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What are graphical designs?



SIMPSON’S RULE 
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<latexit sha1_base64="giX4jazC00QEvlGE4BNHI9hZ9xE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqBP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwByHOM8Q==</latexit>
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<latexit sha1_base64="25i/ywcnzGF33ntiTT3PgIcdTP0=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSIIQtktUj0WvXisYD+gXUo2zbahSXZNsoWy7O/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz321lb39jc2i7sFHf39g8OS0fHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8d3Mb0+o0iySj2YaU1/goWQhI9hYye+FCpMUXwZZWs36pbJbcedAq8TLSRlyNPqlr94gIomg0hCOte56bmz8FCvDCKdZsZdoGmMyxkPatVRiQbWfzo/O0LlVBiiMlC1p0Fz9PZFiofVUBLZTYDPSy95M/M/rJia88VMm48RQSRaLwoQjE6FZAmjAFCWGTy3BRDF7KyIjbHMwNqeiDcFbfnmVtKoVr1apPVyV67d5HAU4hTO4AA+uoQ730IAmEHiCZ3iFN2fivDjvzseidc3JZ07gD5zPH64Okg8=</latexit>
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<latexit sha1_base64="XL/DVxnMQZ5x6grUOQYZHNStymM=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXpHosevFYwX5Au5Rsmm1Ds8maZAtl2d/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDfz2xOqNJPi0Uxj6kd4KFjICDZW8nuhwiQNLnCW1rJ+ueJW3TnQKvFyUoEcjX75qzeQJImoMIRjrbueGxs/xcowwmlW6iWaxpiM8ZB2LRU4otpP50dn6MwqAxRKZUsYNFd/T6Q40noaBbYzwmakl72Z+J/XTUx446dMxImhgiwWhQlHRqJZAmjAFCWGTy3BRDF7KyIjbHMwNqeSDcFbfnmVtC6rXq1ae7iq1G/zOIpwAqdwDh5cQx3uoQFNIPAEz/AKb87EeXHenY9Fa8HJZ47hD5zPH7c2khU=</latexit>
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<latexit sha1_base64="XL/DVxnMQZ5x6grUOQYZHNStymM=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXpHosevFYwX5Au5Rsmm1Ds8maZAtl2d/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDfz2xOqNJPi0Uxj6kd4KFjICDZW8nuhwiQNLnCW1rJ+ueJW3TnQKvFyUoEcjX75qzeQJImoMIRjrbueGxs/xcowwmlW6iWaxpiM8ZB2LRU4otpP50dn6MwqAxRKZUsYNFd/T6Q40noaBbYzwmakl72Z+J/XTUx446dMxImhgiwWhQlHRqJZAmjAFCWGTy3BRDF7KyIjbHMwNqeSDcFbfnmVtC6rXq1ae7iq1G/zOIpwAqdwDh5cQx3uoQFNIPAEz/AKb87EeXHenY9Fa8HJZ47hD5zPH7c2khU=</latexit>
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6

<latexit sha1_base64="qcAfWgULZciq3hPQz/ykja5jkJc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUgyWpUj0WvXisYD+gDWWz3bRLN5uwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbm+TFnSjvOt7W2vrG5tV3YKe7u7R8c2kfHLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW374/uZ355QqVgknvQ0pl6Ih4IFjGBtpL5t9wKJSVot+5f4Ikuvsr5dcirOHGiVuDkpQY5G3/7qDSKShFRowrFSXdeJtZdiqRnhNCv2EkVjTMZ4SLuGChxS5aXzyzN0bpQBCiJpSmg0V39PpDhUahr6pjPEeqSWvZn4n9dNdHDrpUzEiaaCLBYFCUc6QrMY0IBJSjSfGoKJZOZWREbYRKFNWEUTgrv88ippVSturVJ7vC7V7/I4CnAKZ1AGF26gDg/QgCYQmMAzvMKblVov1rv1sWhds/KZE/gD6/MHbA6S5A==</latexit>
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SPHERICAL DESIGNS

A spherical quadrature rule is a set of points                                                             
and weights                   such that for sufficiently smooth functions                                                          

<latexit sha1_base64="QBm4M/mWX58lNklIN02bCdX68pA=">AAACFHicbVDLSgMxFM34rPVVdekmWATBUmakqMuiG5cV7QM645DJpG1oJjMkd8Qy9CPc+CtuXCji1oU7/8b0sdDWA4GTc+7l3nuCRHANtv1tLSwuLa+s5tby6xubW9uFnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzaB/OfKb90xpHstbGCTMi0hX8g6nBIzkF47dDD/4Tgm7IoxBl8xHYneIXZ0GmgF2IwK9IMhuhnehXyjaZXsMPE+cKSmiKWp+4csNY5pGTAIVROu2YyfgZUQBp4IN826qWUJon3RZ21BJIqa9bHzUEB8aJcSdWJknAY/V3x0ZibQeRIGpHO2oZ72R+J/XTqFz7mVcJikwSSeDOqnAEONRQjjkilEQA0MIVdzsimmPKELB5Jg3ITizJ8+TxknZOS1XrivF6sU0jhzaRwfoCDnoDFXRFaqhOqLoET2jV/RmPVkv1rv1MSldsKY9e+gPrM8fRNmdwg==</latexit>

{x1, . . . , xn} ⇢ Sd
<latexit sha1_base64="NSUS47aLCpo0cSwc7RTnaNdaUz8=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkqMuiG5dV7AOaUibTSTt0MgkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/Coo6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/epP73UcqFYvEg05jOgjxWLCAEayNNLSreMiQxwTyQqwnvp/dz9DQrjl1Zw60StyC1KBAa2h/eaOIJCEVmnCsVN91Yj3IsNSMcDqreImiMSZTPKZ9QwUOqRpk8/AzdGqUEQoiaZ7QaK7+3shwqFQa+mYyj6iWvVz8z+snOrgaZEzEiaaCLA4FCUc6QnkTaMQkJZqnhmAimcmKyARLTLTpq2JKcJe/vEo653X3ot64a9Sa10UdZTiGEzgDFy6hCbfQgjYQSOEZXuHNerJerHfrYzFasoqdKvyB9fkD1UCUQg==</latexit>

ai 2 R <latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>
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SPHERICAL DESIGNS

A spherical quadrature rule is a set of points                                                             
and weights                   such that for sufficiently smooth functions                                                          
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{x1, . . . , xn} ⇢ Sd
<latexit sha1_base64="NSUS47aLCpo0cSwc7RTnaNdaUz8=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkqMuiG5dV7AOaUibTSTt0MgkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZXW1jc2t8rblZ3dvf0D+/Coo6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/epP73UcqFYvEg05jOgjxWLCAEayNNLSreMiQxwTyQqwnvp/dz9DQrjl1Zw60StyC1KBAa2h/eaOIJCEVmnCsVN91Yj3IsNSMcDqreImiMSZTPKZ9QwUOqRpk8/AzdGqUEQoiaZ7QaK7+3shwqFQa+mYyj6iWvVz8z+snOrgaZEzEiaaCLA4FCUc6QnkTaMQkJZqnhmAimcmKyARLTLTpq2JKcJe/vEo653X3ot64a9Sa10UdZTiGEzgDFy6hCbfQgjYQSOEZXuHNerJerHfrYzFasoqdKvyB9fkD1UCUQg==</latexit>

ai 2 R <latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f

A spherical t-design integrates all 
polynomials of degree at most t

A spherical 5-design 



PASSING TO GRAPHS
<latexit sha1_base64="5GW+7VdOpdQfkHj/qT3FNfoehSU="></latexit>

Definition. G = (V,E) finite, simple, connected graph.
<latexit sha1_base64="vNEO4sS4KQnGPwdCBpwZPOHmxgg="></latexit>

W ⇢ V with weights aw 2 R averages a function f : V ! R if
<latexit sha1_base64="VrHcaGWkAtqpBfXBgDMtW8fUHrg="></latexit> X

w2W

awf(w) =
1

|V |
X

v2V

f(v).



<latexit sha1_base64="5GW+7VdOpdQfkHj/qT3FNfoehSU="></latexit>

Definition. G = (V,E) finite, simple, connected graph.
<latexit sha1_base64="vNEO4sS4KQnGPwdCBpwZPOHmxgg="></latexit>

W ⇢ V with weights aw 2 R averages a function f : V ! R if
<latexit sha1_base64="VrHcaGWkAtqpBfXBgDMtW8fUHrg="></latexit> X

w2W

awf(w) =
1

|V |
X

v2V

f(v).

<latexit sha1_base64="0cuzR7S6pQzXCdYXfAipqSdgm1o=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpIGVGiroRim5cVrAP6Awlk2ba0MyD5I5Qhv6BG3/FjQtF3Lp159+YtlPQ1nMJHM65l5t7vFhwBZb1beSWlldW1/LrhY3Nre0dc3evoaJEUlankYhkyyOKCR6yOnAQrBVLRgJPsKY3uBn7zQcmFY/CexjGzA1IL+Q+pwS01DGPCb7CjmA+lLB1Oit7VtiRvNeHk45ZtMrWBHiR2Bkpogy1jvnldCOaBCwEKohSbduKwU2JBE4FGxWcRLGY0AHpsbamIQmYctPJPSN8pJUu9iOpXwh4ov6eSEmg1DDwdGdAoK/mvbH4n9dOwL90Ux7GCbCQThf5icAQ4XE4uMsloyCGmhAquf4rpn0iCQUdYUGHYM+fvEgaZ2X7vFy5qxSr11kceXSADlEJ2egCVdEtqqE6ougRPaNX9GY8GS/Gu/Exbc0Z2cw++gPj8wfpb5eR</latexit>

a = (0, 0, 0, 0, 0, 1, 1, 1, 1, 1)



WHICH FUNCTIONS TO AVERAGE?  

Assume G is regular from now on

3-regular



WHICH FUNCTIONS TO AVERAGE?  

Assume G is regular from now on

3-regular

<latexit sha1_base64="7ltNESIdhXabBs3mqdpDrsFuq6o="></latexit>

D 2 R|V |⇥|V | diagonal matrix Dvv = deg(v) 8 v 2 V

<latexit sha1_base64="apWscBf5V4w3I+EaIYx04KS6M/Q="></latexit>

A 2 {0, 1}|V |⇥|V | adjacency matrix of G, Aij = 1 , ij 2 E



WHICH FUNCTIONS TO AVERAGE?  

Assume G is regular from now on

3-regular

<latexit sha1_base64="7ltNESIdhXabBs3mqdpDrsFuq6o="></latexit>

D 2 R|V |⇥|V | diagonal matrix Dvv = deg(v) 8 v 2 V

<latexit sha1_base64="apWscBf5V4w3I+EaIYx04KS6M/Q="></latexit>

A 2 {0, 1}|V |⇥|V | adjacency matrix of G, Aij = 1 , ij 2 E

<latexit sha1_base64="Nh8+CvQaifPPOr2+Fg4ucgPKDe0=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVROV6kYo6kJ3VewDmlgm00k7dDIJMxOhhHyGG3/FjQtF3Hbn3zhps9DWAxcO59zLvfd4EaNSWda3UVhYXFpeKa6W1tY3NrfM7Z2mDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzhVea3noiQNOQPahQRN0B9Tn2KkdJS1zy6hhfQ8QXCiZ0mJym8hQ7l0AmQGnhecp8+JrYFHUUDIqFtpV2zbFWsCeA8sXNSBjnqXXPs9EIcB4QrzJCUHduKlJsgoShmJC05sSQRwkPUJx1NOdKL3GTyWAoPtNKDfih0cQUn6u+JBAVSjgJPd2YHy1kvE//zOrHyz92E8ihWhOPpIj9mUIUwSwn2qCBYsZEmCAuqb4V4gHRKSmdZ0iHYsy/Pk+Zxxa5Wqnen5dplHkcR7IF9cAhscAZq4AbUQQNg8AxewTv4MF6MN+PT+Jq2Fox8Zhf8gTH+AbuZnl8=</latexit>

D =
1

3
I 2 R10⇥10

0 0 1 1 0 1 0 0 0 0
0 0 0 1 1 0 1 0 0 0
1 0 0 0 1 0 0 1 0 0
1 1 0 0 0 0 0 0 1 0
0 1 1 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0 0 1
0 1 0 0 0 1 0 1 0 0
0 0 1 0 0 0 1 0 1 0
0 0 0 1 0 0 0 1 0 1
0 0 0 0 1 1 0 0 1 0

<latexit sha1_base64="3fAQnEGNAu0BOU0qWDnGfO7JEbo=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C1IvHKOYBSQizk9lkyOzsMtMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPd5cdSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90e3Ubz5xbUSkHnEc825IB0oEglG00sP1Va9YcsvuDGSZeBkpQYZar/jV6UcsCblCJqkxbc+NsZtSjYJJPil0EsNjykZ0wNuWKhpy001nl07IiVX6JIi0LYVkpv6eSGlozDj0bWdIcWgWvan4n9dOMLjspkLFCXLF5ouCRBKMyPRt0heaM5RjSyjTwt5K2JBqytCGU7AheIsvL5PGWdmrlCv356XqTRZHHo7gGE7Bgwuowh3UoA4MAniGV3hzRs6L8+58zFtzTjZzCH/gfP4AGBeNFw==</latexit>

A =

<latexit sha1_base64="DyKOTnp15S3DqQsJTzO+DXxWU7E=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDYGPYVYk2QqIWlhHMA5I1zE5mkyGzD2ZmhbBs46/YWChi62fY+TdOki008cCFwzn3cu89bsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcNYEFonIQ9Fy8WSchbQumKK01YkKPZdTpvu8HrsNx+pkCwM7tUooo6P+wHzGMFKS11zr3rzkBzbKbpEHU9gkthpcpqiatcsWiVrAjRP7IwUIUOta351eiGJfRoowrGUbduKlJNgoRjhNC10YkkjTIa4T9uaBtin0kkmD6ToUCs95IVCV6DQRP09kWBfypHv6k4fq4Gc9cbif147Vt6Fk7AgihUNyHSRF3OkQjROA/WYoETxkSaYCKZvRWSAdQ5KZ1bQIdizL8+TxknJLpfKd2fFylUWRx724QCOwIZzqMAt1KAOBFJ4hld4M56MF+Pd+Ji25oxsZhf+wPj8AVvZlP8=</latexit>

AD�1 =
1

3
A



<latexit sha1_base64="pl0/101LDVGIKaBZp97sWgaX3j0=">AAACCnicbVDLSgMxFM34tr6qLt1Ei+DGMiNFXfoElwq2FtpaMumdGppJhuROsQxdu/FX3LhQxK1f4M6/Ma1d+DoQOJxzLzfnhIkUFn3/wxsbn5icmp6Zzc3NLywu5ZdXKlanhkOZa6lNNWQWpFBQRoESqokBFocSrsLO8cC/6oKxQqtL7CXQiFlbiUhwhk5q5tfrCLeYJtmpaIPqAkdtLNUR7dPDk+tsO+g38wW/6A9B/5JgRApkhPNm/r3e0jyNQSGXzNpa4CfYyJhBwSX0c/XUQsJ4h7Wh5qhiMdhGNozSp5tOadFIG/cU0qH6fSNjsbW9OHSTMcMb+9sbiP95tRSj/UYmVJIiKP51KEolRU0HvdCWMC687DnCuBHur5TfMMM4uvZyroTgd+S/pLJTDHaLpYtS4eBoVMcMWSMbZIsEZI8ckDNyTsqEkzvyQJ7Is3fvPXov3uvX6Jg32lklP+C9fQLbGppY</latexit>

Eigenvectors of AD�1

<latexit sha1_base64="VAqEuukBZFKTq4NWe2QG/mNhfDI="></latexit>

AD�1 symmetric, nonnegative, doubly stochastic



<latexit sha1_base64="pl0/101LDVGIKaBZp97sWgaX3j0=">AAACCnicbVDLSgMxFM34tr6qLt1Ei+DGMiNFXfoElwq2FtpaMumdGppJhuROsQxdu/FX3LhQxK1f4M6/Ma1d+DoQOJxzLzfnhIkUFn3/wxsbn5icmp6Zzc3NLywu5ZdXKlanhkOZa6lNNWQWpFBQRoESqokBFocSrsLO8cC/6oKxQqtL7CXQiFlbiUhwhk5q5tfrCLeYJtmpaIPqAkdtLNUR7dPDk+tsO+g38wW/6A9B/5JgRApkhPNm/r3e0jyNQSGXzNpa4CfYyJhBwSX0c/XUQsJ4h7Wh5qhiMdhGNozSp5tOadFIG/cU0qH6fSNjsbW9OHSTMcMb+9sbiP95tRSj/UYmVJIiKP51KEolRU0HvdCWMC687DnCuBHur5TfMMM4uvZyroTgd+S/pLJTDHaLpYtS4eBoVMcMWSMbZIsEZI8ckDNyTsqEkzvyQJ7Is3fvPXov3uvX6Jg32lklP+C9fQLbGppY</latexit>

Eigenvectors of AD�1

<latexit sha1_base64="lTOXQt135vek3z08U2QfZukxb+A=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem01lo64HA4Zxzyb0nSDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7CmnEnaNsxw2ksUxSLgtBtMbud+94kqzWL5YKYJ9QUeSRYxgo2VHgfcRkM8ZMNqza27OdAq8QpSgwKtYfVrEMYkFVQawrHWfc9NjJ9hZRjhdFYZpJommEzwiPYtlVhQ7Wf5wjN0ZpUQRbGyTxqUq78nMiy0norAJgU2Y73szcX/vH5qoms/YzJJDZVk8VGUcmRiNL8ehUxRYvjUEkwUs7siMsYKE2M7qtgSvOWTV0nnou5d1hv3jVrzpqijDCdwCufgwRU04Q5a0AYCAp7hFd4c5bw4787HIlpyiplj+APn8we+nZBi</latexit>

�i

<latexit sha1_base64="VAqEuukBZFKTq4NWe2QG/mNhfDI="></latexit>

AD�1 symmetric, nonnegative, doubly stochastic

<latexit sha1_base64="OEDalmRF0LDLy7lRbuSfyi28xmU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8lV2R6rHoxWMV+wHtUrJptg3NJmsyWylLf4cXD4p49cd489+YbfegrQ8GHu/NMDMviAU34Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVoyhpUCaXbATFMcMkawEGwdqwZiQLBWsHoJvNbY6YNV/IBJjHzIzKQPOSUgJX87j0fDIForZ5wsVcquxV3BrxMvJyUUY56r/TV7SuaREwCFcSYjufG4KdEA6eCTYvdxLCY0BEZsI6lkkTM+Ons6Ck+tUofh0rbkoBn6u+JlETGTKLAdkYEhmbRy8T/vE4C4ZWfchknwCSdLwoTgUHhLAHc55pREBNLCNXc3orpkGhCweaUheAtvrxMmucVr1qp3l2Ua9d5HAV0jE7QGfLQJaqhW1RHDUTRI3pGr+jNGTsvzrvzMW9dcfKZI/QHzucPJ4CRtg==</latexit>)

<latexit sha1_base64="j1DiHxvhMm4vdCt5lrUcQ3joqRk=">AAACEXicbVA9SwNBEN3z2/gVtbRZDIKFhjuRaCnaWCoYE0iOMLeZxMW9vWN3TgxH/oKNf8XGQhFbOzv/jZuYQhMfDDzem2FmXpQqacn3v7yp6ZnZufmFxcLS8srqWnF949ommRFYFYlKTD0Ci0pqrJIkhfXUIMSRwlp0ezbwa3dorEz0FfVSDGPoatmRAshJreJuk/CesjTnoBRH2UV9BypDy8Egl5r3eWM/2AvCVrHkl/0h+CQJRqTERrhoFT+b7URkMWoSCqxtBH5KYQ6GpFDYLzQziymIW+hiw1ENMdowH37U5ztOafNOYlxp4kP190QOsbW9OHKdMdCNHfcG4n9eI6POcZhLnWaEWvws6mSKU8IH8fC2NChI9RwBYaS7lYsbMCDIhVhwIQTjL0+S64NyUClXLg9LJ6ejOBbYFttmuyxgR+yEnbMLVmWCPbAn9sJevUfv2Xvz3n9ap7zRzCb7A+/jG9EPnFc=</latexit>

all eigenvalues are in [�1, 1]

<latexit sha1_base64="xRN1GVoxnCgujAO0Qf3oe0SvGmc=">AAACC3icbVA9SwNBEN2LXzF+nVraLAbBKtyJREvRxjKCiUISwtxmEpfs7R27c2I40tv4V2wsFLH1D9j5b9x8FH49GHi8N7M786JUSUtB8OkV5uYXFpeKy6WV1bX1DX9zq2GTzAisi0Ql5joCi0pqrJMkhdepQYgjhVfR4GzsX92isTLRlzRMsR1DX8ueFEBO6vi7LcI7ytKcg1IcZR/1LagMLQeD3L2kRh2/HFSCCfhfEs5Imc1Q6/gfrW4ishg1CQXWNsMgpXYOhqRQOCq1MospiAH0semohhhtO5/cMuJ7TunyXmJcaeIT9ftEDrG1wzhynTHQjf3tjcX/vGZGveN2LnWaEWox/aiXKU4JHwfDu9KgIDV0BISRblcubsCAIBdfyYUQ/j75L2kcVMJqpXpxWD45ncVRZDtsl+2zkB2xE3bOaqzOBLtnj+yZvXgP3pP36r1NWwvebGab/YD3/gVFzJs1</latexit>

all eigenvalues are real
<latexit sha1_base64="p9P9pBZWHaUONK2I/W9TDYRyXa8="></latexit>

AD�1 has an orthonormal basis of eigenvectors

<latexit sha1_base64="OZzDRBZ21MwkzZqX0cr33xpHlGE=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KolIdSMU3bisYB/QhjCZTNqhM0mYmUhL6K+4caGIW3/EnX/jtM1CWw8MHM45l3vnBClnSjvOt7W2vrG5tV3aKe/u7R8c2keVtkoySWiLJDyR3QAryllMW5ppTruppFgEnHaC0d3M7zxRqVgSP+pJSj2BBzGLGMHaSL5d6XMTDrGfCzyeohvkIt+uOjVnDrRK3IJUoUDTt7/6YUIyQWNNOFaq5zqp9nIsNSOcTsv9TNEUkxEe0J6hMRZUefn89ik6M0qIokSaF2s0V39P5FgoNRGBSQqsh2rZm4n/eb1MR9dezuI00zQmi0VRxpFO0KwIFDJJieYTQzCRzNyKyBBLTLSpq2xKcJe/vEraFzW3Xqs/XFYbt0UdJTiBUzgHF66gAffQhBYQGMMzvMKbNbVerHfrYxFds4qZY/gD6/MHsNyTkg==</latexit>

�max = 1
<latexit sha1_base64="18GR5zFVKfeW+EL01xTPTGKZdIA="></latexit>

with eigenvector 1 = (1, 1, 1, . . . , 1)



PETERSEN GRAPH   

<latexit sha1_base64="ErAzDwuzrqhSCx/fVObSaowcY7Q=">AAACaXicnZHLSsNAFIYn8VbrLVUU0U0wCC60JFWqy6IblxXsBZpQJtNJO3RyYeZEKCHgM7rzBdz4Ek7bLLR1IR4Y+Ob/z2Fm/vETziTY9rumr6yurW+UNstb2zu7e0Zlvy3jVBDaIjGPRdfHknIW0RYw4LSbCIpDn9OOP36Y+p0XKiSLo2eYJNQL8TBiASMYlNQ3Xl1OA3Az5/LKDQQmWS3PrvO/bubs/IddwYYjcPO+YdlVe1bmMjgFWKioZt94cwcxSUMaAeFYyp5jJ+BlWAAjnOZlN5U0wWSMh7SnMMIhlV42Syo3z5UyMINYqBWBOVO/T2Q4lHIS+qozxDCSi95U/M3rpRDceRmLkhRoROYHBSk3ITansZsDJigBPlGAiWDqriYZYZUGqM8pqxCcxScvQ7tWderV+tON1bgv4iihU3SGLpCDblEDPaImaiGCPrRt7VA70j71in6sn8xbda2YOUA/Sre+AJ+hug8=</latexit>⇢
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<latexit sha1_base64="0DIdVc5gWKVu9lvgYfYeHVS3UH0="></latexit>0

BBBBBBBBBBBBBBBBB@

1p
10

1p
10

1p
10

1p
10

1p
10

1p
10

1p
10

1p
10

1p
10

1p
10

1p
6

1p
6

0 � 1p
6

� 1p
6

� 1p
6

0 0 0 1p
6

1p
6

0 � 1p
6

� 1p
6

1p
6

0 0 0 1p
6

� 1p
6

1
3
p
2

� 1
3
p
2

�
p
2
3

1
3
p
2

1
3
p
2

� 1
3
p
2

0
p
2
3 �

p
2
3

1
3
p
2

1
3
p
10

� 1
3

⇣
2
q

2
5

⌘
1

3
p
10

1
3
p
10

1
3
p
10

� 1
3

⇣
2
q

2
5

⌘ q
2
5 � 1

3

⇣
2
q

2
5

⌘
1

3
p
10

1
3
p
10

� 1
2 0 0 � 1

2
1
2 0 0 0 0 1

2
� 1

2
p
3

0 � 1p
3

1
2
p
3

� 1
2
p
3

0 0 0 1p
3

1
2
p
3

0 � 1p
3

1
2
p
3

� 1
2
p
3

� 1
2
p
3

0 0 1p
3

1
2
p
3

0

� 1
3

1
3 � 1

6 � 1
6 � 1

6 0 2
3

1
3 � 1

6 � 1
3

1
3
p
2

� 1
3
p
2

� 1
3
p
2

� 1
3
p
2

� 1
3
p
2

1p
2

1
3
p
2

� 1
3
p
2

� 1
3
p
2

1
3
p
2

1

CCCCCCCCCCCCCCCCCA

orthonormal 
eigenbasis



PETERSEN GRAPH   

<latexit sha1_base64="ErAzDwuzrqhSCx/fVObSaowcY7Q=">AAACaXicnZHLSsNAFIYn8VbrLVUU0U0wCC60JFWqy6IblxXsBZpQJtNJO3RyYeZEKCHgM7rzBdz4Ek7bLLR1IR4Y+Ob/z2Fm/vETziTY9rumr6yurW+UNstb2zu7e0Zlvy3jVBDaIjGPRdfHknIW0RYw4LSbCIpDn9OOP36Y+p0XKiSLo2eYJNQL8TBiASMYlNQ3Xl1OA3Az5/LKDQQmWS3PrvO/bubs/IddwYYjcPO+YdlVe1bmMjgFWKioZt94cwcxSUMaAeFYyp5jJ+BlWAAjnOZlN5U0wWSMh7SnMMIhlV42Syo3z5UyMINYqBWBOVO/T2Q4lHIS+qozxDCSi95U/M3rpRDceRmLkhRoROYHBSk3ITansZsDJigBPlGAiWDqriYZYZUGqM8pqxCcxScvQ7tWderV+tON1bgv4iihU3SGLpCDblEDPaImaiGCPrRt7VA70j71in6sn8xbda2YOUA/Sre+AJ+hug8=</latexit>⇢
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<latexit sha1_base64="0DIdVc5gWKVu9lvgYfYeHVS3UH0="></latexit>0
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<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="PdlwPHQhXiaHmYY78DvFh8AfgnQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyWpUj0WvXisYNpCE8pmu2mXbjZhdyOUkL/hxYMiXv0z3vw3btsctPXBwOO9GWbmBQlnStv2t1VaW9/Y3CpvV3Z29/YPqodHHRWnklCXxDyWvQArypmgrmaa014iKY4CTrvB5G7md5+oVCwWj3qaUD/CI8FCRrA2knfhhRKTrJFnl/mgWrPr9hxolTgFqUGB9qD65Q1jkkZUaMKxUn3HTrSfYakZ4TSveKmiCSYTPKJ9QwWOqPKz+c05OjPKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88TMmklRTQRaLwpQjHaNZAGjIJCWaTw3BRDJzKyJjbFLQJqaKCcFZfnmVdBp1p1lvPlzVWrdFHGU4gVM4BweuoQX30AYXCCTwDK/wZqXWi/VufSxaS1Yxcwx/YH3+AKr6kXc=</latexit>

�2

3

<latexit sha1_base64="9tp6ZZJxtFPhn3o7DgyrKXekJaA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7AekoWy2m3bpZjfsboQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqhVhTzgRtG2Y47SWK4jjktBtO7mZ+94kqzaR4NNOEBjEeCRYxgo2V/H6kMMm8PLvMB9WaW3fnQKvEK0gNCrQG1a/+UJI0psIQjrX2PTcxQYaVYYTTvNJPNU0wmeAR9S0VOKY6yOYn5+jMKkMUSWVLGDRXf09kONZ6Goe2M8ZmrJe9mfif56cmugkyJpLUUEEWi6KUIyPR7H80ZIoSw6eWYKKYvRWRMbYpGJtSxYbgLb+8SjoXda9Rbzxc1Zq3RRxlOIFTOAcPrqEJ99CCNhCQ8Ayv8OYY58V5dz4WrSWnmDmGP3A+fwA+V5E/</latexit>

1

3



WHICH FUNCTIONS TO AVERAGE?  

<latexit sha1_base64="pl0/101LDVGIKaBZp97sWgaX3j0=">AAACCnicbVDLSgMxFM34tr6qLt1Ei+DGMiNFXfoElwq2FtpaMumdGppJhuROsQxdu/FX3LhQxK1f4M6/Ma1d+DoQOJxzLzfnhIkUFn3/wxsbn5icmp6Zzc3NLywu5ZdXKlanhkOZa6lNNWQWpFBQRoESqokBFocSrsLO8cC/6oKxQqtL7CXQiFlbiUhwhk5q5tfrCLeYJtmpaIPqAkdtLNUR7dPDk+tsO+g38wW/6A9B/5JgRApkhPNm/r3e0jyNQSGXzNpa4CfYyJhBwSX0c/XUQsJ4h7Wh5qhiMdhGNozSp5tOadFIG/cU0qH6fSNjsbW9OHSTMcMb+9sbiP95tRSj/UYmVJIiKP51KEolRU0HvdCWMC687DnCuBHur5TfMMM4uvZyroTgd+S/pLJTDHaLpYtS4eBoVMcMWSMbZIsEZI8ckDNyTsqEkzvyQJ7Is3fvPXov3uvX6Jg32lklP+C9fQLbGppY</latexit>

Eigenvectors of AD�1

<latexit sha1_base64="HMpvLbDhFQDKHXgnTdrg3qfIoDs="></latexit>

{f : V ! R} = RV = span(eigenvectors of AD�1)

Ordering of eigenvalues orders the eigenvectors, so we might try to average 
eigenvectors in increasing order



WHICH FUNCTIONS TO AVERAGE?  
<latexit sha1_base64="pl0/101LDVGIKaBZp97sWgaX3j0=">AAACCnicbVDLSgMxFM34tr6qLt1Ei+DGMiNFXfoElwq2FtpaMumdGppJhuROsQxdu/FX3LhQxK1f4M6/Ma1d+DoQOJxzLzfnhIkUFn3/wxsbn5icmp6Zzc3NLywu5ZdXKlanhkOZa6lNNWQWpFBQRoESqokBFocSrsLO8cC/6oKxQqtL7CXQiFlbiUhwhk5q5tfrCLeYJtmpaIPqAkdtLNUR7dPDk+tsO+g38wW/6A9B/5JgRApkhPNm/r3e0jyNQSGXzNpa4CfYyJhBwSX0c/XUQsJ4h7Wh5qhiMdhGNozSp5tOadFIG/cU0qH6fSNjsbW9OHSTMcMb+9sbiP95tRSj/UYmVJIiKP51KEolRU0HvdCWMC687DnCuBHur5TfMMM4uvZyroTgd+S/pLJTDHaLpYtS4eBoVMcMWSMbZIsEZI8ckDNyTsqEkzvyQJ7Is3fvPXov3uvX6Jg32lklP+C9fQLbGppY</latexit>

Eigenvectors of AD�1

<latexit sha1_base64="RRnQUePLHNlRJqLeHyu+TEc2dEQ="></latexit>

f1 = 1 and 1>fj = 0 8 j � 2



FREQUENCY ORDERING OF EIGENVECTORS  

<latexit sha1_base64="rIZsbtbdXTj+C0uKsSjO0Lh2eMM=">AAACKHicbZDLSsNAFIYnXmu9RV26GSyCq5KUom7EohuXFewFmhAmk0k7dDKJMxOhpH0cN76KGxFFuvVJnLaBausPAz/fOYcz5/cTRqWyrLGxsrq2vrFZ2Cpu7+zu7ZsHh00ZpwKTBo5ZLNo+koRRThqKKkbaiSAo8hlp+f3bSb31RISkMX9Qg4S4EepyGlKMlEaeeW3DKzh0mJ4IkGcPodMlj3NQyYGDg1jJOec5tzyzZJWtqeCysXNTArnqnvnuBDFOI8IVZkjKjm0lys2QUBQzMio6qSQJwn3UJR1tOYqIdLPpoSN4qkkAw1joxxWc0t8TGYqkHES+7oyQ6snF2gT+V+ukKrx0M8qTVBGOZ4vClEEVw0lqMKCCYMUG2iAsqP4rxD0kEFY626IOwV48edk0K2X7vFy9r5ZqN3kcBXAMTsAZsMEFqIE7UAcNgMEzeAUf4NN4Md6ML2M8a10x8pkj8EfG9w+/XaU5</latexit>

1 = |�1| � |�2| � · · · |�n| � 0





GRAPHICAL DESIGNS 
<latexit sha1_base64="5MQnW64cTlQz1+Oc3SbbIYNm1hI="></latexit>

G = (V,E), order eigenspaces ⇤1 < ⇤2 < · · · < ⇤m

<latexit sha1_base64="HVMaS68MRSGqIZ1rexUjTju228U="></latexit>

A k-graphical design in G is a W ⇢ V and weights aw 2 R
<latexit sha1_base64="Vew6rrZeHiDl7vkvV9RTX+5wI9g="></latexit>

that averages ⇤1, . . .⇤k with these weights.

Stefan Steinerberger (2020)



GRAPHICAL DESIGNS 
<latexit sha1_base64="5MQnW64cTlQz1+Oc3SbbIYNm1hI="></latexit>

G = (V,E), order eigenspaces ⇤1 < ⇤2 < · · · < ⇤m

<latexit sha1_base64="HVMaS68MRSGqIZ1rexUjTju228U="></latexit>

A k-graphical design in G is a W ⇢ V and weights aw 2 R
<latexit sha1_base64="Vew6rrZeHiDl7vkvV9RTX+5wI9g="></latexit>

that averages ⇤1, . . .⇤k with these weights.

Stefan Steinerberger (2020)

<latexit sha1_base64="4Zi87uzIPl5Kxo7nOnn9NS9iZJI="></latexit>

aw 2 R weighted design
aw � 0 positively weighted design
aw 2 {0, 1} combinatorial design



EXTREMAL DESIGNS 

<latexit sha1_base64="5MQnW64cTlQz1+Oc3SbbIYNm1hI="></latexit>

G = (V,E), order eigenspaces ⇤1 < ⇤2 < · · · < ⇤m

<latexit sha1_base64="TJ4iIjspRQkfAlXIt6qWSpdWAfk=">AAACInicbVDLSgMxFM34rPVVdekmWIS6sMyI+Nj52LisYFVoS8mkt20wyQzJHbEM/RY3/oobF4q6EvwY0zqCth4IHM45l5t7wlgKi77/4U1MTk3PzObm8vMLi0vLhZXVSxslhkOVRzIy1yGzIIWGKgqUcB0bYCqUcBXenA78q1swVkT6AnsxNBTraNEWnKGTmoXDOsIdJnF6rKkjBhSTtAVWdDQVljLapyW1HWzRn1xmlvvNQtEv+0PQcRJkpEgyVJqFt3or4okCjVwya2uBH2MjZQYFl9DP1xMLMeM3rAM1RzVTYBvp8MQ+3XRKi7Yj455GOlR/T6RMWdtToUsqhl076g3E/7xagu2DRip0nCBo/r2onUiKER30RVvCAEfZc4RxI9xfKe8ywzi6VvOuhGD05HFyuVMO9sq757vFo5OsjhxZJxukRAKyT47IGamQKuHknjySZ/LiPXhP3qv3/h2d8LKZNfIH3ucXO4ijdg==</latexit>

An extremal design is a (m� 1) design.

(No proper subset can average all eigenspaces)

Konstantin Golubev (2020) 



QUESTIONS

• Do k-designs always exist in a graph G? 

• How does one compute k-designs in G? 

• How does one compute smallest k-designs in G? 

• Is there a way to organize all k-designs?

Are the answers different for the  
different types of designs?



GRAPHICAL DESIGNS 



GRAPHICAL DESIGNS 



GRAPHICAL DESIGNS 



EXISTENCE OF POSITIVELY WEIGHTED DESIGNS 



STRUCTURE THEOREM  
(Babecki-T. 2022)



EIGENPOLYTOPES 

<latexit sha1_base64="i65DpMize0Y1pG0+y75A5IhWDnA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBdMW2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGCTSz66QYNqza27c6BV4hWkBgVag+pXfxiTVFBpCMda9zw3MUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C2/vEraF3Xvst54aNSat0UcZTiBUzgHD66gCffQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/gfP4A4cyNfQ==</latexit>

U =

<latexit sha1_base64="MmcNH2bDktpKL2s78kAPxZR3JFQ=">AAACF3icbVBLS8NAGNzUV62vqEcvi0XwICEpRb0IRS8eK9gHNCFsNpt2yebB7kYoIf/Ci3/FiwdFvOrNf+OmzUFbP1h2mPmG3RkvZVRI0/zWaiura+sb9c3G1vbO7p6+f9AXScYx6eGEJXzoIUEYjUlPUsnIMOUERR4jAy+8KfXBA+GCJvG9nKbEidA4pgHFSCrK1Q07QnLiBXlYwCto5zZTXh+5rTNoMz+RorznVAjtwtWbpmHOBi4DqwJNUE3X1b9sP8FZRGKJGRJiZJmpdHLEJcWMFA07EyRFOERjMlIwRhERTj7LVcATxfgwSLg6sYQz9rcjR5EQ08hTm2UKsaiV5H/aKJPBpZPTOM0kifH8oSBjUCawLAn6lBMs2VQBhDlVf4V4gjjCUlXZUCVYi5GXQb9lWOdG+67d7FxXddTBETgGp8ACF6ADbkEX9AAGj+AZvII37Ul70d61j/lqTas8h+DPaJ8/kKye7Q==</latexit>

k = {�2, . . . ,�k}
<latexit sha1_base64="xQ2mY4M9GadrXonnYOEzzyfrC6o="></latexit>

k̄ = {�1} [ {�k+1, . . . ,�m}

(Godsil 1978)
<latexit sha1_base64="TOcw7tI8ePAjrDMCesYGeB1WtXI=">AAACMHicbVDLSgMxFM3UV62vqks3wSLUTZmRom4E0YUuKzgqdIaSSTM2NJMZkjtiCfNJbvwU3Sgo4tavMH0stHogcDjnHnLviTLBNbjuq1OamZ2bXygvVpaWV1bXqusbVzrNFWU+TUWqbiKimeCS+cBBsJtMMZJEgl1H/dOhf33HlOapvIRBxsKE3Eoec0rASp3qWatjgogoEyQEelFs+kVR4CMcALuHPDM0lXcFruORTYkwfvFfYLdTrbkNdwT8l3gTUkMTtDrVp6Cb0jxhEqggWrc9N4PQEAWcClZUglyzjNA+uWVtSyVJmA7N6OAC71ili+NU2ScBj9SfCUMSrQdJZCeHW+ppbyj+57VziA9Dw2WWA5N0/FGcCwwpHraHu1wxCmJgCaGK210x7RFFKNiOK7YEb/rkv+Rqr+HtN5oXzdrxyaSOMtpC26iOPHSAjtE5aiEfUfSAntEbencenRfnw/kcj5acSWYT/YLz9Q3hUatR</latexit>

Pk̄ = conv(Uk̄)



3-DESIGNS IN THE ICOSAHEDRAL GRAPH 



3-DESIGNS IN THE ICOSAHEDRAL GRAPH 

<latexit sha1_base64="PbgjppjB3wCd1brncPdkBZY3vrE=">AAACEXicbVA9SwNBEN3z2/gVtbRZDYJVuFNRS9HGMoJRIQlhbjMxi3u7x+6cGI77Czb+FRsLRWzt7Pw3bmIKvx4MPN6bYWZenCrpKAw/grHxicmp6ZnZ0tz8wuJSeXnl3JnMCqwLo4y9jMGhkhrrJEnhZWoRkljhRXx9PPAvbtA6afQZ9VNsJXClZVcKIC+1y1u1dt6MweY7RcGbhLeUpTmXjoPmUhgHPexYo9eLdrkSVsMh+F8SjUiFjVBrl9+bHSOyBDUJBc41ojClVg6WpFBYlJqZwxTENVxhw1MNCbpWPvyo4Jte6fCusb408aH6fSKHxLl+EvvOBKjnfnsD8T+vkVH3oJVLnWaEWnwt6maKk+GDeHhHWhSk+p6AsNLfykUPLAjyIZZ8CNHvl/+S8+1qtFfdPd2tHB6N4phha2yDbbGI7bNDdsJqrM4Eu2MP7Ik9B/fBY/ASvH61jgWjmVX2A8HbJ5V7nYA=</latexit>

P3̄ is an icosahedron!
<latexit sha1_base64="kz1zt5YBJ2vXEHUhGoEnQc5W9Hc=">AAACD3icbVC7TgMxEPTxDOEVoKSxiEA0RHcQAWUEDWVAJERKosjnbBIL23ey94DolD+g4VdoKECIlpaOv8F5FLxGWmk0s6vdnTCWwqLvf3pT0zOzc/OZhezi0vLKam5tvWqjxHCo8EhGphYyC1JoqKBACbXYAFOhhKvw+nToX92AsSLSl9iPoalYV4uO4Ayd1MrtNC5Et4fMmOiWNhDuMIlTJbRQTNKDvTZY0dV20Mrl/YI/Av1LggnJkwnKrdxHox3xRIFGLpm19cCPsZkyg4JLGGQbiYWY8WvWhbqjmimwzXT0z4BuO6VNO5FxpZGO1O8TKVPW9lXoOhXDnv3tDcX/vHqCneNmKnScIGg+XtRJJMWIDsOhbWGAo+w7wrgR7lbKe8wwji7CrAsh+P3yX1LdLwSHheJ5MV86mcSRIZtki+ySgByREjkjZVIhnNyTR/JMXrwH78l79d7GrVPeZGaD/ID3/gXOPp0n</latexit>

) minimal 3-designs
<latexit sha1_base64="OyITK4Eugq8B6YwSOCfRfygTbc8=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcxIcLkFvXiMYBZIhtDTqUma9Cx01wSTIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1vFgKjbb9bWVWVtfWN7Kbua3tnd29/P5BTUeJ4lDlkYxUw2MapAihigIlNGIFLPAk1L3+7cSvD0BpEYUPOIzBDVg3FL7gDI3Uzh+1EB4xidMeGwDVYgT0etzOF+yiPQVdJs6cFMgclXb+q9WJeBJAiFwyrZuOHaObMoWCSxjnWomGmPE+60LT0JAFoN10ev2YnhqlQ/1ImQqRTtXfEykLtB4GnukMGPb0ojcR//OaCfpXbirCOEEI+WyRn0iKEZ1EQTtCAUc5NIRxJcytlPeYYhxNYDkTgrP48jKpnRedi2LpvlQo38zjyJJjckLOiEMuSZnckQqpEk5G5Jm8kjfryXqx3q2PWWvGms8ckj+wPn8AmaiVUg==</latexit>

have size 9



<latexit sha1_base64="Ob0YNhYD/LR1mEmanNcOLbRLgjE=">AAACHnicbVDLSitBEO3xdTW+onfppjEIbgwzvq5L0Y1LFaNCEkJNp5I0dvcM3TVqHPIlbvwVNy6uiOBK/8ZOzMLXgYLDOVVU1YlTJR2F4VswMjo2PvFncqowPTM7N19cWDx1SWYFVkSiEnseg0MlDVZIksLz1CLoWOFZfLHf988u0TqZmBPqpljX0DayJQWQlxrFrdqxbHcIrE2ueI3wmrI051oaqUHxjbUmOtk2jnfgErmTN8h7fJ03iqWwHA7Af5JoSEpsiMNG8aXWTESm0ZBQ4Fw1ClOq52BJCoW9Qi1zmIK4gDZWPTWg0dXzwXs9vuKVJm8l1pchPlA/T+Sgnevq2HdqoI777vXF37xqRq2dei5NmhEa8bGolSlOCe9nxZvSoiDV9QSElf5WLjpgQZBPtOBDiL6//JOcrpej7fLm0WZpd28YxyRbYstslUXsH9tlB+yQVZhgt+ye/WePwV3wEDwFzx+tI8Fw5i/7guD1HYQsog4=</latexit>

) minimal 3-designs have size 2

<latexit sha1_base64="VkYNrt00zDZ8NmflVW6Us5sUbo8="></latexit>

) each facet has 5+5 elements of U3̄

<latexit sha1_base64="YO8dqAMDJIQIXYK6dndH9FF4Z+U="></latexit>

P3̄ is a 5-simplex with two elements of U3̄ at each vertex

ICOSAHEDRAL GRAPH 



TRUNCATED TETRAHEDRAL GRAPH 



TRUNCATED TETRAHEDRAL GRAPH 



WHY IT WORKS — ORIENTED MATROID DUALITY 

<latexit sha1_base64="tCRO4rGSa/sCIVbvcGTw/mdmzoc="></latexit>

(U ,U⇤) are dual configurations





GALE DUALITY



PROOF OF GALE DUALITY



BOUNDS ON SIZE

<latexit sha1_base64="EZNx1dpnN2GBCOgWiYx1DwhXedg="></latexit>

These upper bounds can be tight for every k in a G

<latexit sha1_base64="i3ZMehliwAmluElWiDnzENtcNtw=">AAACDnicbVA9SwNBEN2LXzF+RS1tFoNgFe4kqKVoY2ERwXxAEsLeZmKW7O0eu3NqOPILbPwrNhaK2Frb+W/cfBSa+GDg8d4MM/PCWAqLvv/tZRYWl5ZXsqu5tfWNza389k7V6sRwqHAttamHzIIUCiooUEI9NsCiUEIt7F+M/NodGCu0usFBDK2I3SrRFZyhk9r5gybCAyZxeqXvwdBQJ6pjKWeKhkDRiDvBZHHYzhf8oj8GnSfBlBTIFOV2/qvZ0TyJQCGXzNpG4MfYSplBwSUMc83EQsx4n91Cw1HFIrCtdPzOkB44pUO72rhSSMfq74mURdYOotB1Rgx7dtYbif95jQS7p61UqDhBUHyyqJtIipqOsqEdYYCjHDjCuBHuVsp7zDCOLsGcCyGYfXmeVI+KwXGxdF0qnJ1P48iSPbJPDklATsgZuSRlUiGcPJJn8krevCfvxXv3PiatGW86s0v+wPv8AXJOnFo=</latexit>

Lower bounds can be trivial.



CONSEQUENCES I



CONSEQUENCES II

Computation/Optimization

• Cocktail party graphs  
• Cycles  
• Graphs of hypercubes  

      (uses the theory of linear codes)

(Babecki-T. 2022)



<latexit sha1_base64="6ACgP1oZFqEw8jK+G7Nfsk589vc="></latexit>

µ0 – initial probability measure on G = (V,E)
<latexit sha1_base64="B5TXAh+NSVIdoq46cT2AsQ0DDMo="></latexit>

Random walk initialized at µ0 leads to measures

Random walks & equidistribution

<latexit sha1_base64="cqb7qkj5WXy8J1Z8XIWYPQsfmV4=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWQRDLjHjbCPWycFnBXqAdh0yatqFJZkgyQhmKG1/FjQtF3PoU7nwbM+0stPWHwMd/zuHk/EHEqNKO823lZmbn5hfyi4Wl5ZXVNXt9o6bCWGJSxSELZSNAijAqSFVTzUgjkgTxgJF60L9K6/UHIhUNxZ0eRMTjqCtoh2KkjeXbWy0e+wnbd4fwHF5c3ycHhlKP+XbRKTkjwWlwMyiCTBXf/mq1QxxzIjRmSKmm60TaS5DUFDMyLLRiRSKE+6hLmgYF4kR5yeiEIdw1Tht2Qmme0HDk/p5IEFdqwAPTyZHuqclaav5Xa8a6c+YlVESxJgKPF3ViBnUI0zxgm0qCNRsYQFhS81eIe0girE1qBROCO3nyNNQOS+5J6fj2qFi+zOLIg22wA/aAC05BGdyACqgCDB7BM3gFb9aT9WK9Wx/j1pyVzWyCP7I+fwADEJXr</latexit>

µl+1 = AD�1µl

WELL-KNOWN:

<latexit sha1_base64="FAd5JyeY+S+6OQTjc4tuLNiU9eQ="></latexit>

X

v2V

����µl(v)�
1

n

����
2

 �2l
2

CONSEQUENCES III



THEOREM (Steinerberger-T. 2022)
<latexit sha1_base64="SotackX6eVTIK4UJuqbBQcyD22Y="></latexit>

81  k  n� 1 there exists µ0 supported on at most k vertices, such that

(positively weighted  
k-design)

<latexit sha1_base64="GGXjCKCDLzz590J+H7joaOeew7w="></latexit>

X

v2V

����µl(v)�
1

n

����
2

 �2l
k+1



<latexit sha1_base64="LtYf7eaEYWCwZ1bBLoGWl4FQInc=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgaL4KokUrTLohuXFWwttKFMpjft0MmDzI1YQjf+ihsXirj1M9z5N07aLLT1wMDhnHNn5h4vlkKhbX8bpZXVtfWN8qa5tb2zu2ftH7RVlCYcWjySUdLxmAIpQmihQAmdOAEWeBLuvfF17t8/QKJEFN7hJAY3YMNQ+IIz1FLfOnLqtIfwiGmcUR1EwUFNTbNvVeyqPQNdJk5BKqRAs2999QYRTwMIkUumVNexY3Qzlt8oYWr2UgUx42M2hK6mIQtAudlsgSk91cqA+lGiT4h0pv6eyFig1CTwdDJgOFKLXi7+53VT9OtuJsI4RQj5/CE/lRQjmrdBByIBjnKiCeOJ0H+lfMQSxlF3lpfgLK68TNrnVeeiWrutVRpXRR1lckxOyBlxyCVpkBvSJC3CyZQ8k1fyZjwZL8a78TGPloxi5pD8gfH5A4SKlbo=</latexit>

18 vertices
<latexit sha1_base64="SVkFVeawAVvVXFa6h3HieNeZv/M=">AAAB/3icbVDNSsNAGNzUvxr/ooIXL4tF8BSSUq0XoejFYwXbCm0Im82mXbrZhN2NUNoefBUvHhTx6mt4823ctDlo68DCMDMf37cTpIxK5TjfRmlldW19o7xpbm3v7O5Z+wdtmWQCkxZOWCIeAiQJo5y0FFWMPKSCoDhgpBMMb3K/80iEpAm/V6OUeDHqcxpRjJSWfOtoAntMx0PkV+EEXkHHrp+bpm9VHNuZAS4TtyAVUKDpW1+9MMFZTLjCDEnZdZ1UeWMkFMWMTM1eJkmK8BD1SVdTjmIivfHs/ik81UoIo0ToxxWcqb8nxiiWchQHOhkjNZCLXi7+53UzFV16Y8rTTBGO54uijEGVwLwMGFJBsGIjTRAWVN8K8QAJhJWuLC/BXfzyMmlXbffCrt3VKo3roo4yOAYn4Ay4oA4a4BY0QQtgMAHP4BW8GU/Gi/FufMyjJaOYOQR/YHz+AOjDk3E=</latexit>

|�2| = 0.75

<latexit sha1_base64="2Sjd7UsQGVLf0N/xSjEDu7I5+VM="></latexit>

9 µ0 supported on the red vertices
<latexit sha1_base64="m2kBRnlNbAcwQut1P0nx18FO+sA="></latexit>

that decays at rate given by |�11| ⇠ 0.25

THEOREM (Steinerberger-T. 2022)
<latexit sha1_base64="SotackX6eVTIK4UJuqbBQcyD22Y="></latexit>

81  k  n� 1 there exists µ0 supported on at most k vertices, such that

(positively weighted  
k-design)

<latexit sha1_base64="GGXjCKCDLzz590J+H7joaOeew7w="></latexit>

X

v2V

����µl(v)�
1

n

����
2

 �2l
k+1



The 228 red vertices are a weighted 229-graphical design on this network of 2277 
English language Wikipedia pages related to chameleons. Vertices represent pages, 
and edges join pages that are mutually connected by hyperlinks. 

Babecki: “WHAT IS … a Graphical Design" 
( AMS Notices, October 2022) 



THANK YOU



Math.  Programming (2022)

Graphical designs and Gale duality (Babecki & Thomas 2022)

https://sites.math.washington.edu/~GraphicalDesigns/

Gallery of graphical designs  (Babecki)

Random Walks, Equidistribution and Graphical Designs 
(Steinerberger & Thomas 2022)


