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What are graphical designs?



SIMPSON'S RULE

/abf(:v)dw ~ bga (f(a) +4f (a;b> +f(b)>

weights




SPHERICAL DESIGNS

A spherical quadrature rule is a set of points {z1,...,x,} C S
and weights a; € IX such that for sufficiently smooth functions f
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SPHERICAL DESIGNS

A spherical quadrature rule is a set of points {x1,...,x,} C S4
and weights a; € IX such that for sufficiently smooth functions f
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A spherical t-design integrates all
polynomials of degree at most t

A spherical 5-design



PASSING TO GRAPHS

Definition. G = (V, F) finite, simple, connected graph.
W C V with weights a,, € R averages a function f : V —
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Definition. G =
W C V with weights a,, €

Z Qo f (W
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a=(0,0,0,0,0,1,1,1,1,1)

> f(v)

veVvV
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(V, F) finite, simple, connected graph.
R averages a function f : V —

R if

1 1 1
a4 = _70707_71707070309_
3 3 3



WHICH FUNCTIONS TO AVERAGE?

Assume G is regular from now on
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WHICH FUNCTIONS TO AVERAGE?

Assume G is regular from now on

A € {0, 1}VIXIVI adjacency matrix of G, A;; =1 < ij € E

D e RVIXIVI diagonal matrix D, = deg(v) Vv eV
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Eigenvectors of AD ™!

AD™! symmetric, nonnegative, doubly stochastic



Eigenvectors of AD™*

AD™! symmetric, nonnegative, doubly stochastic

—>  all eigenvalues are real

AD™! has an orthonormal basis of eigenvectors
A
all eigenvalues are in |[—1, 1
-1 1

Amar = 1 with eigenvector 1 = (1,1,1,...,1)
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WHICH FUNCTIONS TO AVERAGE?

Eigenvectors of AD™*

{f:V >R} =R" = span(eigenvectors of AD™)

Ordering of eigenvalues orders the eigenvectors, so we might try to average
eigenvectors in increasing order



WHICH FUNCTIONS TO AVERAGE?
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FREQUENCY ORDERING OF EIGENVECTORS
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Copyright (o) 2003, PRISN Chaate Oragp, Oregon State Usiversily

The eleventh eigenvector by frequency Average annual precipitation, 1981-2010



GRAPHICAL DESIGNS

G = (V, F), order eigenspaces A1 < Ay < --- < Ay,

A k-graphical design in G is a W C V and weights a,, €

that averages Ai,... A, with these weights.

Stefan Steinerberger (2020)



GRAPHICAL DESIGNS

G = (V, F), order eigenspaces A1 < Ay < --- < Ay,

A k-graphical design in G is a W C V and weights a,, €

that averages Ai,... A, with these weights.

Stefan Steinerberger (2020)

G, € R welghted design
G,y > 0 positively weighted design

a, € {0,1}  combinatorial design




EXTREMAL DESIGNS

G = (V, E), order eigenspaces A1 < Ay < --- < Ay,

Konstantin Golubev (2020)

(No proper subset can average all eigenspaces)



QUESTIONS

Do k-designs always exist in a graph G?
How does one compute k-designs in G?
How does one compute smallest k-designs in G?

Is there a way to organize all k-designs?

Are the answers different for the
different types of designs?



GRAPHICAL DESIGNS

The icosahedral graph with

Al < Ay < A3 < Ao
LN

An arbitrarily weighted 3-design

Ay €



GRAPHICAL DESIGNS

The icosahedral graph with

Al < Ay < As < As.

PAAA AN
< K2

An arbitrarily weighted 3-design \ /

A,y € R
A positively weighted 3-design
a,, > 0




GRAPHICAL DESIGNS

The icosahedral graph with

A Ay < Ay < Az < As.
~ =

/4NN

‘y v
An arbitrarily weighted 3-design A combinatorial 2-design

a, € R a, € 40,1}

A positively weighted 3-design
A, > 0



EXISTENCE OF POSITIVELY WEIGHTED DESIGNS



STRUCTURE THEOREM
(Babecki-T. 2022)

Minimal pOSitiVEly Facets of
weighted k-designs { P = conv(U ).}

k

W C V k-design <> V \ W facet
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3-DESIGNS IN THE ICOSAHEDRAL GRAPH

k

A1<A4<A3<A2.
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3-DESIGNS IN THE ICOSAHEDRAL GRAPH

AN
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P5 is an icosahedron!

= minimal 3-designs
have size 9

LA

k

k

k

AN <Ay < Ag < As.

A =1 1 1 1 1 1 1 I 1 1 I 1 1

o - —p -1 -1 I 1 0 O 0 0O

Ao = —4472 | —1 1 o —¢ 0 o —»w 0 0 =1 1 0
o —p —1 1 0O —-» o 0 -1 0 0 1

v =Y v v -1 -1 I 1 0 O 0 0

A3 = 4472 | —1 1 v =1 0 v = 0 0 =1 1 0
v —¢v -1 1 o —v v 0 —-1 0 0 1

— — ] 1 1 0 0 O 0 0 O 0 0O

— — 0 0 0 1 L 0 O 0O 0 0

Ay = —.2 — — 0 0 1 0 O 1 0 0 0 0
— — 0 0 0 0 O 0 0 I 1 0

— — 0 0 0 0 0O 0 1 0 0 1




k k k

Ay < Aoy < As < Ay ICOSAHEDRAL GRAPH
frequency order
A =1 1 1 1 1 1 1 1 1 1 1 1 1
e - - ¢ =1 -1 I 1 0 O 0 0
Ao = —.4472 | —1 1 e —¢p 0 o —p 0 0 =1 1 0
o —¢p —1 | O —-» o 0 -1 0 0 1
Yy - —-v v -1 -1 1 1 O 0 0 O
Ag = .4472 | —1 1 Y = 0 y - 0 0 -1 1 0
v -y -1 | o —v v 0 -1 0 0 1
-1 - 1 1 0 0 0O 0 O 0O 0 O
-1 - 0 0 0 1 I 0 0 0 0 0
A = —.2 -1 — 0 0 1 0 0O 1 0 0 0 O
—1 — 0 0 0 0 0O 0 0 I 1 0
—1 - 0 0 0 0 0 0 1 0 0 1

Ps is a 5-simplex with two elements of U5 at each vertex

= each facet has 5+95 elements of U5
= minimal 3-designs have size 2



TRUNCATED TETRAHEDRAL GRAPH

minimal 4-graphical designs

eigenvalue
[l 1 1 1 1 1 1 1 1 1 1 1 1
-1 —-15 —-0.5 1.5 2 .5 —-05 —-15 —-1 1 0 O
2 1.5 L. -05 -1 —-15 —-15 —-05 —-1 0 1 O 2/3
-1 -0 —-15 —-15 -1 —-05 1.5 1.5 2 0 0 1
0 =l 1 —1 0 1 —1 1 0 0O 0 O
[ — —1 0 1 —1 1 0 0 0 0O —-1 1 0 -2/3
0 0 0 0 1 —1 1 0 —1 -1 0 1
— 0 1 0 ol 0 1 0 —1 1 0 0
— 0 0 1 — 0 0 1 -1 0 1 0 -1/3
— 1 0 0 — 1 0 0 -1 0 0 1
1 —1 0 0 = 1 1 —1 0O —1 1 0 0
0 —1 1 1 = 0 0 —1 I -1 0 1




TRUNCATED TETRAHEDRAL GRAPH

1 1 11 111 11 1171
Us=]1 =1 0 0 -1 1 1 -1 0 -1 1 0.
0 -1 11 =100 -1 1 =10 1

{3,4,9,12)
7 \\

5 ()

facet

{1.6,7,11}

10 12.5.8.10}

complement = design



WHY IT WORKS — ORIENTED MATROID DUALITY

U

(U,U™) are dual configurations



Gale duality for polytopes:

1 -1 -1 0 0O
-1 -1 1

0 0

1_




GALE DUALITY

Theorem: For I C [n|, conv{u} : i € [n] \ I} isaface of conv(U/*) if and

only if O is in the relative interior of conv{u,; : i € I},




PROOF OF GALE DUALITY



BOUNDS ON SIZE

Theorem: Foreachk =1, ..., m—1 there is a positively weighted k-design

/ /

: k :
of sizeatmost ) ., dim A,;.

These upper bounds can be tight for every k in a G

Lower bounds can be trivial.



CONSEQUENCES |

Organization




CONSEQUENCES II

Computation/Optimization

(Babecki-T. 2022)

® Cocktail party graphs
® Cycles
® Graphs of hypercubes
(uses the theory of linear codes)



CONSEQUENCES Il

Random walks & equidistribution
1o — initial probability measure on G = (V, E)

Random walk initialized at pg leads to measures

i1 = AD ™

WELL-KNOWN: Z
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THEOREM (Steinerberger-T. 2022)

V1l < k <n — 1 there exists pg supported on at most k vertices, such that

2
Z 1 (v) ! < )\ (positively weighted

n| — ¢t k-design)

veV



THEOREM (Steinerberger-T. 2022)

V1l < k <n — 1 there exists pg supported on at most k vertices, such that
2

Z 1y (v) ! < )\zl . (positively weighted
eV & k-design)

18 vertices Ao| = 0.75

3 1o supported on the red vertices

that decays at rate given by |A11]| ~ 0.25
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The 228 red vertices are a weighted 229-graphical design on this network of 2277
English language Wikipedia pages related to chameleons. Vertices represent pages,
and edges join pages that are mutually connected by hyperlinks.

Babecki: “WHAT IS ... a Graphical Design”
( AMS Notices, October 2022)



THANK YOU



Graphical designs and Gale duality (Babecki & Thomas 2022)

Math. Programming (2022)

Random Walks, Equidistribution and Graphical Designs
(Steinerberger & Thomas 2022)

Gallery of graphical designs (Babecki)

https://sites.math.washington.edu/~GraphicalDesigns/



