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The wave front set of a representation

The A singularity
limy_,oFD(A)= 0 (vanishing cycle)
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Example: Gelfand-Tsetlin basis for finite dimensional representations
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dp 0 "1, 92 2
uantum: — = H(z, — )y = —(—— T
q ~ = H(@, =)y ;2(% +aizl)p

= functions of the type (polynomial) x e o’ (Hermite functions)

©(t) =orbit of a representation of R/2-17Z.
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A. Q4 isrigid in sp{xp}* but becomes mobile along with x = x(&, A\)
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Elliptic Contour Integrals
n=23; f(z):=(z—=X1)(z—X2)(z — \3)
1

o — (1) = A3)(p(uz) — A3)(p(us) — As)
' (A1 — A3)(A2 — A3) ’

f fi _ _ [z du = dz
p—function z = p(u) @ u= [Z @w [du m]
. dz
[, 2) =, VEA)(z—22)(z—X3)
Y
*
z
[ ] Yz ®

>
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>
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Elliptic Contour Integrals

n=23; f(z):=(z—=X1)(z—X2)(z — \3)

1
51:p(u1)+§()\1—|-)\2+)\3)7 §2 =" §3 ="
_ (p(u1) = A3)(p(u2) — A3)(p(us) — Az) _ _
T, = , To = « - r3 =
(A1 — A3)(A2 — A3)
_ i — — [* du = dz
p—function z = p(u) S u= [_ w [du m]
I _ dz
(2 =, V(Z—21)(z—A2)(2—Xs)
Y
*
z
[ ] YZ ®
7\~1 }\2 7‘3

elliptic curve over {z} : By = {w? = f(z)};branch cuts [A\1, \2], [A3, o0,
1-homology Hi(Ey) = {y = m1vy1 + may2};
period lattice A\ = {u = miw1 + mawa}, wy := 5971 w, w2:= 3572 w
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Elliptic Picard-Lefschetz Theory

. dz
I(’Y: >‘) — f’y \/(z—)\l)(z—AQ)(z_A?’)
0=0 T
Y1 ‘ \\\\\\\\\\\\
Ao Y, | A XQ‘TM’

parameter motion forces contour deformation: 1" : v1 — vy1 + v2, Y2 — 7¥2,
generators for SL(Q,Z). T(wl, wz) = (wl + wa, wz), S(wl, wg) = (—wg, wl)

Transformation Formulas (very old). On the elliptic curve Ey = {w? = f(z)} the
functions x; (X, &) split into numerator and denominator in the form

z; (N, §) = Xi,6) & = p(ug) + %()\1 + X2+ A3)|,

B XO(Aa g)

(Primeform factorization). The z;(\, &) transform under SL(2,7) = (S, T') according to
the oscillator representation of SL(2,7Z/27)xSL(2,Z/2Z) on C* = {Xq, -+, X4}.
>(to be explained)



Lattice Model

period lattice A = {u = miw1 + maws | m1,mo € Z}



Lattice Model

period lattice A = {u = miw1 + maws | m1,mo € Z}

real symplectic space V = {u = z1w1 + zow2}, (u | ') := z125, — x02)



Lattice Model

period lattice A = {u = miw1 + maws | m1,mo € Z}
real symplectic space V = {u = z1w1 + zow2}, (u | ') := z125, — x02)

real Heisenberg group Hb(V) := {efe¥ | u € V}, e¥e? = e2™i(ulv)eveu



Lattice Model

period lattice A = {u = miw1 + maws | m1,mo € Z}
real symplectic space V = {u = z1w1 + zow2}, (u | ') := z125, — x02)
real Heisenberg group Hb(V) := {efe¥ | u € V}, e¥e? = e2™i(ulv)eveu

maximal abelian subgroup A := {e*%e# | u € A}



Lattice Model
period lattice A = {u = miw1 + maws | m1,mo € Z}
real symplectic space V = {u = z1w1 + zow2}, (u | ') := z125, — x02)
real Heisenberg group Hb(V) := {efe¥ | u € V}, e¥e? = e2™i(ulv)eveu
maximal abelian subgroup A := {e*%e# | u € A}

canonical representation of Hb(V") (lattice model) H(V) ::Ind;'b(v) et?



Lattice Model
period lattice A = {u = miw1 + maws | m1,mo € Z}
real symplectic space V = {u = z1w1 + zow2}, (u | ') := z125, — x02)
real Heisenberg group Hb(V) := {e¥e¥ | u € V}, e%e? = 2™ (ulv)gveu
maximal abelian subgroup A := {e*%e# | u € A}
canonical representation of Hb(V") (lattice model) H(V) ::Ind;'b(v) et?

Sp(V') acts naturally on Ho(V') and on PH (V') (oscillator rep, lattice model)



Lattice Model
period lattice A = {u = miw1 + maws | m1,mo € Z}
real symplectic space V = {u = z1w1 + zow2}, (u | ') := z125, — x02)
real Heisenberg group Hb(V) := {e¥e¥ | u € V}, e%e? = 2™ (ulv)gveu
maximal abelian subgroup A := {e*%e# | u € A}
canonical representation of Hb(V") (lattice model) H(V) ::Ind;'b(v) et?

Sp(V') acts naturally on Ho(V') and on PH (V') (oscillator rep, lattice model)
dual lattices Ay C A/2 inV: 2wi,ws) C {wi, 2_1w2)



Lattice Model
period lattice A = {u = miw1 + maws | m1,mo € Z}
real symplectic space V = {u = z1w1 + zow2}, (u | ') := z125, — x02)
real Heisenberg group Hb(V) := {e¥e¥ | u € V}, e%e? = 2™ (ulv)gveu
maximal abelian subgroup A := {e*%e# | u € A}
canonical representation of Hb(V") (lattice model) H(V) ::Ind;'b(v) et?
Sp(V') acts naturally on Ho(V') and on PH (V') (oscillator rep, lattice model)
dual lattices A2 C ALin V: (2w, w2) C (w1,2 twa)

Finite versions V5 := A} /Ay &~ (Z/22)2, Ho(V2), Ha(A):=H(V)A2



Lattice Model
period lattice A = {u = miw1 + maws | m1,mo € Z}
real symplectic space V = {u = z1w1 + zow2}, (u | ') := z125, — x02)
real Heisenberg group Hb(V) := {e¥e¥ | u € V}, e%e? = 2™ (ulv)gveu
maximal abelian subgroup A := {e*%e# | u € A}
canonical representation of Hb(V") (lattice model) H(V) ::Ind;'b(v) et?
Sp(V') acts naturally on Ho(V') and on PH (V') (oscillator rep, lattice model)
dual lattices A2 C ALin V: (2w, w2) C (w1,2 twa)

Finite versions V5 := A} /Ay &~ (Z/22)2, Ho(V2), Ha(A):=H(V)A2

Klein-Hurwitz Representation.



Lattice Model
period lattice A = {u = miw1 + maws | m1,mo € Z}
real symplectic space V = {u = z1w1 + zow2}, (u | ') := z125, — x02)
real Heisenberg group Hb(V) := {e¥e¥ | u € V}, e%e? = 2™ (ulv)gveu
maximal abelian subgroup A := {e*%e# | u € A}
canonical representation of Hb(V") (lattice model) H(V) ::Ind;'b(v) et?
Sp(V') acts naturally on Ho(V') and on PH (V') (oscillator rep, lattice model)
dual lattices A2 C A5 in V: (2w, w2) C (wi,2 7 tws)
Finite versions V5 := A, /Ay ~ (Z/2Z)2, Ho(Va), Ha(A) :=H(V)A2

Klein-Hurwitz Representation.
(a) The functions Xq, X1, Xo, X4 form a basis for Ha(A).



Lattice Model

period lattice A = {u = miw1 + maws | m1,mo € Z}

real symplectic space V = {u = z1w1 + zow2}, (u | ') := z125, — x02)
real Heisenberg group Hb(V) := {e¥e¥ | u € V}, e%e? = 2™ (ulv)gveu
maximal abelian subgroup A := {e*%e# | u € A}

canonical representation of Hb(V") (lattice model) H(V) ::Ind;'b(v) et?
Sp(V') acts naturally on Ho(V') and on PH (V') (oscillator rep, lattice model)
dual lattices A2 C ALin V: (2w, w2) C (w1,2 twa)

Finite versions V5 := A} /Ay &~ (Z/22)2, Ho(V2), Ha(A):=H(V)A2

Klein-Hurwitz Representation.
(a) The functions Xq, X1, Xo, X4 form a basis for Ha(A).

(b) The representation of Ho(V3) in Ho(A) is the canonical representation of
Hb(VQ) X Hb(Vg).



Lattice Model

period lattice A = {u = miw1 + maws | m1,mo € Z}

real symplectic space V = {u = z1w1 + zow2}, (u | ') := z125, — x02)
real Heisenberg group Hb(V) := {e¥e¥ | u € V}, e%e? = 2™ (ulv)gveu
maximal abelian subgroup A := {e*%e# | u € A}

canonical representation of Hb(V") (lattice model) H(V) ::Ind;'b(v) et?

Sp(V') acts naturally on Ho(V') and on PH (V') (oscillator rep, lattice model)
dual lattices Ay C A/2 inV: 2wi,ws) C {wi, 2_1w2)

Finite versions V5 := A} /Ay &~ (Z/22)2, Ho(V2), Ha(A):=H(V)A2

Klein-Hurwitz Representation.
(a) The functions Xq, X1, Xo, X4 form a basis for Ha(A).

(b) The representation of Ho(V3) in Ho(A) is the canonical representation of
Hb(VQ) X Hb(Vg).

(c) The representation of SL(2,7) = (S,T) in H2(A) is the oscillator
representation of Sp(V2)xSp(V2).
<



Analogies

Weyl group W

modular group SL(2,7Z)

complex orbit €2

phase space {(z(), £),p(), €))}

contour I on €2

contour yon Ey =~ V/Ax

orbit integrals for ©(\)

elliptic integrals for x; ()

W repon "H(2y)

SL(2,7Z) rep on H(Va(N))

Cartan Tg osc T = {exp (tH)})
rep of Gr osc rep of Sp(V) on {¢(x)}
?1

toric group on {x(&)}

contours [ - - -

<

deformations I' = T'(\) <

v =7\ <
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Residue Lemma

Notation.

! :Z R;(§) [R;(€) = Res( 1 ) = 1

z— &' z=¢; M(2)
=1
Uz) =) _ EU("“)(O)z"C holomorphic on {z # o}
k=0 """
0 ifl<n-—1
Si(€) =11 ifl=n—1

k kpn
Zk1+-~-+kn+n:l+1 511 & ifl>n—1



Residue Lemma

Notation.

M(Z)::H(Z_€i> (z':l,---,n)
==3 B Ri(6) = Res(~—) = ——]

— & z=& M(z)"  M'(&)
U(z) = EU("“)(O)z"C holomorphic on {z # o}
k=0 "'
0 ifl<n—1
Sl(ﬁ):{l ifl=n—1
Zk1+-~-—|—kn+n:l—|—1 flfl &'fbn ifl>n—1

Residue Lemma. With this notation, the residue relation

U(z)dz 1 U(z)dz
Z 27 7{5)1—[ Z—fj 27T'i7{(oo) Hj(z_gj)

reads

Y UE)Ri(€) =) UV (&)Si(8).
5 z



Residue Lemma

Notation.

M(Z) ::H(Z_€i> (i:17°'° 7n>

R;(&) e L1
—Z pp—t z(6)—ZFLc%g(M(z))— ~]

z) = Z %U(k)(O)zk holomorphic on {z # o}

0 ifl <n-—1
Si(€) =11 ifl=n—1

k kpn
Zk1+-~-+kn+n:l+1 511 & ifl>n—1

Residue Lemma. With this notation, the residue relation

U(z)dz 1 U(z)dz
Z 27 7{5)1—[ Z—fj 27T'i7{(oo) Hj(z_gj)

reads

Z U(E)Ri(€) =) UM (&)S1(9).

l

Proof. Residue theorem and geometric series. il



Theorem

Theorem. In elliptic coordinates, the oscillator PDE

Z % 8— + iz o(x) = Bo(x)

.
—_

becomes

> R [ (V f(&) 851 —Ai(gi)} o(€) = 0

for any functions A;(z) of the form

n—2
Ai(z) == Z ak;zk + (—a A\ + Bi)zn_l + (Z —a;)z"

k=0

Proof. By calculation based on the Residue Lemma.
|



Theorem

Theorem. In elliptic coordinates, the oscillator PDE

Z % 8— + iz o(x) = Bo(x)

.
—_

becomes

> R [ (V f(&) 851 —Ai(gi)} o(€) = 0

for any functions A;(z) of the form

n—2
Ai(z) == Z ak;zk + (—a A\ + Bi)zn_l + (Z —a;)z"

k=0

Proof. By calculation based on the Residue Lemma.

|
Corollary Let p1(2), -, pn(2z) ben solutions of the ODE

d 2 goz( )= Ai(2)pi(2), [du:=dz/\/f]. Then o(&) =[] vi(&) is a solution of the
oscillator PDE with E = > (—a;\i + 5i).



Current Groups

Residue Splitting.

Hiz.p) = ReS[K(a:(z)m(z))] S Hp) =Y R_eS[K(x(z),p(z))

2=00 H(Z_gz) 2=¢, H(Z_€z> ]



Current Groups

Residue Splitting.

Hiz.p) = ReS[K(a:(z)m(z))] S Hp) =Y R_eS[K(x(z),p(z))

G- el =)

Elliptic coordinates

H?:l(z — &) L x?
— 1 — 7
[T (z — ) ;1 z— A



Current Groups

Residue Splitting.

= B N e <5
Elliptic coordinates

H?:l(z_gj) 4 - :IZ,?

[T (z—X) ! ;1 zZ— A

Symbol calculus (normal ordering). H(x,p) — H(z, 8:3) S epp® — 3 e (:1:)(

K(z(2),p(2))

Z_€z>

]

)k



Current Groups

Residue Splitting.

H(:B,p) _ RGS[K(:B(Z)’p(Z))] — H(a:,p) _ ReS[K(x(z),p(z))

G- (P

Elliptic coordinates

"(z—&; nox2
g}}:j((z - ij; - ;1 z —ZM
Symbol calculus (normal ordering). H(z,p) — H(z, 2), 3 cxp® — 3 e (@) ()"
Current groups (loop groups, affine groups)
Sp, = SpVz, Vo = {z:p-}
I1.Sp. = {g(=2) = arbitrary function}
I1. meroSp, = {g(z) = meromorphic}

IT, (¢, SP, = {g(z) has poles only at z = &;}

(Compare: local, global, adelic.)
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Picture

R
z? z2 . 0 z
F, : z—&l + z—2>\2 =1, —o00o— A Ao
Compare
2
(z-&)(-&) _, & 7
(z—A1)(z = A2) z— A zZ— A2

with z = & (u, \), z = x;(u, A).
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