groups and f, : Cp, = CJ,
a chain homotopy equivalence. Then the induced map fr. H,(C) — H,(C") is
isomorphism in homology.

Suppose a smooth oriented manifold M™ has a Riemannian metric which is given in
any local coordinate system by ds® = Z": =1 Gig (z) dr*®@dz’. Then the form given
locally in the same coordinate systems by w = det (gij(z)) dz*~ - - - ~dz™ represents
a globally defined nowhere vanishing n-form on M.

Let f € C°°(S") be a smooth function and let r1,22 € S™ be two points such
that f(z1) < 0 < f(z2). Let w be a smooth nonvanishing n-form. Then there is a
diffeomorphism ¢ : 8™ — 8™ such that fg. (¢"f) w =0.

I1. Ten point questions.
(1) Let ¥ denste the surface obtained from an annulus by identifying antipodal points

of the inner circle and by identifying antipodal points of the outer circie. Compute
the fundamental group of £. Can you identify ¥ as a connected sum of tori and
projective planes?



(2) Let X be a connected, locally arcwise connected, semilocally simply connected,
compact metric space. Show that 71(X, o) is finitely generated.

(3) Let S™ denote the unit sphere of R*** and let o : 8" — 8" denote the antipodal
map a(z) = —z. Show that 8" admits a nonvenishing tangent vector field if and
only if a is homotopic to the identity. For which values of n does this happen?

(4) Find the singular homology H.(S®— (AU B), Z) where A is a homeomorph of $2,
B a homeomorph of 8% and AN B = {%} is a single point.

(5) Suppose that maps between three spheres forms a fibration. Show that k =n ~ 1.

Sk -+, Sn-é—k

ip
S'ﬂ

By giving examples, show that such a fibration is indeed possible for some n.

(6) Find the homology, cohomology and homotopy groups

a. H,(RP3,Z);

b. H,(RP3 Z/2Z);

c. H*(RP3 Z);

d. 7x(RP3, z0), for k£ = 1,2,3.

(7} Compute the deRham cohomology of 82 in four distinct ways. You may assume
the singular cohomology groups H *(82,R). (Hint: one way could be from first
principles using the Poincaré Lemma.)

(8) The surface parameterized by X : { u,v) ~ (cosu,sinu,2cosv,2sinv) is a torus

isometrically immersed inte R®.

(9) Let M? be a smooth closed connected orientable surface with Gauss curvature
K(z) < 0 and genus g. Let {7,... ,ve} be a system of pairwise nonintersecting
closed geodesics of M. (A closed geodesic is a smoothly embedded loop y; : 8t — M
whose geodesic curvature vanishes identically x; = 0.) Show that £ < 3g—3. (Hint:
can two nonintersecting closed geodesics be freely homotopic?)

(10} Let f be a smooth function on a smooth manifold M™. A critical point zp €
M is nondegenerate if in some cocrdinate system the Hessian matrix of second
partials va—g—é%(xg) is nonsingular at zg. A function all of whose critical poiats
are nondegenenerate is called a Morse function. Show that the critical points of a
Morse function are isolated. Given any smooth function f € C® (M), show that for
every € > 0 there is a Morse function g € C°°(M) with sup,¢ flz) —glz)l < e

(11) Let M ¢ R™"! be the graph z"*! = f(z*,... ,z") where f € C>®{{?) and & C R®
is a convex open set. Suppose the Hessian of f has constant rank ie. for some

k such that 0 < k < n and every z € {1, rank (%—%ﬂ») = k. Show that M is

foliated by (n — k) dimensional manifolds whose tangent vectors lie in ker{d()

where G : M — R" is given by G{z) = (;%’;, r ,gﬁ). Show that a connected

component L of such a “leaf” manifold locally coincides with points where G is
constant. In fact, the graph of I is an affine subspace of R+ restricted to 02 x R.

in R* with the induced metric dg? = '}{*as%_;\ —Show that this torascannot-be——





