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Abstract

Numerical approximations and modeling of many physical, biological, and biomedical prob-
lems often deal with equations with highly varying coefficients, heterogeneous models (de-
scribed by different types of partial differential equations (PDEs) in different domains),
and/or have to take into consideration the complex structure of the computational subdo-
mains. The major challenge here is to design an efficient and flexible numerical method
that can capture certain properties of analytical solutions in different domains/subdomains
(such as positivity, different regularity /smoothness of the solutions, etc), while handling the
arbitrary geometries and complex structures of the domains. In this work, we employ one-
dimensional elliptic type models as the starting point to develop and numerically test high-
order accurate Difference Potentials Method (DPM) for variable coefficient elliptic problems
in heterogeneous media. While the method and analysis are simple in the one-dimensional
settings, they illustrate and test several important ideas and capabilities of the developed
approach.
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1. Introduction

Numerical approximations and modeling of many physical, biological, and biomedical
problems often deal with equations with highly varying coefficients, heterogeneous models,
and/or have to take into consideration the complex structure of the computational subdo-
mains. The major challenge here is to design an efficient and flexible numerical method (for
example, multi-scale method) that can capture certain properties of analytical solutions in
different domains/subdomains, while handling the arbitrary geometries and complex struc-
tures of the domains.

There is extensive literature that addresses problems in domains with irregular geometries
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and interface problems. Some established finite-difference based methods for such problems
are the Immersed Boundary Method (IB) ([17, 18], etc), the Immersed Interface Method
(IIM) ([10, 9, 11], etc), the Ghost Fluid Method (GFM) ([5], [12], [13], etc), the Matched
Interface and Boundary Method (MIB) ([32, 30, 31], etc), and the method based on the
Integral Equations approach, ([15], etc). These methods are robust sharp interface methods
that have been applied to solve many problems in science and engineering. For a detailed
review of the subject the reader can consult [11].

We consider here an approach based on Difference Potentials Method (DPM) [22, 24]. The
DPM on its own, or in combination with other numerical methods, is an efficient tool for the
numerical solution of interior and exterior boundary value problems in arbitrary domains (see
for example, [22, 24, 14, 25, 28, 16, 23, 27, 3, 4]). Viktor S. Ryaben’kii originally introduced
DPM in his Doctor of Science thesis (Habilitation thesis) in 1969. The DPM allows one
to reduce uniquely solvable and well-posed boundary value problems to pseudo-differential
boundary equations with projections. Similar to the method in [15], methods based on
Difference Potentials (see for example [22], [23, 27, 4], [16], etc) introduce computationally
simple auxiliary domains. After that, the original domains/subdomains are embedded into
simple auxiliary domains (and the auxiliary domains are discretized using Cartesian grids).
However, compared to the integral equation approach in [15], methods based on Differ-
ence Potentials construct discrete pseudo-differential Boundary Equations with Projections
to obtain the values of the solutions at the points near the continuous boundaries of the
original domains (at the points of the discrete grid boundaries which approximate the con-
tinuous boundaries from the inside and outside of the domains). Using the obtained values
of the solutions at the discrete grid boundaries, the approximation to the solution in each
domain/subdomain is constructed through the discrete generalized Green’s formulas.

The main complexity of the methods based on Difference Potentials approach reduces
to several solutions of simple auxiliary problems on structured Cartesian grids. Like the
method in [15], and IIM, GFM and MIB, methods based on Difference Potentials preserve the
underlying accuracy of the schemes being used for the space discretization of the continuous
PDEs in each domain/subdomain. But compared to [15], and to IIM and GFM, methods
based on Difference Potentials are not restricted by the type of the boundary or interface
conditions (as long as the continuous problems are well-posed), see [22] or some example
of the recent works [2], [23, 27, 4], ect. Furthermore, DPM is computationally efficient
since any change of the boundary /interface conditions affects only a particular component
of the overall algorithm, and does not affect most of the numerical algorithm (this property
of the numerical method is crucial for computational and mathematical modeling of many
applied problems). Finally, Difference Potentials approach is well-suited for the development
of parallel algorithms, see [23, 27, 4] - examples of the second-order in space schemes based
on Difference Potentials idea for 2D interface/composite domain problems. The reader can
consult [22, 24] and [19, 20] for a detailed theoretical study of the methods based on Difference
Potentials, and ([22, 24, 14, 25, 28, 26, 16, 2, 23, 27, 3, 4], etc) for the recent developments
and applications of DPM.

In this work, we employ one-dimensional elliptic type models (second-order Boundary
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Value Problem (BVP)) as the starting point, to develop and numerically test high-order ac-
curate methods based on Difference Potentials approach for variable coefficient elliptic type
problems in heterogeneous media. Let us note that, previously in [23, 27, 4], we have devel-
oped efficient (second-order accurate in space) schemes based on Difference Potentials idea
for 2D interface/composite domain problems. The method developed in [23, 27, 4] can handle
non-matching interface conditions (as well as non-matching grids between each subdomain),
and is well-suited for the design of parallel algorithms. However, these schemes were con-
structed and tested for the solution of the Poisson’s or heat equations (constant coefficient).
Also, a different example of the efficient and high-order accurate method, based on Difference
Potentials for the Helmholtz equation in homogeneous media with the variable wave number,
was recently developed and numerically tested in [16] for a single 2D domain. But to the
best of our knowledge, this is the first application (at this point in the simple settings) of Dif-
ference Potentials approach for the construction of high-order accurate numerical schemes
for problems with variable coefficients in heterogeneous media and non-matching interface
conditions. While the method and analysis are simple in the one-dimensional setting, they
illustrate and test several important ideas and capabilities of Difference Potentials approach.
Furthermore, to develop these methods, we employ here a more general viewpoint on Dif-
ference Potentials of being discrete potentials for the linear difference schemes (rather than
approximation to the surface potentials [19, 20]) - “Difference Potential plays the same role
for the solution of a general system of linear difference equations (linear difference scheme),
as the classical Cauchy’s type integral for the solution of Cauchy-Riemann system, or in
other words for the analytic functions” - see [24] or see Sections 4.1 and 8.

The paper is organized as follows. First, in Section 2 we give a brief summary of the
main steps of the proposed algorithms. In Section 3 we introduce the formulation of our
problem. Nezt, to illustrate the framework for the construction of DPM with a different order
of accuracy, we construct DPM with a second and with a fourth-order accuracy in Section
4.1 for a single domain 1D elliptic type model. In Section 5, we extend the second and the
fourth-order DPM to one-dimensional elliptic type interface/composite domain model prob-
lem. Finally, we illustrate the performance of the proposed Difference Potentials Methods,
as well as compare Difference Potentials Methods with the Immersed Interface Method in
several numerical experiments in Section 6. Some concluding remarks are given in Section

7.

2. Algorithm

In this section we will briefly summarize the main steps of our algorithm. We will give a
detailed description of each step in the subsequent sections below.

e Step 1: Introduce a computationally simple auxiliary domain and formulate the aux-
iliary problem (AP).



e Step 2: Compute a Particular solution, u; := G"f,x; € N*, as the solution of the
Auziliary Problem (AP). For the single domain method, see (4.12) - (4.13) in Section
4.1 (second-order and fourth - order method). For the straightforward extension of the
algorithms to the interface and composite domains problems, see Section 5.

o Step 3: Next, compute the unknown boundary values or densities u., at the points of the
discrete grid boundary v (value of the unknown density u., on ) by solving the system
of linear equations derived from the system of Boundary Equations with Projection:
see (4.31) - (4.32) (second - order method), or (4.35) - (4.36) (fourth - order method)
in Section 4.1, and extension to the interface and composite domain problems (5.2) -
(5.3) in Section 5.

e Step 4: Using the definition of the difference potential, Def. 4.2, Section 4.1, and Sec-
tion 5 (algorithm for interface/composite domain problems), construct the Difference
Potential P y+,u, from the obtained density u,.

e Step 5: Finally, reconstruct the approximation to the continuous solution from ., using
the generalized Green’s formula u(z) ~ Py+,u, + G"f, see Theorem 4.4 in Section
4.1, and see Theorem 5.1 in Section 5.

3. Elliptic type interface models

We are concerned here with a 1D elliptic type interface problem of the form:

(k1ug)e —ou = fi, x€l, (3.1)
(koug)e —ou = fo, x € Iy,
subject to the Dirichlet boundary conditions specified at the points x = 0 and x = 1:
u(0) = a, and u(l) =b (3.3)
and interface conditions at a:
lint(u) = ¢, =« (3.4)
where I; := [0,a) C I} and I := (a, 1] C I3 are two subdomains of the domain I := [0, 1],

0 < a < 1 is the interface point, and I{ and I are some auxiliary subdomains that contain
the original subdomains I; and I, respectively. The functions ky(z) > 1, ko(z) > 1, 01(z) >
0, o3(x) > 0 are sufficiently smooth functions defined in a larger auxiliary subdomains I and
I9, respectively. fi(z) and fo(x) are sufficiently smooth functions defined in each subdomain
I and I, respectively. Note, we assume that the operator on the left-hand side of the equation
(5.1) is well-defined on some larger auziliary domain I, and the operator on the left-hand
side of the equation (3.2) is well-defined on some larger auziliary domain [_S. More precisely,
we assume that for any sufficiently smooth functions on the right-hand side of (3.1 ) - (3.2),
the equations (5.1) and (3.2) have a unique solution on IV and I3, that satisfy the given
boundary conditions on OIY and I3, respectively.

Remark: The Dirichlet boundary conditions (3.3) are chosen only for the purpose of
illustration and the method (DPM) is not restricted by any type of boundary conditions.
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4. Single domain

Our goal is to develop high-order methods based on Difference Potentials idea for the
problem (3.1) - (3.4). To simplify the presentation (and to illustrate the unified framework
for the construction of DPM with different orders of accuracy for the problems in single
domain, and/or for the interface/composite domain problems), we will first state the second
and the fourth-order methods for the single domain problem:

(kug)y —ou=f, zel (4.1)
subject to the Dirichlet boundary conditions specified at the points x = 0 and x = 1:
u(0) = a, and u(l) =0, (4.2)

and then extend the developed ideas in a straightforward way to the interface/composite
domain problem (3.1) - (3.4) in Section 5. As before, I = [0, 1], the functions k(z) > 1,
o(x) > 0 are sufficiently smooth functions defined in some auxiliary domain I°, such that
I C I° and f(z) is sufficiently smooth function defined in I. We also assume that the model
problem (4.1) - (4.2) is well-posed, as well as that the operator on the left-hand side of the
equation (4.1) is well-defined on some larger auxiliary domain I°. Similar to [22, 23, 27, 24],
let us now introduce and define the main steps of the DPM for this problem.

4.1. Difference potentials approach for construction of high-order methods

We will present below (at this point, using simple one-dimensional settings) a framework
based on Difference Potentials approach to construct high-order methods for problems with
variable coefficients in heterogeneous media, and non-matching interface conditions. How-
ever, major principles of this framework will stay the same when applied to the numerical
approximation of the models in arbitrary domains in 2D and 3D, and subject to general
boundary conditions. Also, it is important to note that the presented approach based on
Difference Potentials is general, and can be employed in similar ways with any (most suit-
able) underlying high-order discretization of the given continuous problem. In this work, the
particular choices of the second-order discretization (4.6) and the fourth-order discretization
(4.7) were only employed for purpose of the efficient illustration and implementation of the
ideas.

We will present our ideas below by designing the second-order and the fourth-order meth-
ods together, and will only comment on the technical differences.

Introduction of the Auxiliary Domain:
Let us place the original domain [ in the auxiliary domain I° := [¢,d] C R. Next, we

introduce a Cartesian mesh for [°, with points z; = ¢ + jAz,(j = 0,1,...,N°). Let us
assume for simplicity that Az = h = ‘ﬁv;oc. Note that the boundary points z = 0 and
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Figure 1: Example (a sketch) of the auxiliary domain I°, original domain I = [0, 1], and the example of
points in set v = {x;, 141, 2L, xr4+1} for the 3-point second-order scheme.
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Figure 2: Example (a sketch) of the auxiliary domain I°, original domain I = [0, 1], and the example of
points in set v = {&;, 141, Ti42, Ti43, XL, TL41, LL+2, T3} for the 5-point fourth-order scheme.

x = 1 will typically fall between grid points, say z; < 0 < x4 and x;, < 1 < x4 (for the
3-point second order scheme); and between grid points z; < 247 < 0 < x50 < 2743 and
xp <xpi1 <1< xp19 <xpy3 (for the 5-point fourth order scheme), see Figure 1 and Figure
2.

Now, we define a finite-difference stencil N7 := N J3 or NJ:= N ]5 with its center placed at
xj, to be a 3-point central finite-difference stencil of the second-order method, or a 5-point
central finite-difference stencil of the fourth-order method, respectively:

NF={j—1j,j+1}, k=3, or (4.3)

Next, we introduce point set M, the set of all the grid nodes z; that belong to the interior
of the auxiliary domain 1% M* := M" N I, the set of all the grid nodes x; that belong to
the interior of the original domain I; and M~ := M\ M™, the set of all the grid nodes z;



that are inside of the auxiliary domain I°, but belong to the exterior of the original domain
I. Define Nt := {U,; Nilz; € M™}, the set of all points covered by the stencil Nf when
the center point x; of the stencil goes through all the points of the set M* C I. Similarly,
define N~ := {{J,; Nf|z; € M~}, the set of all points covered by the stencil N when the
center point x; of the stencil goes through all the points of the set M ™.

Now we can introduce the set v := NTNN~. The set  is called the discrete grid boundary.
The mesh nodes from set 7 straddle the boundary 0 = {0,1}. In case of the second-order
method (with 3 - point stencil), the set v will contain four mesh nodes v = {l,{+1, L, L+ 1},
see Figure 1. In case of the fourth-order method (with 5 - point stencil), the set v will contain
eight mesh nodes v = {l,1+1,0+2,l+3,L,L+1, L +2, L+ 3}, see Figure 2. Finally, define
N :={U; Nf|z; € M°} C I°.

Once again, let us emphasize, that k either takes here the value 3 (if the 3-point stencil is
used to construct the second-order method), or 5 (if the 5-point stencil is used to construct
the fourth-order method).

The point sets N°, M° N+, N=, M+, M~, ~ will be used to develop high-order methods
based on the Difference Potentials idea.

Construction of Difference Equations:

The discrete version of the problem (4.1) is to find u; € N* such that
Lilw) = f;, w5 € M* (45)

The discrete system of equations (4.5) is obtained here by discretizing (4.1) with the standard
second-order 3-point central finite difference scheme (4.6) (if the second-order accuracy is
desired), or with the fourth-order 5 - point central finite difference scheme in space (4.7) (if
the fourth-order accuracy is desired). Here and below, by L;, we understand the discrete linear
operator obtained using either the second-order approxzimation to (4.1), or the fourth-order
approximation to (4.1), and with f; as the discrete right-hand side.

Second-Order Scheme:
1

Lnlus] = 13 (kjpa (uen = ug) = ks (uy — uje)) = o, (4.6)
the right-hand side f; := f(x;), and the coefficients ki1 = (:chr%),aj = o(z;), and Tyl
is the middle point of the interval [z;, z;j41].

Fourth - Order Scheme:

—Uj_9 + 16u i—1 — 30u,; + 16U‘+1 — Uj42 Uj—9 — 8U‘_1 + 8u i+1 — Ujt2
Lol o= k. 3 J J J J k)2 J J J
h[uj] J 12h2 +( )J 12h

— 05U,

(4.7)

the right-hand side f; := f(z;), and the coefficients k; := k(x;), (k;); = kz(x;), 0; := o(x;).

In (4.7), we have used the following fourth-order approximation for

—Uj—2 + 16'Uj_1 — 3OU] + 16Uj+1 — Uj42
12h2

~
qu’l’ ~

(4.8)



- Uj—2 — 8Uj_1 + 8’LL]'+1 — Uj42
Uy R
12h

Remark: Let us note that the scheme in the form of (4.7) is obtained by rewriting equation
(kug)y — ou = f in the form of ku,, + kyu, — ou = f (in other words, we assume that this
continuous problem (and a nearby problem) is well-posed as well). However, this is not always
the best choice, for instance due to some properties of the coefficient k, or due to the physics
of the problems. In some cases, it is better to discretize the model (ku,),—ou = f directly (as
we did in (4.6) for the second-order scheme). However, the main ideas of the DPM presented
below will not change. Here, we illustrate the ideas using scheme (4.7) for the construction
of the fourth-order method, especially since we develop a multi-domain approach in Section
5 (also, the same scheme applies to an equation of the form kyu,, + kou, — ou = f). If
needed, derivatives of the coefficients, like k,, ..., can be evaluated by the appropriate finite
difference schemes to avoid analytic differentiation.

(4.9)

In general, the linear system of difference equations (4.5) will have multiple solutions since
we did not impose any discrete boundary conditions. Once we complete the system (4.5)
with the appropriate choice of the numerical boundary conditions, the scheme will result in
an accurate approximation of the continuous problem in domain I. To do so here, we will
develop an approach based on the idea of the Difference Potentials [22, 24].

General Discrete Auziliary Problem:

One of the major steps of the DPM is the introduction of the auxiliary problem, which
we will denote as (AP) and will give definition below.

Definition 4.1. For the given grid function g € M°, find the solution v € N° of the discrete
(AP) such that it satisfies the following system of equations:

Lylvj] = a5, ;€ M, (4.10)
v; = 0, z; € N\M°. (4.11)

Here, L, is the same linear discrete operator as in (4.5), but now it is defined on the
larger auxiliary domain 19 (note that, we assumed before in Section 4 that the operator on
the left-hand side of the equation (4.1) is well-defined on the entire domain 1°). Tt is applied
in (4.10) to the function v € N°. We note that (for small enough h (for (4.7)) and under
the above assumptions on the continuous problem) the (AP) (4.10) - (4.11) is well defined
for any right hand side ¢;: it has a unique solution v € N°. In this work we supplemented
the discrete (AP) (4.10) by the zero boundary conditions (4.11). In general, the boundary
conditions for (AP) are selected to guarantee that the discrete equation Lylv;] = ¢; has a
unique solution v € N for any discrete right-hand side q.

Remark: The solution of the (AP) (4.10)-(4.11) defines a discrete Green’s operator G" (or
the inverse operator to Ly). Although the choice of boundary conditions (4.11) will affect
the operator G", and hence the difference potentials and the projections defined below, it
will not affect the final approximate solution to (4.1) - (4.2), as long as the (AP) is uniquely
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solvable and well-posed.

Construction of a Particular Solution:

Let us denote by u; := G"f;,u; € NT the particular solution of the discrete problem
(4.5), which we will construct as the solution (restricted to set N*) of the auxiliary problem
(AP) (4.10) - (4.11) of the following form:

ooxie MT,
Lp[u;] = {g] mj?E jy (4.12)
uj = 0, x;€ NA\M° (4.13)

Remark: The right-hand side of (4.10) in (AP) for the construction of a particular solution,

is set to
fi» x; € MT,
g = B (4.14
J { 0, z €M, )

Difference Potential:

We now introduce a linear space V., of all the grid functions denoted by v, defined on ~y
22], [23, 27, 4], etc. We will extend the value v, by zero to other points of the grid N°.

Definition 4.2. The Difference Potential with any given density v, € V. is the grid function
u; = Py+,vy, defined on Nt, and coincides on N with the solution u; of the auxiliary
problem (AP) (4.10) - (4.11) of the following form:

o 0, X S M+,
Lilu;] = { Lol e M- (4.15)
uj = 0, x; € N\M" (4.16)

Remark: The right-hand side of (4.10) in (AP) for constructing a difference potential with
density v, is set to

. 0, T; € MJr,
G = {Lh[vv], x; € M™, (4.17)

The Difference Potential with density v, € V, is the discrete inverse operator. Here, P+,
denotes the operator which constructs the difference potential u; = P y+,v, from the given
density v, € V,. The operator Py+, is the linear operator of the density v,. Hence, it can
be easily constructed, as illustrated below:

Um:ZAijj, $mEN+,

JE€Y



with > . Ajnv; being:
for the second-order method:

Z Ajv; = Apnvr + Aipimiss + Armvr + Apyimvis1,  Tm € N7, (4.18)
Jjey

and for the fourth-order method:

Z Aippvj = A+ AipimUier + Aipomige + AiramUigs (4.19)
JEY
+ Apnvr + ApyimVisr + ArvomViye + AriamVrss,  Tm € N7,

Here, by u,, we denote the value at the grid point z,, of the Difference Potential P]\,;rv7
with the density v,, and by {A;,,} the coefficients of the difference potentials operator. The
coeflicients {A;,,} can be computed by solving an auxiliary problem (AP) (4.15) - (4.16) (or
by constructing a Difference Potential operator) with the unit density v, at points z;« € 7.
Here, for the second-order method, x;» € v = {x;, 2141, v, x111}, and for the fourth-order
method, x;+ € v = {x, T141, Tivo, Tips, Tp, Try1, Trv2, Togsp. Density v, is defined as the
unit density at point z;« € v:
1, if 5 =77,

vy = { 0 Vs (4.20)
Therefore, Aj,, is the value at a point x,, € NT of the solution of the auxiliary problem
(AP) (4.15) - (4.16) with the unit density (or the value at a point z,,, € N of the Difference
Potential with the unit density (4.20)).

Next, similarly to ([22], [3], etc) we can define another operator P, : V, — V, that is
defined as the trace (or restriction/projection) of the Difference Potential P y+.,v, on the
grid boundary ~:

Py = Try(Pyeyvy) = (Pyeqyvy)ly (4.21)

We will now formulate the crucial theorem of the method (see [22] for the general result).

Theorem 4.3. Density u, is the trace of some solution u to the Difference Equations (4.5):
uy = Tryu, if and only if, the following equality holds

Uy = Pouy + G f, (4.22)

where G"f., .= Tr.,(G" f) is the trace (or restriction) of the particular solution G"f € N+
constructed in (4.12) - (4.13) on the grid boundary ~.

Proof: The proof follows the argument from [22] and for the reader’s convenience we will
present it below.

First, let us assume that w, is the trace of some solution to the difference equations (4.5):
u, = Tryu, where u € N7 is the solution to the difference equations Ly[u;| = f;, z; € M.
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Construct the grid function: w := P+ u, + G"f on N° (not restricted to NT). From the
definition of the difference potentials Py+,u, (4.15), and the particular solution G"f (see
(4.12) -(4.13)), the grid function w € N° coincides with the solution of (AP) (4.10) - (4.11)
of the form:

fi, xie MT,
Lp[w;] = ol 4.23
nlw;] {Lh[uv]v z; € M-, ( )
w; = 0, x;€ N"\M" (4.24)

At the same time, u € N7 is the solution of Lyfu;] = f;, x; € M*, hence f; = L[y, in
(4.23), and w, is the trace of the solution u. Hence we have that:

Lh[w]'] = Lh[U]‘], T € MO (425)

Note that solution u is extended by 0 to the points of the set N\ N. Due to the uniqueness
argument, w = u, on NT. Hence, we can reconstruct solution u to the difference equations
(4.5) using the formula: u = Py+ uy + G" f. Let us apply the trace operator to both sides
of this formula to obtain the desired equality: u, = P u, + G"f..

Next, assume that the equality (4.22) holds true for some grid function u, € V.. Again,
let us construct the grid function: w := P+ u, + G"f on N°. Thus, w is the solution to
(AP) (4.23) - (4.24), and therefore it coincides on Mt with a solution u of the difference
equations (4.5): w = won M™. Hence, due to equality (4.22), u,, coincides with the trace w,
of w, and thus coincides with the trace u, of a solution u of the difference equations (4.5):
u, = Tr,u (note that for any density u, € V,, grid function Py+,u, + G"f € NT is some
solution to the difference equations (4.5)). O

Remark: Note that the difference potential P+, u., is the solution to the homogeneous
difference equation Lp[u;] = 0,2z; € M, and is uniquely defined once we know the value of
the density u., at the points of the boundary 7.

Also, note that density u. has to satisfy Boundary Equations u, — P,yu, = G"f,, in order
to be a trace of the solution to the difference equation Lp[u;| = f;.

Remark: In the case of a constant coefficient model problem (4.1) (assume, k(z) = 1),
using the technique from [21] let us show a direct connection of the difference potential
P n+-u, to the Cauchy-type integral (see [22, 24] for more general discussion on the subject).
We also assume o(z) = 0 for simplicity of illustration and will consider the example of the
second-order method here (4.6) (for reader’s convenience we present similar calculations for
the fourth-order method (4.7) in the Appendix Section 8).

Thus, the homogeneous difference equation Ly[u;] =0, j=1+1,..., L for the second order

scheme is
Uj—1 — 2'LL]' + Uj+1

2 =0, j=1I01+1,..,L (4.26)
Consider a difference equation of the form
Zj—1 — 22j + Zi+1 = 0 (427)
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Denote, z := (2, 2141, -, 21, Z1+1) to be a solution of the difference equation (4.27). Next,

define the generating polynomial
L+1

j=l
where the coefficients of the polynomial z; are the values of the solution z at the grid points.
Multiply (4.27) by ¢’, and sum from [ + 1, ..., L, thus we will have:

L L L
dzag 2> 2+ Y g =0 (4.28)
j=l+1 j=l+1 j=l+1
For example, we can rewrite the first term as:
L
9 Z Zj—lgj_1 =9Z(g) — ZLQLJrl - ZL+19L+2.
j=l+1
Similarly, the second and the third term in (4.28) can be rewritten as
L
> 20’ = 2(9) — a9 — 2"t
j=l+1

and

1 & 1
=Y zngt = =2(9) — g — g
9 = g

This way, (4.27) becomes

Z
(92(g9) — 209" —20119" ) —2(Z (9)_Zl9l_ZL+19LH)+(%_Zlgll_Zl+lgl) =0. (4.29)

Finally, let us recall Cauchy’s residue Theorem, and represent

1 Z
27 Jygl=2 97

Solving (4.29) for Z(g) we obtain

1 l1_2 +1 L+2 ) L+2
= g(1—29)n+9g 2 +9" 2+ (9 — 2)g AN R

97 o lg1=2 (1—g)2g*!
(4.30)

The Cauchy - type integral (4.30) plays the role of the discrete potential for the linear differ-
ence equations (4.27) (each zj,j =1,...,L + 1 is determined by values z. ), as the difference
potential P n+u., for the linear difference equations (4.26).

Coupling of Boundary Equations with Boundary Conditions:
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We will present below the details for the second-order scheme and for the fourth-order
scheme separately since there are differences in the technical details (however, the main
strategy is the same for any high-order scheme).

Case of the Second-Order Method:

The Boundary Equations: u., — Pyu, = G"f, for the unknown density ., is the linear
system of equations:

(I — Au = G"f, (4.31)

where [ is the identity matrix and A is the matrix of the coefficients of the difference
potentials with unit densities:

Ay Ayu Ap Apyu
Auvyi Airusmr A Aryus
A A A Arqar
AZL+1 AZ+IL+1 ALL+1 AL+1L+1‘

The column vector of the unknown densities is
u = (ug, Uy, U, UL+1)T,
and the column vector of the right-hand side is
GM = (G, G i, G fr, G" fr )T

The above system of Boundary Equations (4.31) will have multiple solutions without bound-
ary conditions (4.2), since it is equivalent to the difference equations Ly[u;] = fj,z; € M.
We need to supplement it by the boundary conditions (4.2) to construct the unique w..

Remark: 1t can be shown (see for example, [22] or [3]) that the rank of the linear system
will be |y (here, |y is the cardinality of a set v*™ - the interior layer of the grid boundary
v =™ U~. Similarly, v** denotes the exterior layer). For the second order method here,
the rank is 2.

Therefore, we will consider the following approach to solve for the unknown densities u,
from the Boundary Equations (4.31). Here, using the idea of the Taylor expansion, one
can represent the unknown densities u, with the values of the continuous solution and its
derivatives at the boundary of the domain with the desired accuracy: in other words, one
can define the extension operator from the continuous boundary 01 to the discrete boundary
v for the solution of (4.1). Note that the extension operator (the way it is constructed
below) depends only on the properties of the given model at the continuous boundary OI. For
example, in case of 3 terms, the extension operator is:

d2
u; = ulor £ duglor + Eum\m, x; €7, (4.32)

where
Ulgr = U(O), ua:|8[ = Ux(()), u:v:c|8] = uxa:(o)a lf] = {la [+ 1}7
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and
ulor == u(l), uzlor == up(1), Ugzlor := vz (1), if j = {L, L+ 1}.

d denotes the distance from point x; € v to the boundary point. We take it with either sign
“+7 or with sign “—7.

The value u|g; is given due to the boundary conditions (4.2). Let us denote the unknown
value of Cy := u,(0) and Cy := u,(1). We can obtain the values of higher-order derivatives
using the given differential equation (4.1). In case of the second-order derivatives, this is
simply

f(0) +0(0)a _ k.(0)

Uy (0) = 7(0) 0 Cy, (4.33)
and
) f<1>k+(1c)r<1>b ) %1)) 0, w0

Hence, the only unknowns that we need to solve for are C; and C5. We will use expansion
(4.32) for u, in the boundary equations (4.31) and obtain the overdetermined linear system
for C and Cy. This system is solved uniquely using the least square method. After that, we
can obtain the value of the density u, at the points of the grid boundary « using formula
(4.32).

Case of the Fourth-Order Method:

Similarly to the second-order case above, the Boundary Equations: u., — Pyu, = G"f,, for
the unknown density w., is the linear system of equations:

(I — A)u = GPf, (4.35)

where [ is the identity matrix and A is the matrix of the coefficients of the difference
potentials with unit densities:

Ay Apru Ao Args Ap Ay Arta Aris
Auvyr Arusmr Apar Agsisn Anr Arrusr Arvar Arpgsis
Auve Agure Agaie Agsive Ance Arvuse Ao Arngsie
Auys Aijugs Aipars Aivsivs Anes Apcuss Arvoags Argsigs

A A Aieor A A Apjin Arvor Arpyso
Ainv1 A Ao Aigsier Ayt Arviner Arvorv Argsct
AZL+2 Al-l—lL-‘,—Q Al+2L+2 Al+3L+2 ALL+2 AL+1L+2 AL+2L+2 AL+3L+2
Aivs Apires Aipores Aivsies Aries Arvines Arvorss Arssies

The column vector of the unknown densities is

o T
u = (ulvul-f—hul+27ul+3aUL7UL+1>UL+27UL+3) )

and the column vector of the right-hand side is
G = (G"f1,G" fi31, G" fri0, G" f113, G" f1, G" L1, G fr40, G" fris)".
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As before, the above system of Boundary Equations (4.35) without boundary conditions (4.2)
will have multiple solutions, since it is equivalent to the difference equations Ly [u;] = f;,z; €
M. To construct the unique u, we need to supplement it by the boundary conditions (4.2).

Remark: The rank of the system here is 4 for the fourth order scheme.

Therefore, similarly to the second-order case, we will consider the following approach to
solve for the unknown densities u., from the Boundary Equations (4.35). Again, using the
idea of Taylor expansion, we will construct the extension from the continuous boundary 01
to the discrete boundary ~ of the solution to (4.1) For example, in case of 5-terms, extension
operator is:

d? d3 d*
U; = u’@] + dux|8[ + Euxx‘ﬁl + 5“11:{:’81 + qu:r:a:xlal X S e (436)

where, if j = {l,1 + 1,14 2,1+ 3}, we have that:
u|8[ = u<0)7 u:c|8[ = Ua:(o)u umm|8[ = u:m:<0)a umxz|8[ = u$$$(0)7 ua:a::m:|8[ = Uxmmm(0)7

and if j ={L,L+1,L+2, L+ 3}, we denote:

U|a[ = u<1)7 u:c|8[ = Ua:(l)u umm|8[ = ua:a:<1)a u:cxz|8[ = umzm(l)aumxmmbl = Ua::vm;r(l)

d is the distance from point x; € v to the boundary point. We take it with either sign “+4”
or sign “—7.

ulgr are given due to the boundary conditions (4.2). Let us denote the unknown value of
Cy = u,(0) and Cy := u,(1). We can obtain the values of higher-order derivatives using the
given differential equation (4.1). In case of the second-order derivatives, this is simply

f(0) +0(0)a _ k.(0)

and D) +o)b k(1
(1) = L4 )kJ(Flo)'( b _ /;((1)>02 (4.38)

For the third order derivatives we have:

2
fo(0) = 225 £(0) 04(0) = 2520 (0)  0(0) + 25 — Ky (0)

L) =220 51)  o,(1) = 222o(1) (1) + 250 — k(1)
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And for the fourth order derivatives we have:

Bk (0) — %20 _ (0
Uppaa(0) = — © kzé(;) ( )f(o) - 1’2””—8&(0) + f;”zé? (4.41)

Bhaa(0) = 0(0) o Bkel(0)(0(0) - 2e00(0))  0,.(0)

- ( oy W 12(0) ~R0) )“
3k, (0) — o(0) (0) + 258 — ka(0) g, (0) = 204(0)

+ (T 0~ 3k k2(0) - e
Bhyo(1) — M) _ (1
3kya(1) — (1) Bk (1)(02(1) — 220 (1) 0,.(1)

- ( E A K2(1) : TR )b
3kya(1) — o (1) o)+ 250 — k(1) (1) = 200(1)

+ ) rel) =3k 12(1) - k(1) )C:

Hence, again, the only unknowns that we need to solve for are C; and C5. We will use
expansion (4.36) for u, in the boundary equations (4.35), and obtain the overdetermined
linear system for C'; and C5. This system is solved uniquely for C; and C5 using the least
square method. After that, we can obtain the value of the density u, at the points of the
grid boundary v using formula (4.36).

Finally, the last step of the DPM s to use the obtained density w, to reconstruct the
approzimation to the solution (4.1) - (4.2) inside the domain I.

Generalized Green’s Formula:

Theorem 4.4. Discrete solution u; := Pyt uy + G"f is the approzimation to the solution
u; ~u(xj), x; € NT NI of the continuous problem (4.1) - (4.2).

Discussion: The result is the consequence of the sufficient regularity (smoothness) of the
exact solution, Theorem 4.3, extension operator (4.32) (for the second-order method) or
the extension operator (4.36) (for the fourth-order method), and the second-order accuracy
of the scheme (4.6) (for the second-order method) and the fourth-order accuracy of the
scheme (4.7) (for the fourth-order method). Therefore, we expect that the discrete solution
uj := Py+,u, + G"f will approximate the solution u; = u(z;), z; € N* NI of the contin-
uous problem (4.1) - (4.2) with O(h?) (for the second-order method) and with O(h?*) (for
the fourth-order method) in the maximum norm. In Section 6 we illustrate the capabilities
and the consistence of the developed approach with several numerical experiments for the
interface/composite domain problems.
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Let us remark, that in higher-dimensions ( > 2), in [19, 20] it was shown (under sufficient
regularity of the exact solution), that the Difference Potentials approximate surface poten-
tials of the elliptic operators (and, hence DPM approximates the solution to the elliptic
boundary value problem) with the accuracy of O(h”~¢) in the discrete Holder norm of order
Q+-¢. Here, 0 < € < 1 is arbitrary number, Q is the order of the considered elliptic operator,
and P = 2 - if the second-order scheme is employed for the approximation of the elliptic
operator, or P = 4 - if the fourth-order scheme is employed for the approximation of the
elliptic operator (see [19, 20] or [22] for the details and proof of the general result. Also,
see [16] for the brief discussion of the accuracy of DPM). Howewver, the rigorous theoretical
analysis (accuracy, etc) of more general concept of the Difference Potentials for arbitrary
linear difference scheme still needs to be investigated [24].

Remark:

e The formula P y+ u, + G"f is known as the discrete generalized Green’s formula.

e Note that after density u, is obtained from the Boundary Equations, the difference
potential is easily constructed as the solution of a simple (AP) using Def. 4.2.

5. Difference potentials approach for interface and composite domains problems

In Section 4.1 we formulated second and fourth-order methods based on Difference Po-
tentials approach, for problems in the single domain 7. In this section we will show how to
extend these methods to interface/composite domains problems (3.1) - (3.4).

First, as we have done in Section 4 for the single domain I, we will introduce the auxiliary
domains. We will place each of the original subdomains I, in the auxiliary domains I? C
R, (s = 1,2) and will formulate the auxiliary difference problems in each subdomain I, (s =
1,2). The choice of these auxiliary domains I{ and I9 does not need to depend on each
other. Again, for each subdomain, we will proceed in a similar way as we did in Section
4.1. Also, for each I? we will introduce, for example a Cartesian grid (the choice of the
grids for the auxiliary problems in each subdomain will be independent. The choice for each
subdomain is based on the considerations of the properties of the model and solution in
each subdomain (3.1) - (3.3), as well as the efficiency and simplicity of the resulting discrete
problems). After that, all the definitions, notations, and properties introduced in Section
4.1 extend to each subdomain I, in a direct and straightforward way: we will use index
s, (s = 1,2) to distinguish each subdomain. Let us denote the difference problem of (3.1) -
(3.2) for each subdomain as:

Ly lu;] = f8j7 Tj € M:_v (5.1)

The difference problem (5.1) is obtained using either the second-order (4.6) or the fourth-
order scheme (4.7).
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The cornerstone of our approach for the composite domains and interface problems is the
following proposition.

Theorem 5.1. Density u, = (U, ,Uy,) is the trace of some solution w € I, U Iy to the
Difference Equations (5.1): u, = Tryu, if and only if, the following equality holds

h

Uy = P’Ylu"/l +G f%?‘rj €N
h

Uyy = P’qu’yz +G f’ymxj € 2

The obtained discrete solution u; := PSNJ%U%%—G?JCS 15 the approximation to the solution
uj = u(z;) € [ Uly, xj € N N1, s=1,2 of the continuous problem (3.1) - (3.4).

Discussion: The result is a consequence of the results in Section 4.1. We expect that
the solution u; := Pq N Uy T+ GZ fs will approximate the exact solution u(z;) € I; U Iy,
z; € N N1, s =1,2 with the accuracy O(h?) for the second - order scheme, and with the
accuracy O(h%) for the fourth - order scheme in the maximum norm. See also Section 6 for
the numerical results.

Remark: Similar to the discussion in Section 4.1, the Boundary Equations (5.2) -(5.3)
alone will have multiple solutions and have to be coupled with boundary (3.3) and interface
conditions (3.4) to obtain the unique densities u,, and wu,,. We use the extension formula
(4.32) (second-order scheme) or (4.36) (fourth-order scheme) to construct w.,,s = 1,2 in each
subdomain/domain. The unknowns are u|sy, , u.|or, and ulgr,, uz|ar,. Here, 0I; := {0, a} and
0l := {a, 1} (total 8 unknowns without imposed boundary and interface conditions (3.3)

(3.4)).

Note that we constructed the algorithm here based on the inhomogeneous Boundary
Equations (5.2) - (5.3) instead of the homogenous Boundary Equations u,, — Pg, u,, = 0
like in [23, 27, 4]. We do not see too many advantages of one approach over the other one
i 1D, but in 2D and in 3D we expect that the algorithms based on homogenous Boundary
Equations will be more efficient and will have more flexibility, such as the ability to consider
different auxiliary problems for the construction of the difference potentials and the particular
solutions, etc. (see for more details in our work [23, 27, 4]). This will be part of our future
research for problems with variable coefficients in 2D and in 3D.

6. Numerical examples

In this section, we will consider two test problems. We will first compare the performance
of the second-order Difference Potentials Method (DPM) with the second-order Immersed
Interface Method (IIM) [10, 9, 11], as well as with the standard second-order central difference
method in Section 6.1. Moreover, we will present the result of the fourth-order DPM for
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the same test problem. Next, in Section 6.2 we will test and compare the second and the
fourth-order DPM on the variable coefficient problem in heterogeneous media as well. In all
numerical experiments below, we compute the maximum error

max |u(x;) — u;l.

e [u(a;) — ]
Moreover, in Tables 3 - 4 and in Table 8 to further illustrate the potential of the developed

approach to capture the discontinuities at the interface, we also compute the maximum error
between the discrete gradient (derivative) of the exact solution and the numerical solution

e |4@) —ulzg) e — )
(zj11,2)€[0,1] h h

Here, u(z;) is the exact solution at the grid points, u; is the numerical solution and A is the
mesh size.

6.1. Second and fourth order difference potentials method and comparison with other methods

To test and compare second and fourth order DPM, second-order IIM and the standard
central second-order finite difference method we consider the following problems in this
section (which is the modification of a problem in [11]).

B 6 1, f0<2<05
subject to the boundary and interface conditions:
257

U1(05) = U2(05),
u1,(0.5) = 2u9,(0.5)

The exact solution to (6.1) - (6.4) is given as:

] ug(x) = a8, if £ <0.5
u(w) = { up(z) =3 (¥ + ), ifz>05 (6.5)

In the Tables below, DPM 2 stands for second-order DPM, DPM 4 stands for the fourth-order
DPM, and IIM 2 stands for the second-order IIM. For DPM 2 and DPM 4, we implement
the algorithm from Section 5. We consider auxiliary domain [—0.25,0.75] in Tables 1 - 4,
and auxiliary domain [—0.667,0.833] in Tables 5 - 6 to discretize the problem using DPM
in subdomain I; := [0,0.5]. We consider auxiliary domain [0.25,1.25] in Tables 1 - 4, and
auxiliary domain [—0.167,1.33] in Tables 5 - 6 to discretize the problem using DPM in
subdomain I := [0.5,1.0]. Each auxiliary domain is subdivided by N intervals, and in
Tables 1 - 6 we use the same number of intervals (the same grids) for each subdomain. The
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results presented in Tables 1 - 4 show that the errors of the second-order DPM 2 and the
second-order IIM 2 are similar (there is difference in 6! - 8" digits when small enough h
is considered and we believe that this is due to different effect of round off errors in DPM
and IIM). Moreover, the results presented in Tables 3 - 4 show the ability of the Difference
Potentials approach to capture very accurately discontinuities at the interface.

We believe that these results are expected. The proposed method here is based on the idea
of the difference potentials, which allows to construct Boundary FEquations with Projection
for the trace of the solution at the points near a continuous boundary (at the points of the
discrete grid boundary). Therefore, the accuracy of DPM is only limited by the accuracy of
the scheme employed to construct the difference potentials and the particular solutions (see
a more detailed exposition of the theory in [22]). Hence, the accuracy of the DPM 2 in this
case is limited only by the second-order scheme. At the same time, IIM is derived from the
idea of minimizing the magnitude of local truncation error near the irregular points (near
interface) using the explicit information about jump conditions on the solution and the flux
across the interface. This allows to obtain a numerical scheme that achieves second-order
accuracy (for a second-order scheme; note, that extension of IIM to higher than second order
is not straightforward) on the interface problems [11]. Thus, the accuracy of the second-order
I[IM and the accuracy of the second-order DPM is very close to each other. Similar results
are observed in 2D when DPM is compared with the second order finite difference scheme
[27, 4] (when classical solution exists).

At the same time, as expected, and illustrated in Table 7, the standard centered second-
order finite-differences scheme failed to converge on the interface problem (6.1) - (6.2). Fur-
thermore, the results in Tables 1 - 6 confirm second-order convergence for DPM 2 and
fourth-order convergence for DPM 4 in the solution, as well as in the discrete derivative
of the solution - Tables 3 - 4 (we consider different choice of auxiliary problems for DPM
in Tables 1 - 4 and in Tables 5 - 6). Let us remark that the breakdown of convergence of
fourth-order scheme on finer grids is due to the loss of significant digits, as the absolute levels
of error get very close to machine zero.

N | Error (DPM 2) | Conv. Rate | Error (IIM 2) | Conv. Rate | Error (DPM 4) | Conv. Rate
20 0.003998 0.003998 7.361e-05

40 0.001002 1.996 0.001002 1.996 2.346e-06 4.972

80 0.0002506 1.999 0.0002506 1.999 8.688e-08 4.755
160 6.267e-05 2.000 6.267e-05 2.000 6.92e-09 3.650
320 1.567e-05 2.000 1.567e-05 2.000 4.756e-10 3.863
640 3.917e-06 2.000 3.917e-06 2.000 1.119e-10 2.088

Table 1: Errors in the solution as functions of the number of intervals: for DPM 2 and DPM 4 we consider
auziliary domains [—0.25,0.75] for 0 < z < 0.5, and [0.25,1.25] for 0.5 < & < 1. The mesh size h is the
same for DPM and IIM due to the choice of the auxiliary domains. Problem (6.1).

Finally, we use the test problem below (6.6) - (6.9) to illustrate that the fourth-order DPM
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N | Error (DPM 2) | Conv. Rate | Error (IIM 2) | Conv. Rate | Error (DPM 4) | Conv. Rate
24 0.002775 0.002775 2.996e-05

48 0.000696 1.995 0.000696 1.995 9.408e-07 4.993
96 0.0001741 1.999 0.0001741 1.999 4.579e-08 4.361
192 4.352e-05 2.000 4.352e-05 2.000 3.453e-09 3.729
384 1.088e-05 2.000 1.088e-05 2.000 2.141e-10 4.012
768 2.72e-06 2.000 2.72e-06 2.000 2.641e-10 -0.303

Table 2: Errors in the solution as functions of the number of intervals: for DPM 2 and DPM 4 we consider
auziliary domains [—0.25,0.75] for 0 < xz < 0.5, and [0.25,1.25] for 0.5 < & < 1. The mesh size h is the
same for DPM and IIM due to the choice of the auziliary domains. Problem (6.1).

N | Error (DPM 2) | Conv. Rate | Error (IIM 2) | Conv. Rate | Error (DPM 4) | Conv. Rate
20 0.019756 0.019756 4.629e-04

40 0.006241 1.663 0.006241 1.663 3.579e-05 3.693
80 0.001743 1.840 0.001743 1.840 2.412e-06 3.891
160 4.600e-04 1.922 4.600e-04 1.922 1.555e-07 3.955
320 1.181e-04 1.961 1.181e-04 1.961 9.846e-09 3.981
640 2.992e-05 1.981 2.992e-05 1.981 4.044e-10 4.606

Table 3: Errors in the discrete gradient (derivative) of the solution as functions of the number of intervals:
for DPM 2 and DPM 4 we consider auziliary domains [—0.25,0.75] for 0 < z < 0.5, and [0.25,1.25] for
0.5 <z < 1. The mesh size h is the same for DPM and IIM due to the choice of the auxiliary domains.
Problem (6.1).

N | Error (DPM 2) | Conv. Rate | Error (IIM 2) | Conv. Rate | Error (DPM 4) | Conv. Rate
24 0.014861 0.014861 2.421e-04

48 0.004499 1.724 0.004499 1.724 1.773e-05 3.771

96 0.001233 1.868 0.001233 1.868 1.176e-06 3.915
192 3.223e-04 1.935 3.223e-04 1.935 7.534e-08 3.964
384 8.239e-05 1.968 8.239e-05 1.968 4.731e-09 3.993
768 2.083e-05 1.984 2.083e-05 1.984 6.565e-10 2.849

Table 4: Errors in the discrete gradient (derivative) of the solution as functions of the number of intervals:
for DPM 2 and DPM 4 we consider auziliary domains [—0.25,0.75] for 0 < z < 0.5, and [0.25,1.25] for
0.5 < z < 1. The mesh size h is the same for DPM and IIM due to the choice of the auxiliary domains.
Problem (6.1).
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N | Error (DPM 2) | Conv. Rate | N | Error (DPM 2) | Conv. Rate
20 0.009871 24 0.006677

40 0.002115 2.223 48 0.001521 2.134
80 0.0005357 1.981 96 0.0003978 1.935
160 0.0001488 1.848 192 9.719e-05 2.033
320 3.441e-05 2.113 384 2.458e-05 1.983
640 8.59e-06 2.002 768 6.109e-06 2.009

Table 5: Errors in the solution as functions of the number of intervals for DPM 2 : we consider auziliary
domains [—0.667,0.833] for 0 < x < 0.5, and [-0.167,1.33] for 0.5 < x < 1. Problem (6.1).

N | Error (DPM 4) | Conv. Rate | N | Error (DPM 4) | Conv. Rate
20 0.0001759 24 9.473e-05

40 9.466e-06 4.216 48 4.397e-06 4.429
80 6.124e-07 3.950 96 2.746e-07 4.001
160 4.202e-08 3.865 192 1.972e-08 3.800
320 2.361e-09 4.154 384 1.231e-09 4.002
640 1.117e-10 4.402 768 1.286e-10 3.259

Table 6: Errors in the solution as functions of the number of intervals for DPM 4: we consider auziliary
domains [—0.667,0.833] for 0 < x < 0.5, and [-0.167,1.33] for 0.5 < x < 1. Problem (6.1).

N | Error (Standard Central FD) | N | Error (Standard Central FD)
20 0.006789 24 0.007191
40 0.009214 48 0.009633
80 0.01037 96 0.01053
160 0.01083 192 0.01089
320 0.01103 384 0.01106
640 0.01112 768 0.01113

Table 7: Errors in the solution as functions of the number of intervals. Problem (6.1).
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captures the solution and the discrete derivative with almost machine-accuracy (again, the
observed breakdown of accuracy of the fourth-order scheme on finer grids is due to the loss
of significant digits); see results in Table 8.

B 9 1, it 0<2<05
(Bua)e =120% B=199" 4 g5<r<1 (6.6)
subject to the boundary and interface conditions:
17
uw(0) = (0) =0, wu(l)=u(l) = o (6.7)
U1(05 = U2(05),
u1,(0.5) = 2us,(0.5)
The exact solution is:
u(z) = up(x) = a? if 0<2<05
| we(r) =3 (2t + ), if 05<xz<1

N | Solution Error (DPM 4) | Gradient(Derivative) Error (DPM 4)
24 3.809e-15 1.466e-14
48 8.59e-15 2.145e-13
96 3.819e-13 1.266e-12
192 1.618e-12 1.032e-11
384 2.404e-12 5.165e-11
768 4.71e-11 1.999e-10

Table 8: Errors in the solution and in the discrete derivative of the solution as functions of the number of
intervals for DPM 4: we consider auxiliary domains [—0.667,0.833] for 0 < z < 0.5, and [-0.167,1.33] for
0.5 <z <1. Problem (6.6).

6.2. Second and fourth order difference potentials method for problem in heterogeneous media

In this section we consider the following test problem with variable coefficients:

(ksus,)e — Osus = fs, s=1,2 (6.10)
with
ks (:17) _ 36—10(x—0.5)4:c4
k?g(.’[’) =3
0'1(.1') =2
oo(x) =1
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subject to the boundary and interface conditions:

u(0) = u1(0) =0, u(l) =ug(l) =1.0156 (6.11)
u1(0.5) = uy(0.5), (6.12)
u1,(0.5) = w9,(0.5) (6.13)
and
ui(z), if 0<x<0.5
u(z) = { W&; if 05<a<1 (6.14)

where the exact solution is given below

uy(z) = sin(mrz)
ug(z) = 2(x — 0.5)7" + 1

The fs; are computed from the above equation. We have a variable coefficient ki(x) in
subdomain I; and a constant coefficient k5 in subdomain /5. In Tables 9 - 14, we demonstrate
overall second-order convergence for DPM 2 and fourth-order convergence for DPM 4 (6.10)
- (6.13). However, the error does not converge monotonically, but rather oscillates for the
variable coefficient problem. Again, we note that the breakdown of convergence of fourth-
order scheme on finer grids is due to the loss of significant digits, as the absolute levels of error
get very close to machine zero. In Tables 11 - 14, we select different grids for each subdomain.
Results in Tables 11 and 13 show that we can take a coarser mesh in the subdomain with
less oscillatory solution, while the error remains almost the same as in Tables 9 and 10.
Similar results with the use of different grids in different subdomains are observed in 2D
for the constant coefficient problem [27, 4]. This illustrates the important flexibility of the
method for the future development of the proposed ideas (multigrid /multiscale approach)
for variable coefficient problems in 2D and 3D.

N; | Ny | Error (DPM 2) | Conv. Rate | Error (DPM 4) | Conv. Rate
40 | 40 0.00018 4.187e-06

80 | 80 4.512e-05 1.996 1.817e-07 4.526
160 | 160 1.133e-05 1.994 2.417e-08 2.910
320 | 320 2.837e-06 1.998 1.466e-09 4.043
640 | 640 7.091e-07 2.000 9.334e-11 3.973

Table 9: Errors in the solution as functions of the number of intervals for DPM 2 and DPM j: we consider
auziliary domains [—0.167,0.583] with Ny subintervals for 0 < x < 0.5, and [0.333,1.08] with Ny subintervals
for 0.5 <z <1. Problem (6.10).

7. Concluding remarks

In this work, we used the one-dimensional elliptic type model with variable coefficients as
the starting point, to develop and numerically test high-order methods based on Difference
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Ni | Ny | Error (DPM 2) | Conv. Rate | Error (DPM 4) | Conv. Rate
48 | 48 0.0001253 2.106e-06

96 | 96 3.159e-05 1.988 1.345e-07 3.969
192 | 192 7.862e-06 2.007 2.617e-09 5.684
384 | 384 1.97e-06 1.997 1.238e-09 1.080
768 | 768 4.918e-07 2.002 1.079e-10 3.520

Table 10: Errors in the solution as functions of the number of intervals for DPM 2 and DPM 4:

for 0.5 <z <1. Problem (6.10).

Ni | Ny | Error (DPM 2) | Conv. Rate | Error (DPM 4) | Conv. Rate
80 | 40 7.242e-05 9.375e-08

160 | 80 1.78e-05 2.025 1.649e-08 2.507
320 | 160 4.467e-06 1.995 9.082e-10 4.182
640 | 320 1.122e-06 1.993 1.184e-10 2.939

Table 11: Errors in the solution as functions of the number of intervals for DPM 2 and DPM 4: we consider
auziliary domains [—0.167,0.583] with Ny subintervals for 0 < x < 0.5, and [0.333, 1.08] with Ny subintervals

for 0.5 <z < 1. Problem (6.10).

Ni | Ny | Error (DPM 2) | Conv. Rate | Error (DPM 4) | Conv. Rate
40 | 80 0.0001571 4.275e-06

80 | 160 3.959e-05 1.989 1.894e-07 4.496
160 | 320 9.941e-06 1.994 2.473e-08 2.937
320 | 640 2.487e-06 1.990 1.655e-09 3.901

Table 12: Errors in the solution as functions of the number of intervals for DPM 2 and DPM j: we consider
auziliary domains [—0.167,0.583] with Ny subintervals for 0 < x < 0.5, and [0.333,1.08] with Ny subintervals

for 0.5 <z <1. Problem (6.10).

Ni | Ny | Error (DPM 2) | Conv. Rate | Error (DPM 4) | Conv. Rate
96 | 48 5.085e-05 9.327e-08

192 | 96 1.237e-05 2.039 6.243e-09 3.901
384 | 192 3.134e-06 1.981 1.111e-09 2.490
768 | 384 7.784e-07 2.009 1.363e-10 3.027

Table 13: Errors in the solution as functions of the number of intervals for DPM 2 and DPM 4: we consider
auziliary domains [—0.167,0.583] with Ny subintervals for 0 < x < 0.5, and [0.333,1.08] with Ny subintervals

for 0.5 <z <1. Problem (6.10).
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Ni | Ny | Error (DPM 2) | Conv. Rate | Error (DPM 4) | Conv. Rate
48 | 96 0.000109 2.147e-06

96 | 192 2.776e-05 1.973 1.393e-07 3.946
192 | 384 6.879e-06 2.013 2.491e-09 5.805
384 | 768 1.727e-06 1.994 1.476e-09 0.755

Table 14: Errors in the solution as functions of the number of intervals for DPM 2 and DPM j: we consider
auziliary domains [—0.167,0.583] with Ny subintervals for 0 < z < 0.5, and [0.333, 1.08] with Ny subintervals
for 0.5 <z < 1. Problem (6.10).

Potentials approach for the variable coefficient elliptic problems in heterogeneous media. We
also illustrated the unified framework (principles) for the construction of Difference Potentials
Methods with high-order accuracy for the single domain, and for the interface/composite do-
main problems with non-matching interface conditions. While the methods and analysis are
simple for these one-dimensional problems, they allow us to illustrate and test several ideas
and capabilities of high-order methods based on Difference Potentials approach. The nu-
merical schemes, as well as meshes can be chosen totally independently for each subdomain/
domain; in higher-dimensions the boundaries of the subdomains and interfaces do not need
to conform/align with the grids. We expect that the high-order schemes can be constructed
for problems with general boundary conditions, and the main complexity of the developed al-
gorithm reduces to the several solutions of simple auxiliary problems on structured Cartesian
grids. Also, the preliminary tests that we conducted here in the one-dimensional settings (as
well as preliminary 2D numerical tests in [23, 27, 4, 3]) indicate the capability of Difference
Potentials approach to resolve discontinuities very accurately at the interface. Therefore, we
expect that the proposed approach will be well-suited for the general heterogeneous models
and interface problems.

For future research, we plan to extend and further develop the proposed approach (as well
as methods that we developed in [23, 27, 4, 3]) to high-order methods for variable coefficient
problems in arbitrary domains in 2D and 3D, including the time-dependent problems. The
high-order Difference Potentials methods for time-dependent problems will be developed by
considering the time-discrete version of the continuous problems (employing Backward Euler,
Crank-Nicolson or high-order IMEX, etc. time discretizations; see some examples of 2D
second order in space and first order in time DPM schemes in [3, 4]). We also plan to
develop iterative solvers, for example a multigrid iterative solver for the efficient solution of
the auxiliary problems in each subdomain/domain, see some references on multigrid [6, 7],
[1], [8], [29] and other references. We expect that the developed approach will be well-suited
for multi-physics/multi-scale problems with general boundary conditions, as well as for the
development of parallel algorithms.
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8. Appendix

For the reader’s convenience, similar to the second-order method in the case of a constant
coefficient model problem (4.1) (assume, k(x) = 1), let us show a direct connection of the
difference potential P y+,u, to the Cauchy-type integral. Again, we will assume o(z) = 0.

The homogeneous difference equation Lj[u;] =0, j=1+2,..., L+1 for the fourth order
scheme is

—Uj—2 + ]_6Uj_1 - 30UJ + 16Uj+1 — Uj42

=0, j=1+2,..,L+1 8.1
12h2 ) j + ) ) + ( )

Consider the difference equation of the form
— Zj-2 + 162’]'_1 — 302] + 162j+1 — Zj42 = 0 (82)

Denote, z := (2, 2141, .-, 2ZL+2, 21+3) to be a solution of the difference equation (8.2). Next,

define the generating polynomial
L+3

=l

where the coefficients of the polynomial z; are the values of the solution z at the grid points.
Multiply (8.2) by ¢7, and sum from [ + 2, ..., L 4+ 1 to obtain:

L+1 L+1 L+1 L+1 L+1
D 2iag =16 ) g +30 ) zig =16 > zag’ + Y zag =0 (8.3)
j=1+42 j=l+2 j=Il+2 Jj=l+2 Jj=l+2

As for the second-order method in Section 4.1, we can rewrite each term. For example, we
can rewrite the first term as:

L+1

g’ Z ijzgj P =9"2(9) — 209" — 20019""? — 2040g™ T = 21sg™ .

=142

Similarly, the other terms in (8.3) can be rewritten as well. Again, let us recall Cauchy’s
residue theorem, and represent

1 Z
270 Jygl—2 ¢’
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Thus, we obtain

1 (1 - 169 + 309" — 169°)g'z + (1 — 169 + 30g*)g' " 2141 + (1 — 169)g" 2145 |
Lo ,
’ 2mi Jygl=2 (9 —1)%(g% — 14g + 1)g7*! g
L b 9208+ 9" + (=16 + g)g" 240 + (30 — 169 + ¢%)g" 2y "
211 J)g=2 (9 —1)%(g% — 14g + 1)g7*!

_|_

1 —16 + 309 — 16¢g% + ¢3)g"**
7{ (2164309 — 169" £ 97)9 ™ 20y oy g (8.4)
lg|=2

2mi (g —1)%(9? — 149 + 1)g7*1 .

The Cauchy - type integral (8.4) plays the role of the discrete potential for the difference
equation (8.2) (each zj,j =1,...,L + 3 is determined by values z. ), similar to the difference
potential P n+u., for (8.1).
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